ENGINEERING
QUANTUM MECHANICS



ENGINEERING
QUANTUM MECHANICS

Doyeol Ahn
Seoung-Hwan Park

$IEEE

IEEE PRESS

FWILEY

A JOHN WILEY & SONS, INC., PUBLICATION



Copyright © 2011 by John Wiley & Sons, Inc. All rights reserved.

Published by John Wiley & Sons, Inc., Hoboken, New Jersey.
Published simultaneously in Canada.

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in
any form or by any means, electronic, mechanical, photocopying, recording, scanning, or
otherwise, except as permitted under Section 107 or 108 of the 1976 United States Copyright
Act, without either the prior written permission of the Publisher, or authorization through
payment of the appropriate per-copy fee to the Copyright Clearance Center, Inc., 222
Rosewood Drive, Danvers, MA 01923, (978) 750-8400, fax (978) 750-4470, or on the web at
www.copyright.com. Requests to the Publisher for permission should be addressed to the
Permissions Department, John Wiley & Sons, Inc., 111 River Street, Hoboken, NJ 07030,
(201) 748-6011, fax (201) 748-6008, or online at http://www.wiley.com/go/permissions.

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best
efforts in preparing this book, they make no representations or warranties with respect to the
accuracy or completeness of the contents of this book and specifically disclaim any implied
warranties of merchantability or fitness for a particular purpose. No warranty may be created
or extended by sales representatives or written sales materials. The advice and strategies
contained herein may not be suitable for your situation. You should consult with a professional
where appropriate. Neither the publisher nor author shall be liable for any loss of profit or any
other commercial damages, including but not limited to special, incidental, consequential, or
other damages.

For general information on our other products and services or for technical support, please
contact our Customer Care Department within the United States at (800) 762-2974, outside the
United States at (317) 572-3993 or fax (317) 572-4002.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in
print may not be available in electronic formats. For more information about Wiley products,
visit our web site at www.wiley.com.

Library of Congress Cataloging-in-Publication Data:

Ahn, Doyeol.
Engineering Quantum Mechanics/Doyeol Ahn, Seoung-Hwan Park.
p. cm.
Includes bibliographical references and index.
ISBN 978-0-470-10763-8
1. Quantum theory. 2. Stochastic processes. 3. Engineering mathematics.
4. Semiconductors—Electric properties—Mathematical models. 1. Park, Seoung-Hwan.
II. Title.
QC174.12.A393 2011
620.001'53012-dc22
2010044304

oBook ISBN: 978-1-118-01782-1
ePDF ISBN: 978-1-118-01780-7
ePub ISBN: 978-1-118-01781-4

Printed in Singapore.

10987654321



CONTENTS

Preface

PART 1 Fundamentals

1 Basic Quantum Mechanics

1.1 Measurements and Probability

1.2 Dirac Formulation

1.3 Brief Detour to Classical Mechanics
1.4 A Road to Quantum Mechanics

1.5 The Uncertainty Principle

1.6 The Harmonic Oscillator

1.7 Angular Momentum Eigenstates

1.8 Quantization of Electromagnetic Fields
1.9 Perturbation Theory

Problems

References

2 Basic Quantum Statistical Mechanics

2.1 Elementary Statistical Mechanics

2.2 Second Quantization

2.3 Density Operators

2.4 The Coherent State

2.5 The Squeezed State

2.6 Coherent Interactions Between Atoms and Fields
2.7 The Jaynes—Cummings Model

Problems

References

3 Elementary Theory of Electronic Band Structure
in Semiconductors

3.1 Bloch Theorem and Effective Mass Theory
3.2 The Luttinger—-Kohn Hamiltonian
3.3 The Zinc Blende Hamiltonian

vii

45

45
51
54
58
62
68
69
71
72

73

73
84
105



vi

34
35

3.6

3.7

CONTENTS

The Wurtzite Hamiltonian

Band Structure of Zinc Blende and
Waurtzite Semiconductors

Crystal Orientation Effects on a Zinc
Blende Hamiltonian

Crystal Orientation Effects on a Wurtzite Hamiltonian

Problems
References

PART II Modern Applications

4 Quantum Information Science

4.1
42
43
4.4

4.5
4.6

Quantum Bits and Tensor Products
Quantum Entanglement

Quantum Teleportation

Evolution of the Quantum State:
Quantum Information Processing
A Measure of Information
Quantum Black Holes

Appendix A: Derivation of Equation (4.82)

Appendix B: Derivation of Equations (4.93) and (4.106)
Problems

References

S Modern Semiconductor Laser Theory

5.1
52
53

54
55
5.6

5.7
5.8

Density Operator Description of Optical Interactions
The Time-Convolutionless Equation

The Theory of Non-Markovian Optical Gain in
Semiconductor Lasers

Optical Gain of a Quantum Well Laser with
Non-Markovian Relaxation and Many-Body Effects
Numerical Methods for Valence Band Structure

in Nanostructures

Zinc Blende Bulk and Quantum Well Structures
Wurtzite Bulk and Quantum Well Structures
Quantum Wires and Quantum Dots

Appendix: Fortran 77 Code for the Band Structure
Problems
References

Index

114

123

135
152
168
169

171

173

173
175
178

180
183
184
202
203
204
205

207

209
211

223

232

235
252
258
265
274
286
287

289



Preface

Quantum mechanics is becoming more important in applied science
and engineering, especially with the recent developments in quantum
computing, as well as the rapid progress in optoelectronic devices. This
textbook is intended for graduate students and advanced undergradu-
ate students in electrical engineering, physics, and materials science and
engineering. It also provides the necessary theoretical background for
researchers in optoelectronics or semiconductor devices. In the task
of providing advanced instruction for both students and researchers,
quantum mechanics presents special difficulties because of its hierar-
chical structures. The more abstract formalisms and techniques are
quite meaningless until one has mastered the earlier stages in classical
physics, which most engineering students are lacking.

Quantum mechanics has become an essential tool for modern engi-
neering. This book covers topics such as semiconductors and laser
physics, which are traditionally quantum mechanical, as well as rela-
tively new topics in the field, such as quantum computation and quantum
information. These fields have seen an explosive growth during the past
10 years, as quantum computing or quantum information processing
can have a significant impact on today’s electronics and computations.
The essence of quantum computing is the direct usage of the superposi-
tion and entanglement of quantum mechanics. The most challenging
research topics include the generation and manipulation of quantum
entangled systems, developing the fundamental theory of entangle-
ment, decoherence control, and the demonstration of the scalability of
quantum information processing.

In laser physics, there has been a growing interest in the model of
semiconductor lasers with non-Markovian relaxation partially because
of the dissatisfaction with the conventional model for optical gain
in predicting the correct gain spectrum and the thermodynamic rela-
tions. This is mainly due to the poor convergence properties of the
lineshape function, that is, the Lorentzian lineshape, used in the con-
ventional model. In this book, a non-Markovian model for the optical
gain of semiconductors is developed, taking into account the rigorous
electronic band structure, many-body effects, and the non-Markovian

vii
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relaxation using the quantum statistical reduced-density operator for-
malism for an arbitrary driven system coupled to a stochastic reservoir.
Example programs based on Fortran 77 will also be provided for band
structures of zinc blende quantum wells.

Many-body effects are taken into account within the time-dependent
Hartree—Fock. Various semiconductor lasers including strained-layer
quantum well lasers and wurtzite GaN blue-green quantum well lasers
are discussed.

We thank Professor Shun-Lien Chuang, Doyeol Ahn’s Ph.D. thesis
adviser, for extensive enlightening and encouragement over many
years. We are also grateful to many colleagues and friends, especially
Frank Stern, B. D. Choe, Han Jo Lim, H. S. Min, M. S. Kim, Robert
Mann, Tim Ralph, K. S. Seo, Y. S. Cho, and Chancellor Sam Bum Lee.
The support of our research by the Korean Ministry of Education,
Science and Technology is greatly appreciated. This book would not
have been completed without the patience and continued encourage-
ment of our editors at Wiley and above all the encouragement and
understanding of Taeyeon Yim and Young-Mee An. Thanks for putting
up with us.

Doyeol Ahn
Seoung-Hwan Park



PART 1
Fundamentals



1 Basic Quantum Mechanics

1.1 MEASUREMENTS AND PROBABILITY

In the beginning of 20th century, it was discovered that the behavior of
very small particles, such as electrons, the nuclei of atoms, and mole-
cules, cannot be described by classical mechanics, which had been quite
successful in explaining the macroscopic world until then. Nonetheless,
it was soon discovered that the description of these phenomena on the
atomic scale is possible by the set of laws described by quantum mechan-
ics. Both classical mechanics and quantum mechanics are based on the
description of measurements of observable quantities called dynamical
variables, such as position, momentum, and energy. Consider an experi-
ment in which we can make three measurements successive in time.
Let’s denote the first of observable quantities A, the second B, and the
third C. We also denote a, b, and c as one of a number of possible results
that could come from the measurement of A, B, and C, respectively.
Let P(bla) be the conditional probability that if the measurement of
A results in a, then the measurement of B will result in b. From the
elementary probability theory, the conditional probability P(bla) can
be written as follows:

P(a,b)

P(bla) Pa) | (1.1)
where P(a,b) is the joint probability that measurements of both A and
B will give a and b, simultaneously, and P(a) is the probability that the
measurement of A will give the outcome a. For three successive mea-
surements A, B, and C, the conditional probability P(cb|a) that if the
measurement of A results in a, then the measurement of B will result
in b, then the measurement of C will result in ¢ is given by:

P(cbla)=P(cIb)P(bla). (1.2)

Engineering Quantum Mechanics, First Edition. Doyeol Ahn, Seoung-Hwan Park.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.



4 BASIC QUANTUM MECHANICS

Moreover, if we sum Equation (1.2) over all the mutually exclusive
alternatives for b, we obtain the conditional probability P(cla):

P(cla)=Y P(c|b)P(bla). (1.3)

In classical mechanics, the above relation described by Equation
(1.3) is always true. However, it was found that the above relation
sometimes fails on the atomic scale, and one needs to modify
Equations (1.1) to (1.3) by introducing new complex quantities @,,
¢, and @, called probability amplitudes, which are related to proba-
bilities by [1,2]

P(bla)=|eyl, (1.4)

and
2

Z(pcb(pba .
b

Equations (1.4) and (1.5) describe the probability of measurement
outcome in quantum mechanics. From the mathematical point of view,
the probability amplitude is found to be the inner product of vectors
in a special kind of vector space called the Hilbert space:

P(cla)= (1.5)

Q0 = (blla), (1.6)

where |a) is the column vector, called the “ket vector,” corresponding
to the observable a, and (b| is the row vector, called the “bra vector,”
corresponding to the observable b.

1.2 DIRAC FORMULATION

In quantum mechanics, a physical state corresponding to the observ-
able quantity a is represented by the ket vector, |a), in a complex vector
space H with dimension N. For example, when N = 2, the ket vector |a)
is a column vector given by [1,3]

|a>=(”1], (17)
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where a; and a, are complex numbers. We can also consider the case
where the dimension of the vector space is infinite. In this case, the
ket vector |a) is represented by a column vector given by

]

a

=] | (1.8

a.

with complex quantities a, a,, a;, ..., a... From now on, we will denote
ket vectors simply as vectors.

If |a) and |b) are vectors in H, and o and 8 are complex numbers,
then the linear superposition of these two vectors a|a)+ B|b) is also a
vector in H. For each vector |a) in H, we can relate a row vector (a]
called bra vector, which is given by

(a|=(ai a),for N =2, (1.9)
and
(al|=(ai & a....d.),for N =co, (1.10)

where * is the complex conjugate. By comparing Equations (1.7)
with (1.10), one can see that the ket vector |a) and bra vector (b| are
related by

(al=(a)), (1.11)

where 1 is the adjoint operation, which is the transposition, followed by
the complex conjugation.

The inner product between two vectors |a) and |b) is a complex
number (b|a), which is given by

(blay=bia, + bya, +...+ b.a.. ={a|b)* (1.12)
The vector space where one can define the inner product relation of

Equation (1.12) is called the Hilbert space. The length of the vector |a)
is defined by
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lla}|=Kala), (1.13)

and when the vector has the unit length, we call it a normal vector.

The vectors in the Hilbert space H are mapped to different vectors
in the Hilbert space H’ by the linear transformation A, which is often
called the “linear operator” in quantum mechanics. Mathematically, the
act of the linear operator A on the vectors of the Hilbert space H is
expressed as A: H — H’. In most cases, the initial Hilbert space H and
the final Hilbert space H’ are the same, and unless otherwise specified
explicitly, we will assume that is the case. Any two vectors |a) and |b)
in H are transformed by A as

A(ola)+B|b)) = 0Aa)+BA|b), (1.14)
and
(Aala) = o (al AT, (1.15)

where o and f3 are complex constants. If we set |c) = A|a> from Equation
(1.11), we obtain (¢|=(|¢))’ =(a| A", and then, using Equation (1.12),
we get

(bl Ala) =(blc) =(c|b)=(al A"|D). (1.16)

For a given operator A, there exists particular set of vectors
{la),lay), ... |a,), ...} called eigenstates, which satisfy

Ala)=al|a), Ala)=as|ar), ..., Ala,)=a,|a,),...  (1.17)

Here, the numbers ay, a,, ..., a,, ... are called eigenvalues. Of the many
kinds of operators, one particular type of operator, called the Hermitian
operator, plays an important role in quantum mechanics. If A is a
Hermitian operator, then it satisfies the following properties:

(I) A'=A.
(IT) Eigenvalues a,,a,,...,a,,... are real.

(IT) Eigenvectors corresponding to different eigenvalues are
orthogonal.

(Iv) 2|an>(an|=l , where [ is an identity matrix.

The proof is as follows: From Ala)=a;|a;) and Ala,)=a;|a;),
we have
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(0] A=(a] A" =(A]a)) =d (a]. (L18)
Then, we get
(0] Ala;)=ai(a;|a), (1.19)
and
(aj| Ala) = a; (a;] ;). (1.20)

Subtracting Equation (1.20) from Equation (1.19), we obtain
(a; —a;){aj|a;)=0. (1.21)

When i # j, we get (a;|a;) = 0, which proves the property (II1). On the
other hand, if i = j, then we have a; = a;, thus giving the property (II).
The property (III) dictates that the set of eigenvectors {|a;)} of a
Hermitian operator A form an orthogonal basis if the state |a;) is prop-
erly normalized—that is, (¢;|a;)=1 and (4a;)=0 for i#j. Let the
Hilbert space spanned by these basis vectors be denoted as H. Then
any vector |y) that belongs to H can be expressed as

)= Cula), (1.22)

where C,, is an expansion coefficient that can be calculated by taking
an inner product between the state vectors |y) and |a,, ):

C,n = {an | W). (1.23)

By substituting Equation (1.23) into Equation (1.22), we obtain

:zcmlam>
=Y lan)(a
[Ew u]w

which proves the property (IV). It would be handy to memorize that
given a chain of vectors or operators, we can insert the identity operator

(1.24)
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defined by (IV) in any place at our convenience. For example, the
Hermitian operator A can be written as

:(zwan jA(zmmxam j
= la)a,| Ala,,)(a,| (1.25)

=Yl @ el ) a]

which is also called the spectral representation of an operator A

Let A and B be linear operators, and we define D as D=AB.
Moreover, we define |b)=B|a) and |d)=Dl|a)=A|b). Then, from
Equations (1.11) and (1.15), we obtain

(d|=(a| D'
=(b| AT (1.26)
=(a| B'A',
or
(AB)* =BA". (1.27)

1.3 BRIEF DETOUR TO CLASSICAL MECHANICS

Almost seven decades ago, Dirac made a connection between classical
mechanics and quantum mechanics by assuming that the linear opera-
tors correspond to the dynamical variables at that time. By “dynamical
variables,” we mean quantities such as the coordinates and the compo-
nents of velocity, momentum, and angular momentum of particles, and
functions of these quantities, the variables in terms of which classical
mechanics is built. Even now, 70 years later, his postulates of quantum
mechanics are still valid and perhaps only plausible approaches. Dirac’s
postulates require that those dynamical variables shall also occur in
quantum mechanics, but with the difference that they are now subject
to an algebra in which the commutative axiom of multiplication does
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not hold. Nonetheless, the dynamical variables of quantum mechanics
still have many properties in common with their classical counterparts,
and it will still be possible to build up a theory of them closely analo-
gous to the classical theory and form a generalization of it. In this spirit,
the transition from classical mechanics to quantum mechanics can be
made most conveniently and easily using the Hamiltonian formulation
of classical mechanics [4,5].

Classical mechanics is based on the assumption that any physically
interesting variable, that is, dynamical variable, can be measured with
arbitrary precision and without mutual interference from any other
such measurement. On the other hand, quantum mechanics is based on
the realization that the measuring process may affect the physical
system. The measurement of one variable affects other variables in such
a way that it prevents us from knowing what their values might have
been. The mathematical formulation of the law of physics that takes
this basic idea into account is very different from the mathematical
formulation of classical mechanics.

Hamilton’s least action principle, which is equivalent to Newton’s
law, is formulated as follows.

The laws of physics are such that the time integral over a certain
function L(q;,q;,t), called Lagrangian of the physical system,
assumes a minimum.

For mechanical systems, the variables g; on which the Lagrangian
depends on are the coordinates of all independent parts of the system.
A system with f degrees of freedom has f coordinates ¢,q,, --,q; and
the time integral J, which is defined by

J= j " L(gidi)dt, (1.28)
n

is minimum. In other words, when 8g; =0 at t=1,t,, we get

oJ = J.:z OL(q;,qit)dt

e( 9L oL

=| | ==8q; + =8¢ |dt

J.”(a%‘ Y qj (1.29)
e(9L d oL

=| | = -—==|8quar

L(aqi draqi)q

=0.

Equation (1.29) dictates that the Lagrangian satisfies the following
Euler equation:
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oL d(aL

9 di\3g,

] 0, i=123,....f. (1.30)
The behavior of the physical system is thus completely specified by
Euler’s equation once the Lagrangian is known. The proper Lagrangian
is the one that leads to a description of the physical system that is in
agreement with experimental observations.
For example, if we choose L=T-V =1mx*-V(x) for a one-
dimensional particle with mass m in the potential field V(x), we obtain

9L _ V() pna 9L _ s (1.31)
ox ox ox

Then the Euler equation yields

mit =— ax;(x) F(x), (1.32)

which is the famous Newton’s first law of mechanics.
For later purpose, we make the following canonical transformation:

pi = = ZPZQI ’ (133)

aq,

where H is called the Hamiltonian of the system. Then we obtain the
following, Hamilton’s equation of motion:

o _
opi -
(1.34)
- i( aL) 2 oH
P\ 5q, )" 9q, P g
or,
. oH . oH
P= = 135
q %, p ” (1.35)

Here, the Hamiltonian H represents the total energy of the system.
For any dynamical variable F that depends on canonical variables
(g, pi), the time derivative of F is given by
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dF _ Z{aF +8F} oF
di o T or

_Z{B_FH_H_B_FB_H}E_F (1.36)
dq; dp;  Op; 9q; | Ot
={F, H}+a—f

where the Poisson bracket {A,B} for dynamical variables A,B is
defined by

0A 0B 0A JdB
AB =Y 12290 0298 —_{B.A.
tA.By= Z{aq, ap;  Ip Bq,} 8.4} (1.37)

Equations (1.36) and (1.37) imply that

AH gy gy OO

1.38
dt o o’ (138)

which says if H does not explicitly dependents on the time ¢, the
Hamiltonian, the total energy of the system, is conserved. Among many
interesting properties of the Poisson bracket, the following relation is
especially useful for the latter purpose:

{q.p;}=38;. (1.39)

For a particle moving in a one-dimensional world specified by the
coordinate x, the Lagrangian is given by L = (1/2m)x* — V(x), as before.
Then the canonical transformation yields,

oL :
p = a— = mx,
x 1 , (1.40)
H=pi-L=—mi*+V(x)=2-+V(x).
2 2m

Equation (1.40) allows us to interpret the Hamiltonian H as the total
energy of the system and p as the momentum. Hamilton’s equation of
motion, Equations (1.34) and (1.35), gives
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__9H _ JV(x)
ox ox

Newton’s law.

If we have a charged particle in an electromagnetic field, the situa-
tion is a bit more complex. The electric field E and the magnetic flux
density B can be expressed by a vector potential A and a scalar poten-
tial ¢ as

o’ (1.41)

The divergence of a magnetic flux density is zero, so it can be
written as the curl of the vector, the well-known vector potential A. In
static, the curl of the electric field is zero, and it can be written as the
gradient of a scalar function. In the time-varying case, the electric field
and the magnetic field are related by the following Maxwell’s
equations:

Vsz—a—B,
ot
V-B=0,
_ (1.42)
V-D=p,
Vxi=j+22
ot

with D=¢E and B=uH. Here, D is the electric fulx density, H is the
magnetic field, p is the charge density, J is the current density, € is the
permittivity, and [ is the permeability. We have used the international
system of units (SI units) to write Maxwell’s equation. From substitut-
ing Equation (1.41) into (1.42), we find that

V x [E + a—A] =0.
ot
Then it is obvious that we have

_ JA _
E+—=_Vo. 143
" ot ¢ (1.43)
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Equation (1.30) implies that the generalized force Q; is defined by
vV d (av)

PRGN fAa 1.44
¢ aqi+dt aq; (1.44)

The force acting on the charged particle, called the Lorentz force, is
F=e{E+FxB}. (1.45)

Substituting Equation (1.41) into Equation (1.45), we obtain
er{—?(q)—r*-ﬁ)—d—A}, (1.46)

where we have used the following relation:
P x(Vx A)=V (- A)-(F V) A.
Equations (1.44) and (1.46) indicate that the generalized potential

in the case of a charged particle moving in an electromagnetic field is
given by

V=e(0-7-A), (1.47)

and the corresponding Lagrangian is
1 =2 B 1
Lzzmr +er-A—ef. (1.48)

The generalized canonical momentum is then

oL .
pi = a— = mx,» + eA,‘, qi = xi, (1'49)
qi

and the Hamiltonian is given by

H:ZpiéIi_L

= Z(mx, +eA;)x; —%m?z —er-A+ed
1" (1.50)

= — 72 +
2mr ed

= —([9 _ eA) + e0.
2m
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1.4 A ROAD TO QUANTUM MECHANICS

In classical mechanics, we dealt with functions of the coordinates ¢; and
momentum p; such as energy; we describe these quantities collectively
as “observable.” The term “observable” describes any quantity acces-
sible to the measurement processes. We assume that every physical
observable is mathematically represented by a Hermitian operator, and
every measurement of the physical observable will result in one of the
eigenvalues of the corresponding Hermitian operator. The eigenvector
is used to characterize the state of the physical system.

Quantum mechanics assumes that any arbitrary state of the physical
system is characterized by a state vector that is not necessarily an
eigenvector of any particular Hermitian operator. After a measurement
has been performed, the state vector collapses to one of the eigenvec-
tors with an eigenvalue E,. If we describe the state of the system
by a ket vector |V¥), then we can represent this state vector by
|V)=2,|E.){E,|¥), where |E,) is an eigenvector of a particular
Hermitian operator corresponding to the measurement done on the
system. How does |\P) relate to possible measurements when the result
of a measurement must be one of the eigenvalues {E, }? For this, we
need the following postulate.

1.4.1 Postulate

The quantity (W| H|W) represents the average value of a series of mea-
surements on an ensemble of systems that are all described by the state
vector |W) and is given by

(P|H|¥)= Y |(E,|¥)E,, (1.51)

where P, =|(E, | W) is the probability of obtaining the value of E, as a
result of a measurement.

Previously, we described that in quantum mechanics the dynamical
variables of classical mechanics are replaced by corresponding
Hermitian operators. In classical mechanics, the dynamics of an observ-
able are described by the Poisson bracket. We would like to extend the
Poisson bracket to describe the dynamics of a quantum mechanical
operator. The Poisson bracket for the classical observables A, B is
defined in Equation (1.37) as

[A,B}= Z{ ————— } ~{B.A}. (1.37)
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It is straightforward to show the following properties:

[A+C,B}={A,B}+{C,B, (1.52a)
[A,B+C}={A,B}+{AC}, (1.52b)
[AB,C}={A,C}B+A{B,C}, (1.53a)
[A,BCY={A,B}C+B{AC}. (1.53b)

Let us assume that a quantum mechanical Poisson bracket is analo-
gous to a classical one. So we assume that a quantum mechanical
Poisson bracket satisfies all the conditions of Equations (1.37), (1.52),
and (1.53). We shall denote the quantum mechanical Poisson bracket
for operators A and B as [A,B]. We use these conditions to determine
the functional form of a quantum Poisson bracket by evaluating

[Aé,éﬁ] in two different ways from Equation (1.53a,b):

[AB.CD]=[A.CD|B+A[B.CD]
_{[AC)p+C[AD] B+ Al BC]D+E[BD] (154
_[A.C]PB+C[AD]B+A[BC]D+AC[B.D].

and

_[[AC]B+A[BCTD+C{[AD]B+A[BD] (155
_[A.C]BD+A[B.C)D+C[AD]B+CA[B.D]

Equating Equations (1.54) and (1.55), we obtain
[AC|(BD-DB)+(AC-CAB.D]=0.  (156)

Since the above condition holds for arbitrary Hermitian operators
A, B,C,and D, we must have

[AC]=(AC-CA)and[B.D)=(BD-DB). (157

From now on, we shall call a quantum Poisson bracket a com-
mutator. We further assume that a commutator or a quantum
Poisson bracket is proportional to the corresponding classical Poisson
bracket:
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[ A.B]=in{A.B}, (1.58)

where 7 is Planck’s constant divided by 2m. This suggests that quantum
mechanics is based on the assumption that the Poisson bracket assumes
the same physical meaning and the same numerical values as in classical
mechanics. In particular,

[CAII‘,IA’]‘] = ih{qz‘,P;‘} = ihsi]‘, (1-59)

which is the fundamental quantum condition.
The time evolution of a quantum mechanical operator can be
obtained from the equation of motion for the classical observable:

= - 4IFH 1.36
dF 9OF 1p»~

- L |FH 1.60
dt at+ih[’ ] (1.60)

where H is the energy operator corresponding to the classical
Hamiltonian. Equation (1.60) is called the equation of motion in the
Heisenberg picture. This particular quantum mechanical representa-
tion assumes that the operators vary with time, while the state vector
|} is time independent. This picture is formally analogous to classical
mechanics, since the equations of motion for the operators closely
resemble the corresponding classical equations.

Now, let us study a different picture, called the Schrodinger picture,
where the operators are constant in time, while the time variation is
expressed by the state vectors. In this picture, the explicit time depen-
dence of an operator still remains. Different quantum mechanical pic-
tures follow from each other by a unitary transformation. From now
on, we denote a quantum mechanical operator A simply as A when we
don’t need to distinguish it from the corresponding classical observable.
Let us denote the state vector and operator in the new picture by |¥)
and A’, respectively. Then, they are related to |¥) and A of an old
picture by

¥ =U|¥), A’=UAU' (1.61)
and

(V| A’|¥) = (P|UUAUU | W) = (P| A|'P), (1.62)
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since

UlU=UU" =1, (1.63)

when U is a unitary operator. Equation (1.62) indicates that the
unitary transformation does not change the physical content of the
theory. Also, we have

A :d—UAUT +U@UT +UA—dU
dt dt dt dt T (1.64)
=d—UAUT +U8—AUT +.lU[A,H]U* +UAdL.
dt ot ih dt

If A is not explicitly dependent on time, dA /9t =0, and the operator
Ain the Schrodinger picture is time independent except for an explicit
time dependence. This implies that

dA’ 0A
-U—U'"=0. 1.65
dt ot ( )

From Equations (1.64) and (1.65), we get

dU 1 du’

— AU'+—U[AH|U" +UA——
dt ih dt
t
=d—UAUT+UAdL+_lU(AH—HA)U
dt dr ih ( )
t 1.66
:d—UUTA’+A’UdL+_l(A’H’—H’A’)
dt dt ih
.
=(d—UU"'—.lH')A’+A'(UdL+,lH’)
dt ih dt ih
=0.

Equation (1.66) should hold for any quantum mechanical operators A’
in the Schrodinger picture, and, as a consequence, we have

Y _my. (1.67)
ar
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Since |W’)=U|¥), we obtain the following Schrodinger equation for
the state vector

ih%ﬁ") = H|W. (1.68)

The Schrodinger picture is perhaps the most widely used because it
leads directly to the formulation of wave mechanics. In this picture,
eigenvectors of the position operator g are used to represent the state
vector of the system. We consider the continuous set of eigenvalues g’
of the position operator ¢ given by

qla”y=4q'lq). (1.69)

We assume that corresponding eigenvectors {|¢")} form a complete
set. For simplicity, we consider the one-dimensional case only, but the
extension to the higher dimensional case is straightforward. The posi-
tion representation of the state vector is defined by

¥(q)=(q'|'V). (1.70)

From Equation (1.59), the canonical momentum operator p and the
position operator g satisfy the following quantum Poisson’s bracket or
the commutator relation

l¢.p]=(ap - pq)=in, (1.71)
and
(qp— pq)|'¥) =in|'¥). (1.72)

If we take an inner product of Equation (1.72) by the bra vector {(¢q’|,
we obtain

(@'l(ap—-pa)|¥)=q'{q’|p|¥)—(q’| pq|'F). (1.73)
Also,
(@’'l(ap— pq)|'¥)=in(q’|'¥). (1.74)

Equations (1.73) and (1.74) are consistent only if the following con-
dition is satisfied
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’ . a ’ . a ’
(q'|p|¥) = —-ih—(q'|'¥) = —ih—¥(q’), (1.75)
dq dq

since Equation (1.75) implies

(@'|pal V) =—in =" ("), (1.76)
q

Moreover, we have the following relations:

a ’ ”
-8(q"—q"), (1.77)

b
’ ” :_'h
(q’lq”)=~i 37

(q’lplg”)= —iha p
q

and

1= dqlaial (1.78)

Then, we get

(@)= dq(@lg)q|¥) )

= [~ dg ox(9)¥ (),

(@|pl¥)= [ da’| dg”(@lq)a’|pla"Na" 1)

0
dq

[ o' agrora vt a0 v

= JZ dCI'[; dCI”(ihaiq,@*(q’)j 8(q’-q")¥(q”)  (1.80)

[ a2 i)
- q

= r dq’fb*(q')(ih aa,)‘l’(q”),
= q

and

(¢'|F(q,p)I¥)=F (q',—ihaiq,j‘l’(q')- (1.81)
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As a special case, we consider F = H, where H is the Hamiltonian of
the system. Then the Schrodinger equation (1.68) becomes

Ih (') = H(q' 17194 ¥, (1.82)

of the wave mechanics.

As an example, we consider a particle moving in a one-dimensional
potential V(x). If we set the position operator as g’ = x, the classical
Hamiltonian is given by Equation (1.40):

2
H=L1v().
2m

Then, the corresponding Schrodinger equation is given by

ih%‘l‘(x,t)=(—%%22+V(x))‘}‘(x,t). (1.83)

For three dimensions, we simply replace ¢’ with 7 and 9/9q’ with V.
For example, the Schrodinger equation for a charged particle moving
in an electromagnetic field is

0 0 e 1, e = \2ue SR
lhg‘l’(r,t) = %(—mv - eA(r,t)) W(7,t)+ed(F)¥(7,t). (1.84)

When the Hamiltonian H is time independent, the time-dependent
Schrodinger equation can be rewritten in time-independent form by
trying the solution of the form

Y(7,t) =exp(—iEt/ W)y g (F) (1.85)

into Equation (1.83). Then, we obtain the following time-independent
Schrodinger equation

) V) = By (), (1.86)

where E is the energy of the particle.
One can also consider the eigenvectors of the momentum operator
P, which are given by
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plp)=p'lp"). (1.87)
From
(@ 1plp") === (') = 1), (1:89)
we get
(q’|p"y=Cexpl(ig’p’/ h), (1.89)

where C is a normalization constant. If we assume that
(p’|p”y=08(p’—p”), then it is straightforward to calculate the
normalization constant, which is given by 1/ v2mh. As a consequence,
we have

<x|p)=\/21EeXp(ixp/h), (1.90)
and
<F|p>=(2—71th) exp (7 p/h). (1.91)

1.5 THE UNCERTAINTY PRINCIPLE

The most remarkable property of quantum mechanics is that the mea-
surements of different dynamical variables are not necessarily indepen-
dent. This property was first formulated by Heisenberg, and is known
as the uncertainty principle. We start with a quantum Poisson bracket
for the position and momentum operators g and p,

[9.p]=in.

Let |W) be a state vector, and g and p be the average values of the
measurements of g and p, respectively:

q=(¥|ql'¥), p=(¥|p|¥).
We now calculate the mean-square deviations of measured values,

(Aq)” =(¥|(qg-7)’|'¥)

i (1.92)
=(¥lg’ V)= ((¥]q|'¥),
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and

(Ap)” =(¥|(p-p)'|¥)

) (1.93)
=(¥|p’|¥)-((¥|p|'¥))"
We also define oo =¢g—q and B= p— p, and we get
[avﬁ] = [C],p] =1h.
Also,
(A0)’ =(Aq)” and (AB)" = (Ap)’. (1.94)
From Equation (1.94), we get
(Aq)’ (4p) = (Aar)*(AB)’
= (W]a? |){¥[B*¥) (1.95)

2[(¥|oB| ),

from the Schwarz inequality. Since aff =1/2(af—Bo)+1/2(af+pa),
we also obtain

(¥10BI ¥ = I(¥l[aBI) + (¥] 0+ Ba) )
X (1.96)
> 2l(¥l[o.BI P =2

Equations (1.95) and (1.96) give Heisenberg’s famous uncertainty
relation:

AgAp = g (1.97)

1.6 THE HARMONIC OSCILLATOR
The one-dimensional simple harmonic oscillator is perhaps the most

important and useful problem in quantum mechanics. The Lagrangian
for the harmonic oscillator is

L=—mx* —lkxz. (1.98)
2 2
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The canonical momentum is

p=—=mx, (1.99)
ox
and the Hamiltonian becomes
2
He=pi-L=2"1+1pe (1.100)
m 2

The time-independent Schrodinger equation for the harmonic oscil-
lator is then given by

2\|;=E\|/, (1.101)

with the boundary condition y =0 at x = +eo. The solution of Equation
(1.101) gives the energy eigenvalues of the harmonic oscillator and the
eigenfunctions in terms of Hermite polynomials. In this section, we
introduce an operator method that is based on the algebraic approach,
and is much simpler than solving the Schrodinger directly. We introduce
new operators

1 )
a= mox +ip),
N 2mhw ( 2
1
a' = mox +ip), 1.102
Ty ") (1.102)
k
O=,—.
m
From
L1 . .
aa' = ——(mox +ip)(mox —ip),
2mhm
a'a= (mox —ip)(mox + ip),
2mhw
we obtain

aa’ —aTa:%(px—xp):%(—ih):l. (1.103)
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We also have

2mo (1.104)

Substituting Equation (1.104) into Equation (1.100), and using
Equation (1.103), we get

2

H=2 4 -~ mox?
2m

= %(mTwhj(aT —a)(a’ -a) +%ma)2 S

= hjw(aa"' + a"'a)

= hw(a"a + lj
2

Let’s assume that the state is in a particular eigenstate |E”) with
eigenvalue E’,

(a+a')(a+a")
(1.105)

H|E")=E’|E’). (1.106)
Now,
aH|E"y=aFE’|E"),
with aH = aha)(aTa + %j From [a,a"]=1, we get aa’a=a'aa+a, and
aH|E’Y= Ha|E"Y+ hoa|E"y=E’|E’). (1.107)
Equation (1.107) can be rewritten as
Ha|E")=(E’-ho)|E"). (1.108)
In other words, if |E’) is an eigenstate of a harmonic oscillator

Hamiltonian H with an eigenvalue E’, a| E’) is also an eigenstate of H
but with different eigenvalue £’ —fi®.
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By the way,
<E|H|E>=hw(E|a"'a|E>+%h(o<E|E> (1109
=E(E|E).
Since
(E|E)=[dg(E|q)(a| E)
= [dql(Elg)
>0,
we have
(E|a'a|E) =jdq|<q|a|E>|2 >0, (1.110)

Combining Equations (1.109) and (1.110), the energy eigenvalue £
must be a nonnegative number. On the other hand, Equation (1.108)
indicates that the operation of an operator a on the energy eigenstate
|E) lowers the energy eigenvalue by an amount #®. Nonetheless, the
energy eigenvalue must be always nonnegative, so the reduction of
the eigenvalue must be terminated at the ground state | E,), that is,
alEy)=0, and as a result, we obtain

1
E, =Eh0). (1.111)
Likewise,
a'H|E"Y=FE'a"|E"),
and after some mathematical manipulations, we get

Ha'|E')=(E’+ hw)a'

E’). (1.112)

This indicates that a'| E’) is also an eigenstate of H, but with a new
eigenvalue E’+ hw. We can see that the operator a' raises the eigen-
value by the amount of 7w. So if |E,) is the nth eigenstate, one can
generate | E, ) from | E,) by n successive applications of a’,
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|E.)=A,(a")'| Ey), (1.113)

where A, is the normalization factor. The normalization factor A, is
determined from the condition

(E,|E,)=1

with the relations

=(a")"" +d'a(a’)"”"

=(a' )rkl +a' [(aT )n*2 +a'a(a’ )m2 ] (1.114)
= 2(&1*)"71 +(a’ ? a T)m2

=n(a")+(a")"a

and
a'(a")' =na"(a' )y +a""(a")"a.
Then we obtain
(EJ|E,)= A} (Eola"(a)"| Ey)
=nAz(Ey|a""(a’ )"_1 |Ey)

=nlA?
=1.

The normalization factor is

1
A, =—
Vn!

and the normalized eigenstate is

IEn>:(jT_):|EO>. (1.115)
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From Equations (1.114) and (1.115), we get

(1.116)

and

(LZT n+1
NPT (1.117)

= V”l+1|En+1>.

a'|E,)=

We call the operator a an annihilation operator because it destroys
a single quantum of energy. The operatora' is called a creation operator
since it raises (or creates) a quantum of energy. The operator a'a is
called the number operator because if operating on the state, one can
see that its eigenvalue is the number of energy quantum n,

a'a|lE,Y=a'n|E, ) =n|E,). (1.118)

The operator method can also be used to determine the wave func-
tion of the one-dimensional harmonic oscillator in the coordinate space.
Since a|E,) =0, from Equation (1.102), we have

mo ) 1
ol = i e )

mo ho9 (1.119)
= 7O |E 2 (x| E
o VB o B

=0,

where Equations (1.69) and (1.75) are used. If we denote
Wo(x)=(x|E,), then Equation (1.119) can be rewritten as

i‘I’o (x)+ o

- () =0. (1.120)

Solving the first-order differential equation is straightforward, and
the solution is given by
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Wo(x) = Aexp(—n;—;:xzj, (1.121)

where A is the normalization constant given by

ma@o

A= (%jm. (1.122)

In order to determine the normalization constant, we have used the
condition

f o (X)) dx =1, (1.123)

and the Gaussian integral

Jm exp(—ox?)dx =, /E , a>0. (1.124)
- o

The excited state wave functions can be obtained by successive appli-
cation of a creation operator a' on the state | E,) and taking an inner
product with the bra vector (x|. For example, the first excited state wave
function is

i (x) = (xla| Eo)

_\/% @ n9 @ (1.125)
N on AWolx 2mo ox Volx

and the nth state wave function is given by

1 mo mo )" mox?
\Ifn(x)=\/2n—n!Hn(\/;XJ (E) exp(— > J (1.126)

Here, H,({) is the Hermite polynomials, and the first few Hermite
polynomials are

Ho(Q) =1, H\(§) =28, H(§) =48 -2, (1.127)
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1.7 ANGULAR MOMENTUM EIGENSTATES

If the potential term V() in the time-independent Schrodinger equa-
tion has a spherical symmetry, then the angular momentum L =7 X p is
conserved. We need the following mathematical relations to prove the
previous statement.

=-3r-
3 (1.128)
=—r—+r’V2—r (r—)
or or\ or
aZ
=—r'—-2r—+r’V?
or or
Here, we used the vector identity
(AxB)xC=—A(B-C)+B(C-A) (1.129)
and
g 0
7-V=r—. (1.130)
or
If we define the orbital angular momentum operator L as
L=—ihF xV, (1.131)
then, from Equation (1.128), we obtain
5 I
ve_9 20 LL (1.132)

o rort wt
The time-independent Schrodinger equation (1.86) becomes

(9 20 LL

_%(a?+7ar2 —W]WEGHV(F)WE(?): Byi(r). (1133)
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and the Hamiltonian with spherically symmetric potential is given
by

—+
orr  rort hr?

2
H:_h_
2m

(az 29 E'E)H/(r)... (1.134)

The angular momentum operator can be written, component-wise, as

L, =(-itF xV) = —ih(yi—zi),

dz  dy
L, =(=itF xV) = —ih(zi—xi), (1.135)
Y y ox 0z
L. =(=inFxV)_= —ih(x%—ya%j,

and they satisfy the following commutation relations

[L,, L.]=ikL,,
[L., L) =ihL,, (1.136)
(L., L,)=ikL,.

Now consider the infinitesimal rotation about the z-axis by an angle
0. The rotated coordinates are given by

X’ =xcosO+ ysin0 = x + 0y,
y ' =—xsin0+ ycos®=—6x+y, (1.137)

=z
Since the Hamiltonian is invariant under the rotation, we have
Hy e (x,y,2)= Eye(x,y,2), (1.138)
and
Hye(x',y,z') = Eye(x',y",2). (1.139)

Also, we have

0 0
Ve(x+6y,-6x+y,z)= wE(x,y,Z)+9(ya——xa—)wg(x,y,z)
oY (1.140)
i0
= WE(x’y’Z)_; Z\le(x,y,Z)~
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From Equations (1.138) to (1.140), we obtain
HL yr=L.Hyrp,
or
[H,L.]=0. (1.141)

In other words, the operators H and L, share the same set of eigen-
functions. It is straightforward to show that

[L., Lz] =0, (1.142)

which implies that we can choose a common set of eigenfunctions for
the operators H, L, I*. Let’s assume that the wave function yz(x,y,z)
is given by

Vi (x,y,2) = Re(r)Y5(8,9), (1.143)

where (r,0,0) is a set of spherical coordinates, and Y; (0,0) is a simulta-
neous eigenfunction of L, and L? such that

L.Y,,(8,0) = mhY,,(8,0),
LY,,(8,9) = (1 + 1)h*Y,,,(8,0), (1.144)
Y. (6,0) = (6,0[lm).

By using the definition of the differential operator v

= .0 .0 .0
V=x—+y—+2—
ox ~dy 0z 1145
29 a0 .~ D (1149
=r—+0—+ N )
or rd®  rsin0dd
we get
9 _:¥
ox (1.146)
. b Jd sing 9 '
=sIn0cosP—+cosOcosPp————-—,
or ro® rsin® J¢
9 5%
dy
(1.147)

= sinesin¢i+cosesin¢i+co'—sq)i,
or rof  rsin® do
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and
< (1.148)
= cosﬂi—sinei
or ro8’
Then, by combining Equations (1.135) to (1.148), we obtain
o . . d
L, =ih| cotOcoso—+sindo— |,
| cotcost %+ |
L,=in Cotesin(bi—COS(])i , (1.149)
’ 90 00
L. = _in 2
90
We also define the ladder operators L. as
L.=L.*L,
: 0 . 0 (1.150)
=hexp(£i0)| T—+icot@— |.
pleio) 3 +icoro 2 |
Then, we get the following relations among operators:
[Lz’ Li] = ihLia
[L.,L.]=2hL,,
LL =I"-1:+hL, (1.151)
L L =I?-12-nL,,
(Ls )T = L.

This implies that

(Im|L,L_|lm)=(Im|L? - L% + hL,|lm)
=1 (I(1+1)—m* + m) 20,

and as a result

—I<m<I+1. (1.152)
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Similarly, we also have

—I1<m<l, (1.153)
from
(Im|L_L,|lm)>0. (1.154)
Also, we have
(Im|L*|Im)=n*I(1+1) 2 0. (1.155)

Next, consider L. |lm). From [L,, L.]=*hL., we get

LZLi |lm> = ([Lz’ Li] + Lth)llm>
=(L.L. £ hL.)|lm) (1.156)
=h(m=*1)|lm).

Thus, L. |lm) are eigenstates of L. with eigenvalues m* 1:
L.|lmy=c.|lm=*1). (1.157)
For this reason, we call L. the ladder operators, in particular, the
angular momentum-raising and -lowering operators. The normalization

constants c. are evaluated with the aid of Equation (1.151):

le<[" = (Im| Ly.Ls |Im)

(1.158)
=1 (I(1+1)-m(m+1)).

If we take c. as positive, then we have the following expressions:

e =hJl(l+1)—m(m=1). (1.159)

In order to find the eigenfunction of the orbital angular momentum,
we start with

(0,0| L, |Im) = —ih(%(@,q)Um) =nm(0,0|lm), (1.160)
which gives

(0,0]lm)y=e"*(0,0|lm). (1.161)
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By the way, Equations (1.157) and (1.159) imply that
L. |l)=0, (1.162)

Or, from Equation (1.150),
d
(£—100t9)<9,¢|lm>:0. (1.163)

Since the function (sin®) satisfies Equation (1.163), the orbital
angular momentum eigenfunction has the following functional form:

Y (6,0) = (6,01

= ote™ (sin 0)'.
The normalization constant o is evaluated from the condition
27 1 2 . 2
1 =J d¢J d(cos0)|a| (sin6)
0 -1

1
= 2njof Ldu(1—u2)’ (1.164)

=2m|ol’ 2" ,
Q021+ 1)

which gives

Y (6,0) = (;,11),1 @1+ 4171(21 ) e (sin@)’. (1.165)

Here, (-1)' is the conventional phase factor. In order to get Y,,(6,0),
we apply L_to Equation (1.165) (/ — m) times and from Equation (1.157)
we obtain

Y el nyAEmyt( a T,
Yin(8,9) = 1 W(d(mw)) (sin®). (1.166)

In mathematical physics, the function Y,,,(0,0) is called as spherical
harmonics.




QUANTIZATION OF ELECTROMAGNETIC FIELDS 35
1.8 QUANTIZATION OF ELECTROMAGNETIC FIELDS

There are cases where one needs to treat the electromagnetic field
quantum mechanically, such as the spontaneous emission, the Lamb
shift, the resonance florescence, and nonclassical light, such as squeezed
states. Also, the fluctuation intensity of the laser near the threshold
needs to be treated by the quantized electromagnetic fields. The clas-
sical electromagnetic fields are governed by Maxwell’s equations (1.42).
In most treatment of the quantized electromagnetic fields, unbound
regions are considered, and vector potentials are used. In many applica-
tions, we are primarily considering the interaction between the laser
radiation with electrons in atoms or quantum structures, such as the
semiconductor quantum dot within the electric-dipole approximation.
In such a case, it is convenient to develop the theory in a gauge-
invariant form more appropriate for quantum electronics, emphasizing
the electric and magnetic fields;

vxa=22
ot
_ _ 0B
VXE=——, .
o (1.167)
V-B=0,
V-E=0,

with B = LLOI:I and D =¢g,E. We also take the electric field to have the
spatial dependence appropriate for the cavity resonator with propaga-
tion axis in the z-direction such that [6]

2Q0°M
Ve,

1/2
E (z,t)= q(t)( ) sin Kz (1.168)
where V is the cavity volume, K =Q/c is the wave number, M is the
constant with the dimension of mass, and g(¢) is the quantum mechani-

cal variable with the dimension of length. Then, from Maxwell’s equa-
tions (1.167),

(1.169)

2

1/2
M) sin Kz,

0
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we obtain the magnetic field

L €0 (2Q*M
H, (z,t)=q(t)—
n=a05 2

1/2
) cosKz. (1.170)

0

The total electromagnetic energy contained in the cavity is then
1 2 2
f{:ajch{%Ex+ng}
|4

2
= %JV dv{q2 (t)ZQTMsin2 Kz+q? (t)27Mcos2 Kz} (1.171)

2
P(t) 1 2 2
AR Y CHIy

oy TR MYa®

where we have defined the generalized momentum p(¢) = M¢(t). By
comparing Equation (1.105), we see that the total electromagnetic
energy inside the cavity is the same as that of the simple harmonic
oscillator with mass M and angular frequency Q. We can now define
the creation and annihilation operator for a single mode of electromag-
netic field quanta denoted as a photon by

a(z)=ﬁ<mq<z>+m<r»,
a*<r>=ﬁ(mq(z>—ip<r».

(1.171)

The quantization rule for the photon is then
lq.p]=ih, [a.a’]=1. (1.172)
We also have
a(t)=a(0)exp(-iQt), a'(t)=a(0)exp(—iQk). (1.173)
Then, the quantized electric field can be written as
E.(zt)=(a+a")E,sinKz, (1.174)

where E, is the electric field per photon. The total electromagnetic
energy contained in the cavity is
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H=1Q(a a+1/2), (1.175)

and the n-photon state in which n photons is defined as |n), where each
photon has an energy Q. We interpret the vacuum state |0) as a state
which contains no photon. Photons are quanta of a single mode of the
electromagnetic fields, and are not localized at any particular position
within the cavity. Rather, they are spread out over the entire cavity. The
quantized electromagnetic fields seem to offer amazingly satisfying
accounts of a very wide range of radiative phenomena, and there is no
real need to have a corpuscular theory of photons.

When there is more than one mode of electromagnetic fields in the
cavity, the electromagnetic fields can be expanded by multi-modes

2 12
E<z,r)=x2qn(r>(%j ik,
“0 (1.176)

H(z,t)= qun

( 20:M,

cosK, z,
Ve, j

with Q, =nnc/L, K, =nn/L,and L is the length of the cavity. The total
electromagnetic energy contained in the cavity is

:—Z(M Qg2+ ] (1.177)

and

(Gns Pw )= 18,05 [qns @ 1= [P0 P ] =0. (1.178)

The annihilation and creation operators for the mode n are

a,(1)=(2hM,Q, )" (M, Q,q,, (1) + ip, (1)),

1.179
@, (1) = (2nM,Q,) " (M, Q.0 (0) = ip, (1)), (L7

and a quantized electric field is given by
EX(Z,t)=2(an +aZ)En sink,,z. (1.180)

For a mode s, we have

ala,|n)y=hQ,|n,).
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The general eigenstate of H has n; photons in the first mode, n, in
the second, n, in the sth, and so forth, and can be written as

|y ...ng..y={n})

=|n)|ny)...Iny)... (1.181)

The annihilation operator a, destroys a photon in the n, mode alone:

almns...ny .Y =n, lmn, ..ong—1..). (1.182)

The general state vector for the field is a superposition of these
eigenstates:

|\|]>: Z Cnmmnsm|n1n2...ns...>. (1183)
nL,ny,...ns....

This state includes the correlations between different field modes
and is called an entangled state. The entangled state arises from per-
turbations such as the atom-field interaction coupled by an electric-
dipole interaction.

1.9 PERTURBATION THEORY

In this section, we deal systematically with the technique for calculating
the effect of small extra potential, or Hamiltonian H’, acting on a
system governed mainly by a free Hamiltonian H,. Suppose for simplic-
ity that our unperturbed Hamiltonian H, governs the noninteracting
system with

Hol\P0>:E()|\II()>, (1.184)

and the corresponding eigenstate is normalized. When the perturbation
is applied, we shall need to solve the equation

(E—H,)|¥)= H'|'¥). (1.185)

Provided we make no condition on the normalization of the new
eigenstate |'¥), we may always split it into two terms [3]

W) =|¥0o) +| @), (1.186)

where the change due to the perturbation is to be orthogonal to the
unperturbed state:
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(¥, |®) =0. (1.187)

This condition can be expressed by the formal introduction of pro-
jection operator P:

P=|¥,)(W¥ol, (1.188)
which acts on any quantum state |®) as
P|®)=[¥o) (Yo |D).
The complementary projection operator is defined as
O=1-P. (1.189)

The complementary operator is idempotent, that is, Q* =Q, as in the
case of P, and it projects any state upon the manifold in Hilbert space
that is orthogonal to |W,). Then one can see that, from Equations
(1.186) and (1.187), one can write

O|¥)=|®). (1.190)

Applying the unperturbed Hamiltonian operator to this function,
we get

QH0|(D> = H0|¢>—|To><\P0|Ho|q)>
= Ho|®)— Eo[¥o){¥o| D)

1.191
= H0|(D> ( )
= HOqu)>v

showing that O commutes with H,. The one we write
(E—H,)|¥Y)=(E-E)|[¥)+(E-H,)|®), (1.192)
Q(E—H0)|T>=(E—H0)Q|\P>Z(E—Ho)|q)>, (1-193)
and from Equations (1.185) and (1.193), we obtain
(E-H,)|®)=0H'|Y). (1.194)

Applying P to Equation (1.185), we get

E=FEy+(¥,|H'|¥). (1.195)
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Equation (1.194) can also be written as
|®)=(E-H,)" QH'|'¥), (1.196)

which implies that there is an operator (E — H,)™ which is the inverse
of (E— H,). Then, Equations (1.185), (1.186), and (1.192) can be com-
bined into

)=o)+ (E—Ho)" QH'|¥). (1.197)

This is an exact equation, but can only be solved approximately by
iteration. Thus
W) =|Wo)+(E—H,)" QH’(PPO%L(E—Hoyl QH/|lP>)
=|Wo)+(E~Hy) " QH'|¥,) (1.198)
+(E=Hy)" QH'(E~Hy)" QH'|'¥o)+--
This series is known as the Brillouin-Wigner perturbation expansion.

Let {|¥,)} be the complete eigenset of the free Hamiltonian H,, then
we have

NI =1, (1.199)

and
O¥,)=|¥,), n=0. (1.200)

Thus from Equations (1.195) to (1.200), we obtain the energy equation
(1.195), and represent all states and operators in eigenstates of H,.
We get

E:EQ +<\P0|H,|\II>

1
E-H,
= Eo +(Po | H'[®o)+ Y (Pol(E—Hy ) [V, )(W, |QH|¥y) +--

=Eo+<w0|H'(|~Po>+ QH’I‘P0>+~-)

, W, |H'|W¥, )
= By (o |y 3 TR

n#0

(1.201)
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The projection operator Q automatically excludes certain matrix ele-
ments from the summations in each term of the series. It is an implicit
equation to be solved for E. Consider the very simple case where H’
couples just two states of nearly equal energy. If the expectation value
of H’ is zero in each of these states, we get

(Pol H 1) _ o, IHGT

E=Ej+———=F , 1.202
0 E—FE, " E_E, (1202)
which has two roots to be obtained from the equation
E?>—(Ey+E,)E+ E,E, —|H},|" =O0. (1.203)

Note that this is the same as the solution of the determinantal equa-
tion for the degenerate or nearly degenerate Rayleigh-Schrodinger
perturbation theory, that is

E-E, Hy
Hfy, E-E

= 0. (1.204)

PROBLEMS

1. We consider the ket vector |a) represented by a column vector
given by

a

a

a.

with complex quantities a;, a, a5, ..., a., and the bra vector given
by(b|=(bi b, b;....b.). The outer product of vectors |a) and |b)
is defined by

ab;  abs - ab.
a, br a b; 2 b:o

|a)(b|=

a.by a.b, --- a.b.
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In two-dimensional Hilbert space, the basis vectors are given by

(3 ()

The Pauli operators are defined by

0 1 0 —i 1 0
O, = , Oy=| . , 0,= .
10 i 0 0 -1
Obtain the spectral representation of Puali operators from Equation
(1.25).

2. If A and B are two fixed noncommuting operators, and A is a param-
eter, then show that

2

exp(AA)Bexp(-AA) = B+ Aa,b]+ %[A,[A,B]]

+};—3[A,[A,[A,B]]]+---.

When [A,[A,B]]=[B,[A,B]] =0, show that

exp(A+ B)=exp(A)exp(B) exp(—%[A,B]).

Hint: Consider the operator function f(A)=exp(rA)exp(AB),
and differentiate f(A) with respect to A to obtain
df(L)/dh=(A+exp(LAA)Bexp(—AA)) f(A), and solve the differential
equation.

3. In one dimension, the Hamiltonian is given by H=p"12m+V(%).
Let |E,) be the eigenvector of H, and E, be the eigenvalue. Then
show that

2 n
D HEFE) (Ey = En)=——.
. m

n

4. In two-dimensional Hilbert space, the basis vectors are given by

o-(3) o ()

When the Hamiltonian of this two-dimensional system is given by
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V(x)

-L/2 L2

Figure 1.1. Finite potential well.

H = Eq|0)(0]+ E[1)(1]+ V (1){0] +]0)(1]),

find eigenvectors and eigenvalues of /1 .

5. A one-dimensional harmonic oscillator is under the electric field F,
and the total Hamiltonian is given by H = p*/2m+1w’x* —eFx.
Using the perturbation theory equation (1.201), calculate the ground
state energy.

6. Find the wave functions and the energy levels of a particle in the
potential well given by V(x)=0 if [x|<L/2 and V(x)=V,>0 if
|x|>L/2 (Fig. 1.1).
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2 Basic Quantum
Statistical Mechanics

2.1 ELEMENTARY STATISTICAL MECHANICS
If a system in equilibrium can be in any of N states, then

the probability of the system having energy E, is given by
(1/Z)exp(-E, / kgT), where the partition function Z is defined by [1]

VA

iexp(—En 1 kgT). (2.1)

n=1

Here, k3 is a Boltzmann constant, and 7 is a temperature. For quantum
mechanical system of states {|n)}, where |n) denotes the state with
energy E,, the expected value of the quantum mechanical operator A
is defined by

(A)= %z<n|A|n> exp(=E, 1 ksT). 22)

This fundamental law is the essence of statistical mechanics, with the
concept of thermal equilibrium and temperature. If a system is very
weakly coupled to a heat bath at a given temperature, if the coupling is
indefinite or not known precisely, if the coupling has been on for a long
time, and if all the “fast” processes have happened and all the “slow”
processes have not, the system is said to be in thermal equilibrium. Con-
sider two different states of a system that has the same energy, E; = E,.
The probabilities of the system being in either state jand k are then equal.
Since the system remains in contact with the heat bath for along time,one
would expect states of equal energy to be equally likely. Also, states of
different energies would be expected to have different probabilities.

Engineering Quantum Mechanics, First Edition. Doyeol Ahn, Seoung-Hwan Park.
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Because two states of the same energy are equally probable, the prob-
ability of a state having energy F is a function only of energy; P = P(E).
Consider a system, S, in equilibrium with a large heat bath H. It is
assumed that the heat bath is extremely large and its total energy E
very great. Also, the possible energy levels of the heat bath may be
assumed to be quasi-continuous. Let the energy levels of S be denoted
by E;. Then H;> E; for all i, j. We now consider the bath plus the
system as a new system, 7;, which is also in thermal equilibrium.
T has a definite energy, but as that energy is not fixed exactly (the
bath is in contact with the outside world), we can assume that the
energy may be anywhere in the range E, = A. If A is sufficiently small,
we can assume that the states of the heat bath are equally likely in the
range H; = A. Let n(H,) be the number of states per unit energy range
in the heat bath H around energy H,. The probability, P(E,), that § is
in a state with energy E,, is proportional to the number of ways
S can have that energy. From E,=E,+ H;, the number of states
around E, is the same as the number of states around H;, and is given
by N(E,—E,)x2A. Then the ratio of the probabilities P(E,) and
P(E,) is

P(Er) _ n(EO _E‘r)ZA
P(E,) M(E)—E,)2A
_ exp(logn(£ ~ E))) (2.3)
exp(logn(Ey - Ey))
=exp(logn(E, — E,) —logn(E - E,)).

For E, < E,, we have the following approximation:

d
logn(E, - E,) =logn(Ey) - E, Elog n(E)| . (24)

Ey

Then we have

ZGXP(—B(E, _Er'))’ (25)

or

P(E,) < exp(-BE,), (2.6)
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where
dlogn(E)
=—=—"2 2.7
p=EE 27)
From Equations (2.1), (2.6), and (2.7), we obtain
P(E,) = XCBE) (2.8)
Y exp(-BE,)
with
B=ksT. (2.9)

We can regard Equations (2.7) and (2.9) as the definition of the tem-
perature 7.

We now consider a quantum system of N identical particles and
assume that there is no interaction among them. Any two configura-
tions of the system that differ only by an interchange of two or more
identical particles are regarded as one and the same state. Thus, the
state of the system is determined by giving the number of particles n,
with energy E,. The problem is to calculate the partition function
with the condition that > n, = constant. The values admitted for every

possible n, may be:

(a)n,=0, 1, 2,---: Bose—Einstein case, (2.10)
(b)n, =0, 1: Fermi-Dirac case. '

For Bose particles, any number of particles may occupy a given state.
For Fermi particles, however, there can only be one particle at most in
each state. This is due to the Pauli exclusion principle.

A state of the system is described by the set of numbers n,, which
can take any set of values allowed both by the statistics and by the
condition

Yn=N (2.11)

and

0= ) exp[—BZnaEa} (2.12)
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We consider the system of particles to be a box connected to a large
reservoir of particles, and by assuming that it is possible for particles
to pass to and from the reservoir. We further assume that the statistical
mechanics of the system act as if it took energy L to move a particle
from the box to the reservoir. For a given U, the energy levels of a
particle in the box becomes E, —p rather than E,. The partition function
also becomes then

ow=3 eXp[—BZna(Ea—u)]

ni,n2,n3...

_H[Zexp Bna(Ea_M))J

with N =2 n,. The second line of the Equation (2.13) can be easily
derived:

[1[ e

a na

=[;exp(—ﬁn1]{1 ][zexp BnZKz] [Zexp( BnK)J
=> exp( an Kj

n,nz..

(2.13)

where K,=FE,—u. From simplified expression of the partition
function

oW = 2 exp[ [3211 E, M)] (2.14)

n,ny..

= exp(-Pg),

we obtain
— 1 (W)
g= Ban“ . (2.15)

Then we get the following relations:
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SR DY) YA

ni,n

=> BNeXp[ an (E,—n ]

ni,ny..

(2.16)

and

(M=o Q(m > Nexp[ B2 (E, u)]

n,ny..

1

BQ(H) ou

__9
aug

9 ow (2.17)

For the purpose of comparing the probability of a state, we assumed
that the system acts as if it had energy E=2,n,(E,—W). But u was
inserted only in order to provide the weighting factor that accounts for
different probabilities of different number of particles in the system.

For the system of the ideal noninteracting Bose—Einstein particles,
we have

exp(-Bg)=0"

> exp[—BZna(Ea—u)]

n,ny...

[ZeXp(—Bm (Es —u))][Zexp(—an (E> —u))}--

forn,=0,1,2,---

B 1
_U[l—exp(—B(Ea—u))J

or

g=—%zln(1—exp(—B(Ea ~w). (2.18)
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From Equations (2.17) and (2.18), the average number of particles
in the system is given by

1
B Zexpm(a —w)-1 1%

where (n,) is the number of Bose—Einstein particles in the particular
state with energy E,, and is sometimes called the Bose—Einstein distri-
bution. It is interesting to note that one can also write

d

)= 38,

g. (2.20)

For the system of the ideal noninteracting Fermi-Dirac particles,
we have

exp(—Bg)=0"

z exp[_ana (Ea _H)j

niL,n...

LZGXP(—B’% (Ev—u)) J[ZGXP(—B’Q (Ex —M))]‘ .

butn,=0or1

:H(1+exp(—B(Ea —-W)))

or
g=—5 2 In(1+exp(-B(E, ~h) (221)
and we obtain
0
(nq)= 3.8
1 (2.22)

“1+exp(B(E, —n))’
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Below, we summarize the distribution functions for the Bose—
Einstein and the Fermi-Dirac particles:

1

exp(B(E.—p))~1
1

exp(B(E, —u))+1

; Bose-Einstein particles

(n.)= (2.23)

; Fermi—-Dirac particles

2.2 SECOND QUANTIZATION

In the previous chapter, we considered the annihilation and creation
operators for simple harmonic oscillators and quantized electromag-
netic fields. These operators also provide a convenient representation
of the many-particle states in the system of N identical particles. The
quantum mechanic of a single particle is formulated in terms of the
position operator X and the momentum operator p, and the conven-
tional representation, the coordinate representation, is defined in terms
of the eigenfunctions of the position operator. For a system of many
identical particles, however, it is convenient to define operators which
create or annihilate a particle in specified states. Operators of physical
interest can be expressed in terms of these creation and annihilation
operators. This new presentation is called the second quantization for-
mulation. Let’s assume that the wave functions of N noninteracting
identical particles @;(x), ®,(x),--- form the complete orthonormal set
where x specifies the coordinates and spin variables that characterize
the state of a particle. Instead of giving the complete wave functions of
the system of particle, we can obviously describe the system by specify-
ing the number of particles in a given state where the occupation
numbers n, n,,--- are new variables. In this new representation, we
define the new wave function or state vector as ®,,,, ..., where n; par-
ticles are in the state 1, n, particles in the state 2.... Consider first the
case of a system of Bose—Einstein particles. In this case, the complete
wave function of a system of Bose—FEinstein particles is symmetric with
respect to permutations of the variables corresponding to different
particles. Then the wave function corresponding to the occupation
numbers n,,n,,--- has the form [2]

n !n | 1/2
(Dnlnz--- = (1T2'j ;(ppl (xl )(ppz (XZ)' < Qpy (xN) (224)
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where the p; denotes the different states, and the sum is taken over all
possible permutations of different numbers p;. Now assume that F is
the operator that is symmetric in all particles and has the forms

FO =Y f0 (2.25)

n

where f{V is the operator acting on functions of x,. When such an
operator acts on the function ®y,y,... it carries it either into the same
function or into another function in which the state of one particle has
been changed. As a result, the matrix elements of F" with respect to
the wave function Equation (2.24) have the form

FO = z fWp, for diagonal elements,
(F )xl_]\llk]\;: = f"Jmn, for nondiagonal elements, (2:20)
where
110 = [0 * (0 f V(). (227)

The above relation Equation (2.26) can be conveniently expressed
using the annihilation and creation operators and the number states
introduced in Equations (1.181) and (1.182) of Chapter 1:

ailnlnz"‘ni"'>:\/n7i|n1n2“'n,'_1"‘> (228)

and

;lnlnz...ni...>:,[ni+1|nln2...ni+1...>

where |mn,---) denotes the abstract state vector where there are n;
particles in state 1, n, particles in state 2, ... and so on. Using these new
notations, the operator F" can be written in following second quan-
tized form

FO = fildfa;. (2.29)
ik

The matrix elements of this operator coincide with those given by
Equation (2.26) when it acts on the abstract state |n;n, ---). The creation
operator a; and the annihilation operator a; satisfy the following com-
mutation relations:
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[ai aaz ] = 8ik 9 [aiaak ] = O’ [(l;}-,[lz ] = O (230)

A similar representation is possible for a symmetric operator of
the form

FO = £ (231)

where f{? acts on functions of x,, and x,. In the second quantized rep-
resentation, F® has the form

"= fialda,a, (2.32)
ik,l.m
where
= [0 0 * ()P 9u (o (x)dxdx,.  (233)

In the case of Fermi-Dirac statistics, the complete wave function
must be antisymmetric in all variables. This implies that in the case of
noninteracting particles, the occupation numbers can only take the
values O or 1, and the wave function has the form

Do = e 2O (10210 (1) (234

where all the numbers py, p,,---, py are different, and the symbol (-1)”
means that the odd number of permutations appear in the sum Equation
(2.34) with a minus sign. For definiteness, the term in Equation (2.34)
for which

Di<py<-<pyn (2.35)

will be chosen with a plus sign. The operator F of the type Equation
(2.25) can also be written in the second quantized form

ka cle. (2.36)

with £V = | @ *(x)f Vg, (x)dx. However, in Equation (2.36), the
fermion annihilation operator ¢; and the creation operator ¢; satisfy
the following anticommutation relations:
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{eicl}=cicl +cjci =8y,

2.
{cicet={cl.ci}=0. (2:37)

Similarly, the two-particle operator F® has the following second
quantized representation:

2 ¥
FO=% flcicicac, (2.38)
ik,lm
where

B = [0 )0 * () £ 0n ()0 (5, )k,

2.3 DENSITY OPERATORS

When we solve complicated quantum mechanical problems, we usually
divide the universe into two parts—the system in which we are inter-
ested and the rest of the universe. Then, normally, we assume that the
system in which we are interested comprises the entire universe. Let us
see what happens if we include something outside of the system. In this
case, we assume |@;) to be a complete set of state vectors in the vector
space describing the quantum system, and |R;) to be a complete set for
the rest of the universe or the reservoir. Then the most general wave
function can be written as

|'¥) :ZCij|(Pi>®|Rj>- (2.39)

Now let A be an operator that acts only on the system and does not
act on the|R;). In other words, when A acts on the tensor product states,
we mean that

Alo)®ly)=(Al0))®|v). (2.40)

(A)={¥]3¥)

= > Ci*CulR;((@:]Alow)) I R:)
ijk.l

= ZCU *Cyy <(Pi ‘A‘®k> (2.41)
i,j.k

=§,<<p,-

A

(pk>pki
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with p; = C;*Cy, (2.42)
j

where py; is the matrix element of the density operator p, and is called
the density matrix. The density operator is defined as

Pii = (P [Pl @;)- (2.43)

Then, the expectation value of the operator is expressed as
(A)= (o:]Alow Yoxlplo:)
ik
= Z<(Pi A

:Tl’<pA>.

o) (.44

From Equation (2.42), it is obvious that the density operator p is
Hermitian. Therefore, it can be diagonalized with a complete orthonor-
mal set of eigenvectors |y;) and real eigenvalues w; [1]

p= D wilwi)(wil (2.45)
and for A=1 , We obtain
(I)=Trp=Y wi=1. (2.46)

When A = [wi) (Wi |, we have

wie = (P[(lwe){wi )I'Y)
=Z Pl R)R; [y )| ¥)

= Z| AR

20.

(2.47)

Therefore, we have

Y wi=landw, 20, (2.48)



56 BASIC QUANTUM STATISTICAL MECHANICS

which means w; can be interpreted as a probability of finding the
system in the state |y;). Above results suggest that we can reformulate
quantum mechanics using density operator p, where p is of the form
p=2,wi|wi){y;|, with Z,w; =1 and w; >0. Given an operator A, the
expectation value of A is given by <A> TrpA If all but one of the w;
are zero, we say that the system is in a pure state; otherwise, it is in a
mixed state.

We now consider the operator |¥)('¥| and consider the partial trace
of |¥)(¥| with respect to the environment state |R;), then, from
Equations (2.39), (2.42), and (2.43), we obtain

Tr (|%)(¥]) = Z ()P DR,

= chkicﬁ o) oi] (2.49)

:p.

When there is no prospect of confusion, we will also denote the
partial trace of the operator |W)(¥| as |¥)('¥| Then the density
operator, more exactly the reduced density operator p, can be defined
simply as

p=(YO¥) (2.50)

Since the quantum state |\V') satisfies the Schrodinger equation
in | W)= H|W),
ot

the density operator satisfies the following equation of motion

L (Hp—pH)=—[H.p]. (2:51)

Now we would like to express the density operator in second quan-
tization. Consider the system of electrons in solid with two energy
bands. Details of the band structure will be discussed in the following
chapter, and here we consider a model system.

It is often convenient to introduce the new operator, called field
operator, which is defined as
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Y(x)= Zack(pck (x)+ zavk @ (X), (2.52)

where we assume the electrons to be a two-band semiconductor.
Details of the semiconductor band structure are described in the next
chapter, and we can treat it as a model in this section. Here ¢ stands
for the conduction band, v the valence band, and k the wave vector. We
introduce the following simplified notations:

c=1, cy=ay

V=2, Cy =ay,
and the state vector

W)=Y (cullky+enl2h), (¥|= ) ((1k|ei +(2K|es ). (2.53)

k

The density operator is then defined as
=[¥)(¥|
Z(Q,cc]k |1’ |+ 15 Cp |LEN2K |+ Cancly | 2K) (2.54)

;\\

(1K' + couchys |2K)(2K7)).

Using random phase approximation, we obtain

p=" Pus(k)|ak)(Bk| o.B=1.2, (2.55)

a.p.k

where

poc[i (k) = Cgkconk . (256)

We assume that the Hamiltonian of the system is given by

H = Eq(k)clicy. (2.57)

o,B.k

Then, in the Heisenberg picture, we have
50 +
lhgcﬁkcak =[cﬁkcak,H]

* 258
= E Eop (k)cicpr — E Eqp(k)clyCon- (2.58)
3 ~
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From Equations (2.55) to (2.58), we obtain

.0
lha;p: E Eop (k)ppp — z,pua'Ea’B(k)
2 =

=[E(k).p]

(2.59)

where E (k) is the matrix representation of the Hamiltonian Equation
(2.57).

When two-particle interaction such as Coulomb interaction
becomes important, the Hamiltonian Equation (2.57) need to be modi-
fied into

H = Eq(k)clicy

o.B.k

1 . .
T P Tt
+§ 2 V(q)[c]kwclk»,qclkfczk + CopsgCon—gCorCak +2c]k+qcékr,qc2k'c1k].
kK q#0

(2.60)

24 THE COHERENT STATE

In Chapter 1, we considered the quantum mechanical description of
the radiation field through the use of a particular set of quantum
states for the radiation field. These are the stationary states of the
noninteracting field, which correspond to the presence of a pre-
cisely defined number of photons. At this stage, it is interesting to
ask what wave function most closely describe the classical electromag-
netic field given by E,cos(Q¢+¢) and H,sin(Qz+0¢). It is known that
the wave function, which corresponds most closely to the classical
field, turns out to be the “coherent” wave function, a displaced ground
state of the simple harmonic oscillator. The corresponding state vector
is the “coherent state,” which is the eigenstate of the positive frequency
part of the electric field operator. The coherent state |o) for the
single mode oscillator is defined as an eigenstate of the annihilation
operator [3]:

alo) = o). (2.61)

We can expand the coherent state |o) in terms of the number state
|n) developed in Chapter 1 as
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oy =Y )| x)
= |m)(0[(a" /Vnt)|or) (2.62)

=(0la) ¥, In)

where we have used Equation (1.115) of Chapter 1. Using the

2
normalization condition {c|o) = 1, we obtain that (0]o) = e”?*". Then,
we have

o) = exp(—%|(x|2 JZ%W (2.63)

The photon number probability distribution P(n) for the coherent
state |o) is then given by

P(n)=|(n|a) = exp(—|0c|2 )|0c|2" /n! (2.64)

which turns out to be the Poisson distribution.
One can show that the coherent state |a) is generated by the action
on the vacuum state |0) of the Glauber displacement operator

D(o)=exp(oa’ —o*a), (2.65)
with the Baker—-Hausdorff relation for operators A and B
exp(A+ B)=exp(A)exp(B)exp(—[A,B]/2), (2.66)
such that
|o) = D(t)|0). (2.67)

The Glauber displacement operator satisfies the following
properties:

D(-a)aD(o) =a+a, (2.68)
and

D(-0)a'D(o)=a' +o. (2.69)
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One property of the coherent state |a) is that, in contrast to the
number states, the coherent states are not mutually orthogonal. The
overlap between two coherent states |ot) and |B) is

(a|By=¢ p( |of” /2| /2>; (n!'m!)'"? il (2.70)

= exp(oc*[S—|0L|2 12—-|Bf /2),
and hence
Ko B = exp(—Jo—BI*). (2.71)

Even though the coherent states lack mutual orthogonality, they
form an overcomplete set such that the identity relation can be resolved
in terms of the coherent states as

ljd2a|a><a| _1 [aReoyaamayjayal=1. @.72)
T T
The overcomplete relation Equation (2.72) can be derived using
szoc(oc*)” o exp(—|of)
= Jlof™" expli(m—myelexp(-lo iodaloste  (273)
=n(n!)d, .,
and
o =|ofe”. (2.74)

The use of coherent states leads to considerable simplification
in the calculation of statistical averages related to the radiation
field. The radiation field can be described by the density operator,
which is defined in the previous section. The density operator is the
outer product

p=[w){v| (2.75)

when the complete state |y) is known. However, when one has only the
statistical knowledge that the system has probability w; of being the
state |y;), the density operator is given by Equation (2.45)
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p=D wlvi){vi

The density operator is often more easily applicable to the real
problem than the state vector, and it can be expanded in terms of the
coherent states. The values of the expansion coefficients express the
degree to which the radiation field is actually coherent in the correct
quantum mechanical sense. Any density operator p may be represented
in a unique way by means of a function of two complex variables
R(o*,B), which is analytic throughout the finite o.* and 3 planes, and is
defined by

R(o*,B) = (otlp|B)exp(jof /2+ B[ /2). (2.76)

We note that the coherent states form an overcomplete set, and then
we can expand p as

p=— [ad’lo)(alp|B)
T (2.77)

—— [aBRor Brexp(-laf 1218 12) o) Bl

By expanding the coherent states in terms of number states, we also
get

Rox)= 3 XV o m). (2.78)

i (n!m!)"?

From the trace-preserving condition of the density operator, that is,
Trp =1, we obtain

Tr(p) = % [eor@* ayesp(-lof)=1. (2.79)

Although this expansion of the density operator is straightforward,
it is quite complicated. We can often obtain a simpler expansion with
real coefficient P(o):

p= j d*o.P(or)| o). (2.80)

The expectation value of the operator A is given by Tr(pA).



62 BASIC QUANTUM STATISTICAL MECHANICS

Then
(A)=Tr(pA)
=3 (nl [P0l Aln)

- j doP(a) Y (o Aln) {n]ct) (2.81)
= szaP(a)(alAla)
- j d*oP(0) A(0L),

where
A(o) =(o|A|o). (2.82)

This leads to a simple calculation involving only ¢ numbers, provided
that the operator A is expressed in normal order, that is, so that creation
operators stand to the left of the annihilation operators in the product
appearing in A.

2.5 THE SQUEEZED STATE

Squeezed states arise in simple quantum models of a number of
nonlinear optical processes including optical parametric oscillation
and four-wave mixing [4-6]. The Heisenberg uncertainty principle
AAAB 2 1[([A,B])| between the standard deviation of two arbitrary

observables, AA = <(A—(A>)2>, and similarly for AB, has a built-in

degree of freedom: One can squeeze the standard deviation of one
observable provided that one stretches that for the conjugate observ-
able. All quantum mechanics requires is that the product be bounded
from below. Given a field described by the annihilation operator a, we
form two Hermitian conjugate operators giving its two quadratures as

X, = %(aeik +a'e™), pp= %(ae"x —a'e™), (2.83)
i

with [x,,pr]=i/2 so Ax;Ap, >1/4. These two operators correspond
to position and momentum for the case of a mechanical oscillator.
The variance Ax? is given by

Ax} :<x;%>—<xk>2. (2.84)
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We now consider a quantum state such that the expectation
values of the two Hermitian conjugate operators are zero,
(x)=(pr)={(a)=(a")=0.Then we have

Ax,2 :—+—<aTa>+%(<aa>e2”‘+<a*a+>e‘2”‘)
=—+1<aTa>+lRe(<aa)ez’“).
4 2 2

(2.85)

The minimum variance is
2 T 1
A ==—+—(a a>—§|<aa)|. (2.86)
Likewise, the variance of the conjugate operator is

Ap; =%+%<a*a> —%Re((aa} e’™), (2.87)

so the minimum variance is given by
1 1 1
Api =—+—={(d'a)+—=|(aa)], 2.88
pi =5 +5{da)+ S laa) (2.88)

which is certainly greater than Equation (2.86). Equations (2.86) and
(2.88) give the uncertainty principle

axap, = 1+ 2{@a)=2aa)(1+2{aay+ 2aa)) 2 5. (289)

N

Squeezing occurs for x; if Ax} becomes smaller than %, that is,

squeezed below the minimum uncertainty product value. This,
however, does not violate the uncertainty principle, since p, has a
correspondingly increased variance. In this case, it is the |ag| term
that leads to squeezing. The simplest single-mode squeezed states are
generated by the action on the vacuum state |0) of the squeezing
operator [4,5]

S(C):exp(—%aﬂf +%aa) (2.90)

where {=rexp(ip) is the squeezing parameter with modulus r
and argument ¢. It is easy to show that the squeezing operator is
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unitary, that is, S*({)=S(-{). The single mode squeezed state |{) is
defined by

18)=5(0)]0), (2.91)

and is given by

J(2n)
|0y = \/COSh}’z n) [ exp(up)tanhr} |2n). (2.92)

Here, we have used the definition of the exponential function of an
operator A as

exp(A) = Z%A” (2.93)

with the fact that (a'a+aa")|0)=|0), and the ordered form of S(¢) [4]:

S(8)= G’XP[—%(QT )2 exp(ip)tanh r} exp[—%(aa*a*a)ln(cosh r)}
(2.94)
X exp[%(cz)2 exp(—i¢)tanh r}.

The squeezed state |{) is a right eigenstate of a {-dependent linear
combination of a and a', with eigenvalue 0:

[acoshr+a exp(ip)sinhr]|C)=0. (2.95)

For this reason, |{) is termed the “squeezed vacuum.”

In the following, we derive the operator ordering theorem equation
(2.98). For two operators A and B, which commute with their commuta-
tor [ A, B], we have

exp[0(A+ B)]=exp(6A)exp(6B) exp(—%ez [A,B] ) (2.96)

Generalized angular momentum operators J3(=J,), J, and J_ satisfy
the commutation relations [J3,J.]=%/J. and [J,,/J_]=2J5;. We assume
that F(0) =exp[i0(J, +J_)] can be written as

F(6)=exp[ip(6)/, Jexp[iq(0)/;]exp[ir(6)J_]. (2.97)
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Then,

d
55 ®

=i(J,+J_)F(0)

=ip'(8)J. exp[ip(6)J. Jexp[iq(8)J5]exp[ir(6)/_]

+exp[ip(0)J, [{iq'(6).J5 }exp[iq(8)J5]exp[ir(8)J-] (2.98)

+explip(8)J. Jexp[iq(8)J5]{ir'(8)J_}exp[ir(8)J_]

=i[(p(8)~iq(8) p(6)+r'(8) exp(~ig(6)p*(8))J. +1'(8) exp(~iq(6)J ]
F(8)+[(q'(8)+2ir'(8) p(8) exp(~iq(6))J53] F(8),

where we have used

exp(A)Bexp(-A) = B+[A.B]+ %[A.[A,B]] fee (299

in the derivation of Equation (2.98), which in turn gives the following
coupled differential equations:

p’—ipq’+r’exp(=iq)p® =1,
r'exp(-iq) =1, (2.100)
q’ +2ir'pexp(—iq) =0.

The initial conditions are: p(0)=¢q(0)=r(0)=0. If we set

q(0)=ilog(cos’0) (2.101)
then we also get
r(0) =tan®6, (2.102)
and
p(0) =tané. (2.103)

As a result, we obtain

exp[if(J, +J_)]=exp (i), tan0)exp(—/; log[cos” 8])exp(i/_ tan®).
(2.104)
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Likewise, for operators K,,K_ and K; which satisfy the commutation
relations

[K3, K. ]=1K, (2.105)
and
[K,,K_ ]=-2Kj;, (2.106)
we obtain

exp[if(K, + K_)]=exp[iK, tanh8]exp[-K;log(cosh? 0)]
exp[iK_tanh@], (2.107)

which is generalized to
exp[y. K, +y_K_+7:K;]

=exp(l',K, )exp(K;logT;)exp(I'_K_) (2.108)
=exp(I'_K_)exp(—K;logT;)exp(Il'_K_),

where
2v. sinh
r,=_ 2pesihp (2.109)
2BcoshP —vy;sinh3
2
T, =(coshﬁ-ﬁsinh5) , (2.110)
2p
and
1 1/2
B=(Zv§—m_) : (2.111)
If we define
L s t
K; :Z(a a+aa'), (2.112)

and

K. :%(cﬂ' )Y =(K.), (2.113)
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one can easily show that they satisfy the commutation relations equa-
tions (2.105) and (2.106). By setting vy, ==, y. ={* and y; =0, and
using equations (2.108)—(2.111), we obtain the operator ordering rela-
tion equation (2.94).

For two modes A and B, with annihilation operators a and b, the
two-mode squeezed state |{ 45) is generated by the action on the two-
mode vacuum state |04;05) of the two-mode squeezing operator [4,5]

Sap(C)=exp(—La'b’ +*ba), (2.114)

where {=rexp(ip) is any complex number. Both single-mode and
two-mode squeezing arise in models of two-photon nonlinear optics
being associated with degenerate and nondegenerate processes, respec-
tively. It is also shown that the quantum black hole first suggested
by Hawking can also be represented by a two-mode squeezed state.
By setting

K,=a'bt=(K.)', (2.115)

K, = %(amb*b), (2.116)

Y. ==C, v =C* and y; =0, we obtain

S5 (L) =exp[-a'b'exp(ip)tanhr| 2117)
xexp[—(a‘a+b'b)log(coshr)]exp[baexp(—i¢)tanhr], =

from Equations (2.108) to (2.111).
The two-mode squeezed state |{45) is given by

18a8)=S45(8)[04505), (2.118)

and it then follows from Equation (2.117) that

oo

1 . n
|Casy=——> [~exp(ig)tanhr]" [ns:ns). (2.119)
coshr ~

The state |{45) is a superposition only of states in which the two
modes contain the same number of photons and are normalized. Note
that |{45) is an entangled state in that it is not the product of a state
for mode A and one for mode B.This leads to the correlations between
the properties of the modes.
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2.6 COHERENT INTERACTIONS BETWEEN
ATOMS AND FIELDS

The simplest model of an atom includes only two discrete, orthonormal
states |1) and |2), which, in the absence of coupling, are energy eigen-
states with energies 7iw, and 7w, > hw,, respectively. A general pure state
|y) is given by the superposition |y) =¢;|1)+¢,|2), where |¢,[* +|c,|" = 1.
For this system, we define the four Pauli operators:

1=]2)2]+]1)(2], (2.120)
o5 =(2)2|=[1)(1, (2.121)

o, =[2)(1], (2.122)
o_=|1)(2|=(0c.)". (2.123)

We also define the Hermitian operators
G,=06,+0_ (2.124)
and
c,=i(0_—-0,). (2.125)

The Hamiltonian describing the two-state atom interacting with a clas-
sical electric field E(¢) within the electric dipole approximation is [4—6]

Hzg((ol +(o2)l+g(c02 —m)os—d-E(t)(c, +0.), (2.126)

where d is the atomic dipole operator. The first two terms in this
Hamiltonian are free Hamiltonian H, for the atom having eigenstates
|1) and |2):

h h
H, =§(co2 +ml)l+§(w2—wl)<53

3 o, 0
L0 he, |
In the quantum theory of light, the electric and magnetic fields
are Hermitian operators, and the interaction between two-state atoms
and the quantized electric field is described by the electric dipole

Hamiltonian Equation (2.126), with E(t) replaced by the quantized
electric field operator. For an atom placed at the origin 7=0

(2.127)
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interacting with a single plane wave mode of frequency ®, the
Hamiltonian becomes

h h
Hi=—(m+o)[+-(0—0)C
! 2((”2 ) 2((”2 )03 (2.128)

—ih\ (o, +0_)[aexp(—iot)+a‘exp(ior)]

where L =d-&(w/2he,V)"?. An equivalent and time-independent form
of Equation (2.128) is

fi h 1
H,=—(0, +0)[+=(, — 0, )03 +ho| a’'a+=
2 2(0)2 1) 2(002 1)03 ( 2] (2.129)

—ihk(o, +0_)(a+a").

2.7 THE JAYNES-CUMMINGS MODEL

In quantum optics, we are often interested in the dynamics of atoms,
molecules, or even nanostructures coupled to an electromagnetic field.
The field may be described either classically or fully quantum mechani-
cally, and may be monochromatic, have time-dependent amplitude or
phase,orbebroadband.Inthissection,we consider the Jaynes—Cummings
model of the interaction between a two-state atom and a single-mode
quantized electromagnetic field. The time-independent Hamiltonian is

h h .1
H=—(0,+0)[+—=(0, —®,)03 +ho| a'a+—
2 1+t )G [ 2) (2.130)

—ihh(o, +0_)(a+a’),

as given in the previous section.

Quantum mechanics provides a number of equivalent descriptions
or pictures of the dynamics of the system as discussed in the previous
chapter. These are related by unitary transformations of both the state
and the operators acting on it. In the Schrédinger picture, the operators
are time independent, and all the dynamics are contained within the
state. On the other hand, in the Heisenberg picture, the operators
evolve while the state is time-independent. Intermediate between them
are the interaction pictures in which part of the dynamics, usually asso-
ciated with a free, uncoupled Hamiltonian, is contained within the
operators, while that arising from the coupling appears in the state.
Alternatively, the free evolution may be contained within the state, with
the operators containing the effect of the coupling. These pictures are
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related to each other by unitary transformations. A measurable quan-
tity is the expectation of the operator A in a state |y) given by (y|A|y),
and must be independent of the picture in which it is evaluated. The
interaction picture Hamiltonian H; can be derived from the Schrodinger
equation [5,6]

9
=)= H|y), (2.131)

together with the interaction picture state |y, ) =U|y), described by the
unitary operator U, and satisfies the transformed Schrodinger equation

., 0
lh§|w1>:HI|\|!1>' (2.132)

It is now straightforward to show that the interaction picture
Hamiltonian is given by

H, =ihUU" +UHU". (2.133)

We now consider the unitary transformation associated with the
unitary operator

U =exp(%[(w2 +0)1)I+(0))(53]t)

= exp(i[o; -0 A/200)[1)(1]+ exp(ifw, - A/2])[2) 2.

(2.134)

where A=m, —®; — is the detuning between the atomic transition
energy and that of the driving field. The Hamiltonian in the interaction
picture is then obtained by

H] =EAG3 +h0)(aTa+l)
2 2 (2.135)

—ih\[o. exp(iot) +o_ exp(—iot)](a+a').

We apply the second wunitary transformation [/, =
exp[iZ(n+%)mt|n><n|] on Equation (2.135), and get

H, = §A<53 —ih\[o.exp(iot)+0_exp(—ior)]|[aexp (—ior)+a'exp (iwt)].
(2.136)
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If we ignore terms with exp(£ 2imt) dependences, known as rotating
wave approximation, we obtain the Jaynes—Cummings Hamiltonian

Hc = gAm —ih\[oc.a+0c.a'], (2.137)

in which the explicit time dependence has been removed. Sometimes,
the Jaynes—Cummings Hamiltonian is written as

H,c= %hmo +hwa'a+mm(a’c, +ac_)
X (2.138)
= Eh(no +howa'a+V,

where V =/m(a'c,+ac_). The unitary operator U is given by
U =exp(iVt/h), then the matrix representation of U is

cos[nt(aa*)”z] _iM

(aaT)I/Z
sin| nt(aa')"”
_iulf cos[nt(a*a)l/q

(a(,lT )1/2

U= (2.139)

PROBLEMS

1. Assuming that a particle has discrete energy spectrum E,, E},--- ,and
the probability of a particle with energy F, is given by Equation
(2.8). We define the partition function Z by Z =3, exp(—BE, ). Then
show that the average energy of a particle is given by

(E)=~(0/oB)log Z.

2. Evaluate the following vacuum expectation value of (0|a.a]aa;|0),
where the fermion annihilation operator a,, satisfies the relation
a,]0)=0.

3. For bosonic annihilation operator b, which satisfies the commutation

relation [b,6']=1, show that [ b,(b")" |=2b and | b,(6)" |=n(b")"".

4. Consider a two-level system with bases given by {|0),/1)}. The
Hamiltonian of the system H is given by the sum of an unperturbed
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term H, and an interaction energy V, that is H=H,+V
with H,|0)= E,|0) and H,|1)=E;|1). The density operator of this
two dimensional system is given by

pz[Poo 901}
Pio  Pu

Using Equation (2.51), show that

ap()o 1
Ko _ =~y —on V.
o ih( 01P10 —Po1Vao)
and
Po1 1 1
—=——(E,-E))——V, — .
o1 ih( 1 0) s Ol(pOU Pu)

Here, Vi, =(0|V|1) and diagonal elements of V are assumed to be
zero.

5. Using Equations (2.62) to (2.66), derive Equation (2.67).

6. From Equations (2.96), (2.97) and (2.99), derive Equations (2.98)
and (2.104).
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3 Elementary Theory of Electronic
Band Structure in Semiconductors

In this chapter, we derive the 8 x8 Hamiltonian using the multiband
effective theory. To understand the optical properties of semiconduc-
tors, we need to know the electronic band structure. In particular, the
band structure calculations of the nanostructures, such as the quantum
well, quantum wire, and quantum dot, are of great interest, because
these structures have existing and potential applications for many
important optoelectronic devices. First, we review several basic theories
for band structure calculation, in particular, the effective mass theory.
Next, we introduce the band structure calculation for nanostructures.
Specially, we focus on the band structure of the quantum well and the
crystal orientation effect on electronic properties.

3.1 BLOCH THEOREM AND EFFECTIVE MASS THEORY

3.1.1 Bloch Theorem

A fundamental theorem concerning electrons in a crystal was proved
by Bloch in 1928. It states that the wave functions of the electrons in a
crystal have the Bloch form

Wi (r) = e*u (1), (3.1)

where u,(r) is a function that has the periodicity of the lattice, that
is, uy (r) =uy (r+T,) where T, is any primitive lattice translation. The
Bloch function, in general, depends on the wave vector k, and is just a
free electron wave function, exp(ik-r), modulated by a function that
has the periodicity of the lattice. That is, it is a modulated plane wave.
We present a proof of Bloch’s theorem in the one-dimensional case.
Consider a crystal of length L = Na, where N is the number of primi-
tive unit cells, and a is the length of each cell. The wave equation is
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n d*Y

_E%dﬁ*J“”T:ET (3.2)

with V(x)=V(x+a). The periodic boundary condition requires that
Y(x)=W(x+L), and the translational symmetry requires that the
charge density is the same at x as at x +ma, where m is any integer,
that is, |¥(x + ma)|’ =|¥(x)’. Therefore

Y(x+a)=AY(x), (3.3)
and

Y(x+ma)=A"¥(x), (3.4)

where A is a complex number such that A°A =1 (the charge density is
proportional to ¥*¥). By applying the translation N times, we have

Y(x+ Na)= AN¥(x)=¥(x) (3.5)
AV =1 (3.6)
A=exp2nim/N),m=0,£1,£2,... (3.7)

Equation (3.5) shows that A is just one of the roots of unity, which
is written explicitly in Equation (3.7). Thus, the wave functions must be
of the form

Y(x +a)=exp(2rnim/N)¥(x) (3.8)

which is the Bloch condition on the wave function. A function that
satisfies this condition has the requirements demanded by translational
symmetry.

This result suggests that in seeking an electron wave function (i.e., a
function that satisfies Eq. (3.2)), we should try a modulated free elec-
tron function, W(x) = exp(ikx)u(x), and determine the conditions that
allow this function to satisfy the Bloch condition, Equation (3.8).
Substituting this modulated plane wave in both sides of Equation (3.8),
we see that the equality is kept if

k =2mm/Na (3.9)
u(x+a)=u(x). (3.10)
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If u(x) is a constant, then the free electron wave function with the
same condition on k is recovered. Thus, a solution of the wave equation
with the lattice periodicity can be written in one dimension in the form

Y(x) = exp(ikx)u(x) (3.11)

with k =2mm/Na and u(x+a)=u(x). This proves Bloch’s theorem in
one dimension. The extension to three dimensions, Equation (3.1),
follows straightforwardly.

3.1.2 The Schrodinger Equation and the Effective Mass Equation

The effective mass equations have been widely used to treat problems
involving valence bands, such as quantum wells and superlattices. In
this section, we will give a brief heuristic derivation of the main results.
The reader should consult Reference [1] for additional details.

The one-electron Schrodinger equation describing the dynamics of
an individual electron is given by

2
i 2wy (rr) = -
ot 2m

V2, (1,0) + Uy (1,0) P (1,1), (3.12)

where Ur(r,t) is the total potential energy. Here, we used the subscript
“0” for ¥ to distinguish it from the corresponding symbol in the effec-
tive mass equation, as discussed below. The potential energy Uz (r,¢) can
be separated into macroscopic part and a microscopic part. The mac-
roscopic potential Ug(r,t) arises from macroscopic electric fields due
to any externally applied voltage or macroscopic space charge. Also, an
electron feels the microscopic electric fields due to the nearly periodic
lattice of ions and the other valence electrons. We can separate it into
two parts: A perfectly periodic potential U, (r,t) due to a perfect static
lattice, plus a random fluctuating potential Ug(r,t) representing the
deviations. That is,

UT(l',t)=UL(r,t)+U5(l‘,t)+UE(l‘,t). (313)
The randomly fluctuating potential Us(r,?) is called the scattering

potential, which can arise from impurity scattering, phonon scattering,
or electron—electron scattering. Then, Equation (3.12) is written as

ih%\Po(r,f) = H¥o(r,0)+ U (r,1)¥o(r,2), (3.14)
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where

U(r,t)=Ug(r,t)+Us(r,1),
72 (3.15)

H():_ V2+UL(1',t).
2my

If we consider only the periodic potential U, (r,?), the solutions to
the Schrodinger equation can be written in the form of Bloch waves,
as discussed in Section 3.1.1. The wave function of an electron in a band
n with wave vector k is written as

Yo (r,1) = u,, (r)exp(ik - r)exp(—ie, (k)t/h), (3.16)

where u, is a periodic function like U, (r) that is different for each n
and each k. The function €,(k) is known as energy band structures. The
calculated band structures can be used to write an effective mass equa-
tion in which U, (r) does not appear explicitly. That is, if we are inter-
ested in electrons in a band #n, then the effective mass equation is
written as

ih%‘l’(r,t) =&, (=iV)P(r,0) + U(r,0)¥(x,1). (3.17)

The periodic lattice potential U; does not appear directly in the
effective mass equation. This makes Equation (3.17) much easier to
solve than the original Schrédinger equation, Equation (3.14). Here,
€,(—iV) is obtained by replacing k with —;V in the function ¢, (k). That
is, k, with —id/ox, k, with —id/dy, and k. with —id/dz. Equation (3.17) is
known as the single-band effective mass equation, and can be used if
the potential U(r,?) introduces only negligible coupling to the other
bands. As a result, it is inapplicable to the valence band, where multiple
bands (“heavy” and “light” holes) overlap in energy, and even a weak
static potential can induce interband transitions. In that case, we need
multiband effective mass equation. We will consider the relation
between the envelope function W(k,z) and the real wave function
Y, (k,t) in Equation (3.12) for two cases, single and multiband effective
mass equations, in the following two subsections, to understand the
approximations involved in using Equation (3.17).

3.1.3 The Single-Band Effective Mass Equation

The eigenfunctions of the operator H,in Equation (3.15) can be written
using two indices—the band index »n and the wave vector k.
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Hoy = €,(K)Y s (3.18)
where
: e
Wi =M (1) = S (). (3.19)

The functions €,(k) are readily available for most semiconductors,
though the periodic functions u,, are not available. The functions
in Equation (3.19), being eigenfunctions of the Hermitian operator H,,
are orthogonal, and are normalized to some arbitrary volume

VW | W) = 8,0 ). That s,
(W[ Wor) =8, = jd3ruzkunk. (3.20)
Hence,
J‘d:"ruzkun'k =3, (3.21)

Since the functions u,, are periodic with the same period as the
lattice, the integral in Equation (3.21) yields the same value in each
unit cell. If the volume V contains N unit cells, we can write

j FPritty, = 1/NS,s (3.22)
unit cell

As the periodic potential U, (r) goes to zero, the functions i, in
Equation (3.19) become constants equal to one. That is, Equation (3.19)
then becomes just the plane wave states.

3.1.3.1 Actual Wave Function ¥)(r,t) The wave functions W, (r,?)in
Equation (3.14) are expanded by using eigenfunctions y , as a basis set.

Wo(5,0)= D (W (3.23)
nk
Then, Equation (3.14) can be written in matrix form as follows:

L d
lhE(pnk (t) = ;(Wnk |H0 + Ullvnk’>(pn’k’(t)' (324)

Since the function vy, are eigenfunctions of H, with eigenvalues
€,(k), we have
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<\|lnk |HO|Wn'k'> = E:n’(k,)<\unk |HO|Wn’k'> =&, (k)snn'skk" (3-25)
Hence, we can simplify Equation (3.24) to

. d
in E (pnk (t) =€, (k)(pnk (t) + ; Unk;n’k’(pn'k’ (t)’ (326)

where

Unk;n’k' = <Wnk |U|‘~|In’k'> = ‘[d?’rl/hjk (r)un'k' (l’)eikrei(k,_k)‘rU(r, t) (3.27)

3.1.3.2 Envelope Function ¥(t,t) Next, we use the plane waves
Wy =e*"/JV to expand the envelope function (k7).

LLOEPWNGITS (328)

The effective mass equation can then be written in matrix form as
follows:

., d :
i (0= 2N EV) U)o () (3.29)
Using the relation

(2 [—%j (2] W=t e v 330

we obtain
e,(=iV)yi =&, (K)yy. (3.31)
Thus, using the orthogonality relation (W |y ) = 8, We obtain
(Wilea (=iV) i) = €, (K)Sic- (3.32)

Using Equation (3.32), we can write Equation (3.29) as

ih%(pk(t) =&, (k)@.x(1)+ ;Uk;k»cpkf (©). (3.33)
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where
&r
Ve = (U ) = [ e O U (e) (334)

3.1.3.3 The Relation betwen ¥, (r,t) and ¥ (t,t) Now let us compare
Equations (3.26) and (3.33). Equation (3.26) is the matrix representa-
tion of the Schrodinger equation (Eq. (3.15)) using the Bloch function
Y,k as the basis, while Equation (3.33) is the matrix representation of
the effective mass equation (Eq. (3.17)) for a particular band using the
plane waves Yy as the basis. The two equations would be identical if
the following were true:

(WU ) = (Wil U Wi ) 8,0 (3.35)

That is, the matrix elements of the external potential between states
from different bands should be negligible. This is the basic approxima-
tion on which the accuracy of the effective mass equation rests. It is
fairly accurate for potentials U that are slowly varying on an atomic
scale. It is easy to see that for a constant potential U(r,?) =U, ,Equation
(3.35) is exact because of the orthogonality of the eigenfunctions.

<\l’nk |U|Wn'k’> = Uo <Wnk |Wn’k’> = 6rtrl'l]¢78kk" (336)
(WilUo Wi ) = U B (3.37)

In the case of a spatially varying potential U, we start from Equation
(3.27) to prove Equation (3.35). The right-hand side requires us to
integrate over the entire sample volume V. But first, let us consider the
effect of integrating over a single unit cell, say the nth one.

[ e U
nth unit cell

= K (, 1) dPrugy (V)i (r) (3.38)

nth unit cell

= WOy (x,,1)8,,(1N),

where 1, is the coordinate of the center of the nth unit cell. Here we
have made two assumptions: (1) The factors exp[i(k’—k)-r] and U(r,t)
vary slowly enough that they can be considered approximately constant
over a unit cell. (2) The functions u,, (r) do not change very much with
k. That is, u, (r) = u, (r) over the range of values of [k’ —k|, for which
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Uy 1s significant. These approximations are inherent in the use of the
effective mass equation, since its validity rests on the accuracy of
Equation (3.35). Then,

[ drnmuam=]  drnmuam=8,,(N).  (339)
unit cell 1

unit ce

We can now use Equation (3.38) to write Equation (3.27) as

<\|fnk |U| \lfn'k'> — J'dSru;k (r)un,k, (r)eikrei(k',k)JU(r’t)

N
- Z I APrug (1, e (x,)e™ ™ " U (1, 1)
n=1

N
:8;1/1'% W ny(r,,r) [from Eq.(3.38)] (3.40)
=1

3
o[ e
=0, (Wi [U|yy) [from Eq.(3.34)].

This proves Equation (3.35). We can derive a very simple relation
between the envelope function ¥(r,r) and the real wave function
WY, (r,t). We can rewrite Equation (3.23) as

Wo(r,0)= Y o ()™t ().

(3.41)
= Uy (r)z Q. (1)e™r.
Using Equation (3.28),
Wo(r,t) =t (x)P(r,1). (3.42)

The true wave function is thus approximately equal to the product of
the envelope function and the periodic part of the Bloch wave
function.

3.1.4 The Multiband Effective Mass Equation

The multiband effective mass equation uses a slightly different basis
set Xk to the wave function W (r,?).



BLOCH THEOREM AND EFFECTIVE MASS THEORY 81

\Po(r,t) = (pnk (t)\unka (343)
where
eik‘l' s ikr
Wk = Tvuno(r) = ™11, (1). (3.44)

Comparing Equation (3.44) with Equation (3.19), we can see that
the difference is that we are now using the functions u,,(r) at k = 0.
Consequently, in our derivation, it will not be necessary to assume that
the function u,, (r) does not change with k. However, we encounter the
complexity of having to solve multiple coupled differential equations
instead of the single differential equation, Equation (3.17). Using this
new basis set, the Schrodinger equation is written as before.

d
lhE(Pn.k (1) = Z{@Ifnk | Ho+U e ) @ i (1) (3.45)

Consider first the matrix elements of U,
(W [U e ) = J.d3rei(""k)"u;0 ()t o (DU (1, 1). (3.46)

Using Equation (3.40),

N

1 e
U ~ i(k'-Kk)ry,
<Wﬂk | |Wn’k'> 6nn' N nE_l e U(rm t)

d’r

=8, | — e ® W U(r,1) (3.47)
\%
= 6nn'l]kk’7
where
3
U = %e"""“‘U(r,r). (3.48)

In the last step, we have used Equation (3.34); y, corresponds to the
plane wave states as in Equation (3.28). Note that we do not need the
additional assumption that u,, (r) does not vary much with k. However,
the matrix representation of H, is no longer diagonal, since the basis
functions in Equation (3.44) are not eigenfunctions of H,, unlike the
basis functions in Equation (3.19). It can be shown that



82 ELEMENTARY THEORY OF ELECTRONIC BAND STRUCTURE

<Wnk |H0|\|/n'k'> = H(’)ml(k)sk’k (3-49)
where
k>
> +€,, N =n
, m
H{" (k)= ° 3.50
0" (k) WPk , (3.50)
——, n#n
m,

P, is called the momentum matrix element between bands » and »’,
and is defined by

Pnn' = (_lh)<1/l;*0 |Vl/ln(]> (3.51)

€,0 1s the energy at the edge (k =0, I'-point) of band .
The derivation is as follows: We have

HoW 0 =€,0W 00 (3.52)

since €, is the energy eigenvalue of band n at k =0. From Equation
(3.44),

Yo =Xy 0. (3.53)

Hence,
AV = e*" (hk = ihV )y (3.54)
V2 = e*T(Pk* = 2in°k -V =12V 0. (3.55)

Using H, from Equation (3.15), we have

=22 2\72
Hoy,y =e™* (Ho ik V+ v j\pno (3.56)
m, 2m,
k> ek
= (eno + —) Yo+ (=hVy ). (3.57)
2m, m,

Hence,

h’k? nk
(Vo [Hol W) = (Eno + _)Sn’nsk'k +
2m m

(o (9

’ <\|!n’0 |e[(k_k,).r(_ihv)|wn0>
(3.58)
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hk? fik I .
= (Sno + W)Sn'nsk’k + <\|I,,fo |€l(k_k r (—th)|\|l,,0>. (3.59)

0 m()

Here,

<Wn’0 |ei(k—k')'r (—th)| Yoo >
= J.d3ru;,oe"(k‘k')" (=ih V)t

N
= [Z e (k=K)m }(—ih) d’ru, oV, from Equation (3.22)
nth unit cell

=l (3.60)
1N i(k—k'). ; 3%
B ﬁ ;e ' N(_lh) nth unit celld run'OvunO
- [%Je“"‘““d%} (—ih)Jd3ru;0Vun0
=0u P,y (from Eq.(3.51))
h*k? hP,, -k
<\Ifn'k' |H0|\Ifnk> = (eno + W] OOk + Okk- (3.61)

Noting that P, is usually zero.
Using Equations (3.46) and (3.49), we can write Equation (3.45) as

L d "
lhE(Pnk(t): ;HO (Pn'k +;Ukk'q)nk" (3.62)
The corresponding multiband effective mass equation is
., d o
in—,(r,0) = D HE (V) () +U )P, (n0). (3.63)

To show that Equation (3.62) is equivalent to Equation (3.63), we just
have to write down the matrix representation of Equation (3.63) using
a plane wave basis set to expand ¥, (r,?).

¥, =D ou(Vic (3.64)

The matrix form of Equation (3.63) then follows from our usual
prescription.
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., 0 o
lhgq)nk = zk:;<\lfk |H6m (_ZV)|Wk'>(Pn'k' + ;(Wk Ui ) Q- (3.65)
Equation (3.62) follows from Equation (3.65) if we note that
(Wi H" (=iV)|wie) = Hi" (k)Bue- (3.66)

This relation is proved in exactly the same way we proved Equation
(3.49). The relation between the actual wave function and the multi-
band envelope function follows readily from Equation (3.43).

V(0= Y @nk(t)%am(r).

(3.67)
= D0 (0) Y O (Vi
Using Equation (3.64),
Wo(r,0)= Y o (6)W, (x,0). (3.68)

Note that this result is exact, and we do not need to assume that u,,(r)
does not change much with k.

3.2 THE LUTTINGER-KOHN HAMILTONIAN

The difficulty with the multiband effective mass equation of Equation
(3.63) is that the differential equations for different bands » are all
coupled together, unlike the single-band effective mass equation of
Equation (3.17). For practical use, we need to limit ourselves to a few
bands. However, if we simply truncate the multiband effective mass
equation to the desired number of bands, we will run into some prob-
lems. One method is to renormalize the elements of the truncated
matrix to account for the bands we are neglecting using perturbation
theory. On the other hand, this method is difficult because the functions
u,o(r) are often not known accurately for remote bands. Another
method is to write each of the matrix elements H,, (k) as a second-
order polynomial in k, and treat the polynomial coefficients as fitting
parameters so that eigenvalues of the matrix (H(k)) reproduce the
correct energy dispersion relation for the bands. Here, we will review
the derivation of the 8 x 8 Hamiltonian in the valence band following
the approach of Luttinger and Kohn [2].
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3.2.1 Nondegenerate Bands Without Spin-Orbit Coupling

Let H, be the Hamiltonian of the electron in the periodic potential
U, (r) . The eigenfunctions of H, will be denoted by vy, and the cor-
responding eivenvalues by ¢,(k). Here, n labels the band, and k is the
wave vector in the first Brillouin zone. Then, the one-electron
Schrodinger equation is given by

(Hy+U)y =gy, (3.69)
where

U(l‘) = UE(I‘)+US(1‘),
hZ
m
HO\Vnk =&, (k)\unk

HOZ—

V24U, (r), (3.70)

If we consider only the periodic potential U, (r), the solutions to the
Schrédinger equation can be written in the form of Bloch waves,
as discussed in Section 3.1.1. The wave function of an electron in a
band n with wave vector k in the first Brillouin zone of the crystal is
written as

\Vnk = eik"u,,k (l’) (3.71)

where u,, is a periodic function like U, (r) that is different for each
n and each k. Now, it is necessary to choose a complete set of func-
tions in which to expand V. The vy, form, of course, is a complete
set of functions, in which any wave function can be expanded.
However, we consider another set of functions as defined in Equa-
tion (3.44)

Aok = €Tty (3.72)

These form a complete set if y, is a complete set, as proved below.
Assume that any function f(r) is expanded in the y

1= [dkg. (0w = Y, [dkg,(K)e*un.  (373)

Also, the periodic function u,, can be expressed in terms of the Bloch
functions at the bottom of the band. That is,



86 ELEMENTARY THEORY OF ELECTRONIC BAND STRUCTURE
e = Y B (K)o, (3.74)
n

Substituting this into Equation (3.73), we obtain the result

()= Zjdkgn,(k)efk*z;)n,n (K)ity0

= ZjdkLZ gn»(k)bn»n(k)j(eik"uno) (3.75)
= Z .[ dkgn (k)Xnk

with g,(k)=2, g,(k)b,, (k). The y, satisfy the orthonomality if the
y,x do. That is, the Bloch waves satisfy the following condition

(W W) = J. \If;kllfn'k'dl' =0, Ok k- (3.76)

entire crystal

Thus,

J e ()1t () dr = B jei(k"k)"dr~ (3.77)
entire crystal

1
nn (2Tc)3
For k’=0 and k=0,

Vv

U0 (V)i (¥)dr =9, ——.
J.enlirecrystal O( ) 0( ) (27'5)3

(3.78)

For the Y,

(i [} =L R T T & (3.79)

ntire crystal

Since uy ol has the lattice periodicity, we can expand it in a Fourier
series as follows:

Upolyro = z B o= Kmr (3.80)

where the B’ are just numerical coefficients, and K,, are the recipro-
cal lattice vectors. Inserting Equation (3.80) in Equation (3.79), we
obtain



THE LUTTINGER-KOHN HAMILTONIAN 87

G2 ) = 2 Y. Bi'3(K —k = Kun), (3.81)

from the definition of the delta function

1
(2m)’

Sk’ —k—K,) = jel‘<k’-k-'<m>-rdr. (3.82)

However, since k’ and k are both in the first Brillouin zone,
k’—k =K,, is only possible if m =0.
O | ) = 21)? By 8(k’ —K). (3.83)

Using Fourier’s theorem with Q as the volume of the unit cell, the B}
are given by

14 1 i £ 1 i o, %
B::ln - m entire crystal el(Km).runoun’Odr - _Jcellel(Km) unoun,Odr’ (384)
By —lj oathyodt = ——35 (3.85)
0 Q el n0%n’0 (211:)3 nn’s .
using Equation (3.78). Thus, from Equation (3.83),
Ko [ X ) = 8, O(K” k) (3.86)

which is the required orthonormality. In Equation (3.69), we now make
the Ansatz

¥ = ZJdk'A,n (K)o (3.87)
which gives the equation n
D[k A (6 o+ U =23 [l A (K g
Y| dk;xnxk')jxnk(Ho +U)edr = si Jara, 1) [ tugncdr.
2 I dk’ A, (K)o [(Ho + U)o ) = eifdk’f\fn(k’)mk» %),

> J ke A (K)ot (Ho + Uty = 4, (). (3.89)
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The matrix elements can be evaluated in the following manner. For
H,, we have

2
H(]Xnk = l: h + UL (r)j|eik‘run0
2m0
21,2 2
:eiklr|:_h k ikﬂ_ h
2my my i

27,2
""[Hw—h k- p+hk } Uy
my 2m0

V2 +U, (r)}uno (3.89)

Thus,

O [Hol Yo )
= J.e‘i'”u;oH 0™ 1, odr

21,2
j i0ony, [H0+ik p+ K } o (3.90)
my 2my
2

2
=Jei<k"k)" [ (0)+—k p+h k } U odr,
m 2my

where €,(0) is the energy at the bottom of the nth band, and P is the
momentum operator (7/i)V. Since the entire factor multiplying e'®~**
is periodic, the same argument that leads from Equation (3.79) to (3.86)
yields

O [ Ho e Y = J-e"("'*")"uf;o [en» 0)+ miok p+ ZZ }unodr, (3.91)
and
[ } Uy = ZC’"’ Kt (3.92)
Thus,

([ Hol ey = 21" Y Crrd(k’ Kk~ K). (3.93)

m
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Similarly, since k" —k = K, is only possible if m =0,
Ot | Ho| Yo Y = 21)* CE ' 8(K” - K). (3.94)

Using Fourier’s theorem with Q, the volume of the unit cell, the C}»"
are given by

21,2
C;,“,"'zlj' e'Kmry, [ (0)+—k p+h K } Uyodr
QJcen 2 my (395)

1 h*k?
=5J. n0|: (O)+;k p+ 2 :| nOdr

my

Thus,

(27t)3

21,2
G 5 - k)j no[ (0)+—k p+ ik }u,mdr

Mo (3.96)
21,2
=3(k' - k)|:(gn(()) L k ja + M}
2m

0 my

O [ Ho Yo ) =

Here, dummy indices mean a summation over o.=x,y,zZ, and the
momentum matrix element py, at the bottom of the band is defined by

3
pgn’ = (211:) J. MZO (E.Voc)un’odr' (397)
Q cell 1

Also, the expectation value pg,(k) of the momentum is given by
po (k) = moe, (k)/dk,. Thus,

o _(ZTC)3 - (h j (27-5)3 (E )
P = Q Jcelluno lV nodr === Q Lelan iva Waodr  (3.98)

is the expectation value at the bottom of the band and becomes zero
at the minimum. In addition, they have the following properties:

pgn' = pg’n = (pg'n )* (399)

which follows if a center of symmetry exists in the crystal. For the
matrix elements of U, we proceed similarly:
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<Xnk |U|Xnk>
= J‘e’ik"u;OUeik/"un»odr

= J.ei“‘"")"u;ou,,oUdr

(3.100)
— ZJei(k'—k)-rB;;n’e—iKm-rUdr
=n) Y [BrOK-K+K,),
where
Uk-k+K,)= L S Jdre”'(k""*K’" U (r). (3.101)
(2m)

The right-hand side requires us to integrate over the entire sample
volume V. But first, let us consider the effect of integrating over a single
unit cell, say the nth one.

1
(2TE)3 nth unit cell

1
(2m)’

dre—i(k—k’+Km)-rU(r) ~ U(l'n )J. dre—i(k—k'+Km)-r

nthunit cell

_ %U(rn)ﬁ(k—k’ 1K,)  (3.102)

where r, is the coordinate of the center of the nth unit cell. Here we
assumed that U(r,t) varies slowly enough that it can be considered
approximately constant over a unit cell. Similarly, k" -k =K,, is only
possible if m =0.

Ui ) = )’ Bi"U (k- k") =8, U(k—K”) (3.103)

from Equation (3.85). From Equations (3.91) and (3.103), Equation
(3.90) becomes

(en(0)+

—e4,(K). (3.104)

21,2 o _
"k )A,, (K)+ ZMAH»(k) + jdk'U(k “K)A,(K)
2my m

n'#n

Equation (3.104) still contains terms involving pg%,, which are pro-
portional to k, and represent coupling between bands. Since the inter-
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band matrix elements p;.,  are causing the trouble, we try to find a
transformation to yield equations with no interband elements to the

first order in k. To do so, we remove them to the first order by a canoni-
cal transformation 7. That is, we put

A,0)= Y [dk (Tt} B (k). (3.105)
It is convenient to write this as
HA=¢A, (3.106)
and
A=TA=é5B. (3.107)
Substituting Equation (3.107) into Equation (3.106), we obtain

— Sp_ _ S
HA=He B_— cA=¢ce’B (3108)
e*HeSB=¢B=HB.

Clearly,
=S He = H+[H,S]+%[[H,S],S]+... (3.109)

Let us write H=H® + HY + U, where

21,2
(k[ HO k) = (e,, 0)+ ﬁjamak' _x)
2m
(nk|HO|wk’) = Kol 5 1) (3.110)
my

(nk|U|n’k") = U (K’ k)3,
Then,
H=H"+H®Y+U+[H",S]+[H"Y,S]+[U,S]

Lo 1
+[[H?.S].8]+2{[U.S]. ST+,

(3.111)

the omitted terms being of order §3 or more. By choosing § such that
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H®Y +[H©,S]=0, (3.112)

we succeeded in eliminating the interband transitions to the first order
in k. Going back to the ¥, representation, we see at once that

e |HO srie Y+ o | HOS = SHO |00 = 0

3.113)
koDl s (
PR 5k )+ (£, — &) (o [T = 0
my
ko poiy
———3(k’-k), nzn’
<Xnk|S|Xn'k’>= my®,,,r ( ) , (3114)

’

0, n=n

where 7w, =€, —¢,. Consequently, the second-order terms from H©
and HY are

1

SUHY.S5),5]=3

[HO,S]+ SLH.S] (3.115)

which becomes

1 1
O ST) =2 Gt O ) ST

n”

1
- EZ<Xnk |S|Xn"k"><Xn"k” |H(]) |Xn’k'>

1~ ko Pl kg phen
—— 8 k _ k// n'’n’ 6 k// k/
22 et )[ (K"~ K’)

0Wn"n’

kyphu | e Ak p
_ _—”"6 k_k” = 5 k” k/
[ MW, ( )}22 ( )

n’

(3.116)

Using § function,

Kok}

2 pzn/fpﬁ,,n/( - )}S(k—k'),
7 (g

n”’#n,n’

1
5 <xnk |[H(1)7 S]

(3.117)
 Tkokg [

2m3
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in the 7, representation. The correction terms to U are also easily
found. Consider first (), [U,S]). ). Using Equations (3.110) and
(3.114), we obtain

<Xnk |[UvS]|Xn'k’>
= 2 <Xnk |U| Xnk” > <Xn”k" |S| Xk’ > - 2 <Xnk |S| Xn'k” > <Xn"k" |U| Xn'k’>

n’

—25"" U(k - k”)[— Kapiiow 3k~ k’)} (3.118)
—Z[— Ko 54y }SMU(k’ k”).
n’ m() nn’’

Thus,

(ko —ki)U(k=K")pSi/(my®,,), n#n’

3.119
0, n=n’ ( )

s (U v A7) ={

Here, k ~ 1/a;, where q; is the extent of the impurity state when the U is
the potential due to the impurities. p,, ~ 1/a and o, ~ 1/(m,a*), where
a is the lattice spacing. Equation (3.119) is of the order of the square
of the ratio of a/a;, and can be neglected. Similarly, the next term,
1[[U,S],S], is also omitted because it is reduced over [U,S] by a factor
S, which is of the squared order of a/a;. In the limit of very extended
impurity states, Equation (3.104) becomes

k*  hk.k o 1
(8 (0) —2B|: Z pnn"pg"n (0),1,,” j:D Bn(k) (3 120)

2my mg
+ j dK'U(k —K')B,(K') = B, (k)

where we have neglected terms of the order &k and interband elements
of order k? Since the coefficient of B, (k) is exactly the expansion of
€,(k) to second order, we can write

£, (k)B, (k) + _[ dk’U(k —k)B, (k') = £B, (k). (3.121)
Equation (3.121) is the well-known effective mass equation written

in momentum space. To get the more usual formulation, we introduce
a function
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F(r)= J'el‘k*Bn (K)dk, (3.122)

where the integration is over the first Brillouin zone. Inverting Equa-
tion (3.122), we obtain

Q
(2m)’

B,(k)= Y e E(R,), (3.123)

m

since B, (k) is periodic in k, R, being the vector to the lattice point m.
Then, Equation (3.121) becomes simply

£, (=iV)F,(r) +jdm(r UW)F () =eF(r),  (3.124)
where

1
(2m)’

Alr—r')= Jdkeik‘(""). (3.125)

Since Ar is a 0-like function of extension ~ a, we have
[e.(=iV)+U(x)]E,(x) =¢€F,(r). (3.1206)

From Equation (3.87), the leading term in the wave function becomes

= ZJdan (K)e™ 1t,0(r) = Y F,(0it,o(1) = Y F,()W,0(r).  (3.127)

3.2.2 Degenerate Bands Without Spin—-Orbit Coupling

We now consider the case of a degenerate band neglecting spin—orbit
coupling. For simplicity, we shall limit ourselves to the case where the
degeneracy occurs at the point k =0. Let us call the degenerate func-
tions at this point ¢,0,,...,0,, a typical one being denoted by ¢;. The
degeneracy implies that they all have the same energy:

Hyo; =¢€o0;. (3.128)

Let us further make the convention that the wave functions at k =0
for the other bands be denoted by ¢, (i # j).
We now introduce a complete set of functions ¢, defined by

(bnk = eik-rq)m (3129)
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the index » running over both j and ;. We then make the Ansatz
Wy = ZjdkAn(k)¢nk. (3.130)

For the impurity scattering problem,

ZJdk’(nk|H0 UK A (K) = A, (K). (3.131)

The analysis leading from Equation (3.90) to Equation (3.104) is
again valid due to the orthonormality of the ¢,,. On specializing n to j
in Equation (3.131), we obtain

(so+7§k2)A(k) Zh"“pﬂA(kdek'U(k ARzl

This is the equation that replaces Equation (3.104) for the degener-
ate case. We again transform the interband elements pj; by a transfor-
mation analogous to Equations (3.107) and (3.114). Here, the matrix
elements of P vanish between states of the same parity, so that we can
write

pi =0. (3.133)
Then,
koD
— el Sk —K), n=j,n#
ISl =4 gy 0K TR AERAET
0, n=jn =j

Since we are interested in degenerate bands, putting n=jand n’ = j’
in Equation (3.105) leads to the result, to the second-order terms in k:

hzkz h k k plpl ’ ’ ’
Z(eosj,, S 3y BZ ) f]B,,(k)+Jdk U(k-k’)B;(K’)

I

— eB,;(k). (3.135)

If we set the energy zero at g,, then we can write

D Z D%k, ks By (k) + Jdk’U(k —K')B;(K')=¢B;(k), (3.136)

o =1
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where

2 2 o B
D= 55,4 1LY Lilir (3.137)
2m0 m, ; €y)—&;

This set of numbers Dgp plays the same role in the theory of degener-
ate bands that the effective masses do for a simple band. We again
introduce a function F;(r) as Equation (3.122),

Fi(r)= jeik"Bj(r)dk. (3.138)

Then, Equation (3.136) becomes

ZZ[D&B(_ )( vﬁ)w(r)s], }F (=eF(r), (3139)

af j’=

and the leading term in the wave function is

v = F (10,0 (3.140)

The Hamitonian can be written as the sum of a band-edge contribu-
tion and a k-dependent contribution

H(k); = E;(k=0)+ Z DiPkoks, (3.141)
o

where E;(k=0)=¢g,0;.

3.2.3 Spin-Orbit Coupling

In this section, we explain the spin—orbit coupling effect and introduce
the concept of the spinor for the wave function. So far, we have treated
the electronic wave function ¥ as a complex scalar. However, ¥ is
neither a scalar nor a vector; it is a spinor. We know that we need one
component to specify a scalar, while we need three components along
the three coordinate axes to specify a vector. On the other hand, to
specify a spinor, we need two components along the “up” and “down”
directions. The two spin components are often uncoupled, and we can
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treat W as a scalar and simply multiply the results by 2 at the end to
account for the two spin polarizations. However, this is not always true.
In a magnetic field, for example, the energies of two polarizations are
different. Moreover, an electron moving in a strong electric field sees
an effective magnetic field due to relativistic effects even if there are
no external magnetic fields. This is known as the “spin—orbit interac-
tion.” We include effects of spin—orbit coupling as follows:

H,=H,+H,, (3.142)

where

H,=—"(6xVV)p, (3.143)
dmgc

and ¢,, 0y, ¢, are the Pauli spin matrices defined as

0 1 0 —i 1 0 (3.144)
o, = ,0, = ,0, = ) .
107 i 0 Yo -1

Since V is periodic and P invariant under translations, the total
unperturbed Hamiltonian H, will still have Bloch waves as solutions.
Call these , = e™"ii,,, with the energy &, (k). We may again introduce
a set of functions analogous to the Y., say ., defined by

Xk = € "il,. (3.145)
Then, the Ansatz

v= [dka, () (3.146)

leads to the same Schrodinger equation for A, (k) as the one we had
without spin-orbit coupling, except that the matrix elements pg, are
replaced by n%,, defined by

_@ny’
Q

nn’

j ( Vot (chV)a) fyodr  (3.147)
cell i dmic

This extra term arises from the fact that the spin—orbit coupling
contains the differential operation P.
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Degenerate bands are split, in general, into several bands by the
spin—orbit coupling. If the spin—orbit interaction were absent, the six
valence band wave functions would simply be

(o) Hin (o ) e

and we could continue to treat ¥ as a scalar and multiply at the end
by 2. In many common semiconductors like gallium arsenide (GaAs),
due to crystal symmetry, the functions u,,(r) for the conduction and
valence bands can be expressed in terms of these functions |S),| X),|Y),
and |Z). Electrons in the conduction band have completely symmetric
wave functions|S). Here, |S) is completely symmetric in x, ¥, and z [like
(x*+y* +z%)™"?]; | X) is antisymmetricin x butsymmetricin ¥ and z [like
x(x* +y* +z*)?]:|Y) is antisymmetric in Y but symmetric in z and x;
and | Z) is antisymmetric in z but symmetric in x and Y. In the absence
of spin—orbit coupling, we shall denote three degenerate space func-
tions at k =0 by | X),|Y), and | Z). Each has an additional double degen-
eracy due to spin. We will construct a matrix D defined by

Dy =Y kakyDSP. (3.149)
ap

using these functions.
Then, as can be seen from Equation (3.137), the symmetry of the
diamond lattice requires that D have the form

Ak? + B(k? +k2) Ck.k, Ck.k,
D= Ck.k, AK2+ B(k? +k2) Ck k. (3.150)
Ck.k, Ck k. Ak? + B(k? +k2)

for each spin, where A, B, C are three real constants defined by

n’ +ﬁ DxiPix

A= >
Zm() my F €y)—&;

h? h? py .p.y
B= 4 ) XX 3.151
2}710 mg F €y —E€; ( )

2
C= h z DPxiDiy + Dx:Diy
mg € —&;
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As an example of the calculation, consider Dyy,

2
un my ; €)—¢€;

i)

Equation (3.153) is zero except for a=B=X,Y,Z, because of its
antisymmetry. That is, for o= X and B =Y,

h2 "N pp
Dyx = Z(z—sxxsaﬁ +— y P kg, (3.152)
where

h
- <X‘7va

ﬁvﬁ‘x>. (3.153)
l

by

il

which is antisymmetric in x or Y, and becomes zero. Thus,

2 2 X X 2 2 Y Y
DXX :[ h +h_2 leplXjkxkx'i‘[ h +h_2 pX:szjkyky
2m0 my ; €9 —E&; 2m0 my ; €y)—¢€;

y

h

X> (3.154)

2 2 zZ 7
+( IS Pupi jkzkz. (3.155)
2m0 my ; €y —€;

Using py,pix = pxiPiv,

2 2 X X 2 2 Y Y
DXX — h +h_2 lesz k)%'f' h +h_2 szsz (kf-i-kzz)
2m0 my i € —E&; 2m0 my ; €y —E&;

= Ak2+ B(k? +k2) (3.156)

For Dyy, only terms with o= X,B=Y or a=Z, = X are nonzero.
Similarly, we can obtain the following relations for nonzero terms:

DPxiPix> PYiPiy,PziPiz  foroa=X,Y,Z
Y X XY Z X X 7 Z Y Y Z
DPxiPiv,PyiPix, PxiPiz> PziPix> PyiPiz, PziPiv»

(3.157)

where
X, X _ Y Y _ 7 7
PxiPix = DPviPiv = PZiPiz

(3.158)
PPl = piph = p%iph =...etc.
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3.2.4 Wave Functions Modified by Spin—Orbit Coupling

The introduction of spin—orbit coupling splits some of the degeneracy
of the band at k =0. Treating H,, as a perturbation, we can obtain the
correct wave functions. The wave function W(r,?) for electrons is actu-
ally not a scalar but is a two-component spinor

(g((::))) (3.159)

Thus, the Schrédinger equation is not a single differential equation,
but two coupled differential equations as follows.

ih%(x:Hna‘f‘HuB (3160)
ih%B:H21(X+H22B. (3.161)
Or, in matrix form,
H, H

ihi(“j { i 12}(“). (3.162)

o\ P H, Hy]|\B

In general, we assume that
le = H21 = 0 (3163)
2

H11:H12:_2h V2+ULEH0. (3.164)

(9

Equation (3.162) then decouples into two identical Schrodinger
equations—one for oo and one for . Consequently, we can just solve
one Schrodinger equation for a scalar and multiply the results at the
end by 2 to account for the other spin component. However, this sim-
plicity is lost if Hy, and H,, are nonzero.

Let us now consider how the wave functions and energy levels in
a semiconductor are modified by the spin—orbit interaction. The
Schrodinger equation reads

ihaa—lfz(H+Hso)‘P, (3.165)
where H is the 2x2 matrix operator defined in Equations (3.163) and
(3.164), ¥ is a 2x1 spinor, and H,, is the 2x2 spin-orbit operator
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defined below. The spin-orbit coupling in Equation (3.143) can be
written as
h2

HSO:—iﬁG‘[VUXV]. (3166)
dmgc

H,, is a 2x2 matrix operator whose individual elements can be
written out with differential operators using the definition of the Pauli
matrices O, from Equation (3.144).

oU 0 09U o
H,, =-iC == 3.167
(Huo =i (ax dy dy ij ( )
oU 0 dU 0 oU 0 09U 9
Hso = - = = | - T 3168
(Hore = {( dy 0z 0z ayj (az ox Ox azj} ( )
oU 0 dU o oU 0 09U o
Hso - T = = e 3169
(Hlio)r = {( dy dz 0z 8y)+ (az dox ox az)} ( )
oU 0 dU o
H)y =iC — 3.170
(Hoo) =i (ax dy dy ax) ( )
h2
Where CZW

We are interested in the energy eigenfunctions and eigenvalues at
k =0. Writing P(r,7) =&(r)exp(—iEt/h) [since k=0, exp(ik-r)=1], we
have the eigenvalue equation.

ES=(H+H,)§ (3.171)

This is actually two coupled differential equations that can be
written out using Equations (3.163) and (3.164) as follows, assuming

o)

Eo=[Hy+(H,)n]o+(H,)np (3.172)
EB=[(H)ulo+(Ho+ Hy,)nB. (3.173)

The functions |S), |X), |Y), and |Z) are eigenfunctions of H,.
That is,

Hy|S) = Ex|S), Ho| X) = Elo| X),Hy|Y) = E}o|Y), Ho| Z) = E}o| Z).
(3.174)
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If the spin—orbit interaction H,, were absent, the energy levels and
the wave functions at the zone center (k =0) will be written as shown
below.

viia=|X),=0
v2:0=]Y),p=0
v3:a=|Z),p=0

vd:o=0),=|X) (3175)

v5:a=|0),p=]Y)
v6:a.=|0),p=|Z).

Now, let us use these functions to expand o(r) and B(r).

a(r) =0, [S)+ 0 | X+ 0, [ V)0 | Z)= ) auli) (3.176)

i=S.X.Y.Z

By= > Bili) (3.177)

i=S.X.Y.Z

We can write the differential equations in Equations (3.172) and
(3.173) as a matrix equation.

E(X 2 |H0+(HSU)11|] OC +z (HM))12|]>B] (3178)
EB; = Z |(H. Yot )0 +2 |H +(Ho)n| B (3.179)

Since the functions i), i=S,X,Y,Z are eigenfunctions of H,, it is
easy to write down the matrix elements of H,,.

EC()S[]‘, lf l = S
E;OS,-]-, lf l = X, Y,Z.

(i|Holj) ={ (3.180)

Using the fact that the atomic potential U has cubic symmetry, we
can show that (i|(Hso)11|j) or {i|(Hso)»|j) is nonzero only if i= X, j=Y
ori=Y,j=X.Then,

(X|(Hso)ulY)=—(X|(Hs0)»|Y)=—iA/3 (3.181)
where

U 3 U a)l . (3182)

A=3C/( X|( 2 %y
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Similarly, it can be shown that

(Y|(Hso)n|Z)= (Y |(Hso)n|Z) =—iAI3

3.183
(X|(Hso)|Z)=~(X|(Hs0)u|Z) = A/3. ( )
The other matrix elements are all zero. Also, in general,
<i|(HS0)nm|j>=_<j|(HSO)mn|i>- (3184)

Using the matrix elements in Equations (3.181), (3.183), and (3.184),
we can write out Equations (3.178) and (3.179) as follows:

o) (Eox 0 0 O 0 0 0 0 \a
o | | 0 E, A3 0 0 0 0 A3 |a
o, | | 0 A3 E, 0 0 0 0 -iA3|a,

o I I W0 —A3 A3 0 o,
B, 0O 0 0 O E, O 0 0 |B
B. 0 0 0 -A3 0 E, iN3 0 |B.
B, 0 0 0 —iA3 0 =—iA3 E, 0 |B,
B 0 A3 A3 0 0 0 0 % )\ B.

(3.185)

Here, we neglected the coupling between the conduction and the
valence bands, and will consider it in next section. By rearranging the
rows and columns in Equation (3.185), we can get the matrix in block-
diagonalized form.

o) (Ex 0 0 0 0 0 0 0 Yo,
B, 0O E, 0 0 0 0o 0 0 |Bp,
o | |0 0 Ey -iAN3 A3 0 0 0 |a

g || 0 0 N3 E, -3 0 0 0 o,
B 0 0 A3 iN3 E, 0 0 0 |p.
B. O 0 0 0 0 o iN3 —A3 || Bs
B, O 0 0 0 0 —iN3 Ej —iN3|B,
o.) L0 0 0 0 0 -A3 N3 E, Na,

(3.186)
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The eigenvalues and eigenfunctions for each block can be calculated
individually. Note that the conduction band levels are unaffected by the
spin—orbit interaction. The eigenvalues and eigenvetors of the upper
3x3 block are given by

Eh = E;O + % = EVO (heaVy hOle,hl)

(3.187)
o, =120, =—i/N2,B. =0
El = E;O + % = EV() (hght hOle,IZ)
(3.188)
o, =1/76,0,, =—i/6,B. =2/3
E,=FE/,— Z?A =FE, —A (split-off,s2)
(3.189)

o, =1/7/3,0,, =—i/N3,8. = -1/4/3.

Note that, at £ =0, the first two eigenvalues are equal, so that any
linear combination of the heavy- and light-hole eigenvectors is also an
eigenvector. In fact, there are numerous other combinations possible
for Equations (3.187) and (3.188). The reason for using this choice is
that if we consider electrons in motion along the z-direction
(k, =k, =0,k, #0), the heavy- and light-hole eigenvectors are decou-
pled. The lower 3 x 3 block in Equation (3.186) gives the same eigen-
values, but slightly different eigenvectors.

E,=E+ % =FE,, (heavy hole,h2)

B, =128, =—ilN2,a, =0 (3.190)
Er=Ew+ % =E, (light hole,/1)
B, =—1/V6.,B, =—ilN6,0,, =273 (3.191)
E =Ew —% =E,—A (split-off,s1)
(3.192)

B, =1//3,, =i/N3,0, = 1/4/3.

The introduction of spin—orbit coupling splits some of the degener-
acy of the band at k =0. The wave functions fall into a group of four
and a group of two:
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A3 3\__ 1 ;
hl: 2,2>_ \/5[|X>+ I T
131\ 1 .
13 11 y
12.‘5,—§>_\/6[(|X> YN T +2|2) ]
s o3 | (3.193)
hz‘a,—§>=$[|X>—l|Y>]~L
sl 1,%>:%[(|X>+i|Y>)J,+|Z> 1

1111 .
32“5a—§>——3[(|X>—Z|Y>)T—|Z>l']-

k‘

where T and | are the spin functions corresponding to spin “up” and
“down,” respectively.

3.3 THE ZINC BLENDE HAMILTONIAN

3.3.1 Matrix Elements for the 6 x 6 Hamiltonian

We shall consider the situation in which the spin—orbit coupling is suf-
ficiently small so that the zeroth-order functions of Equation (3.193)
may be used. Considering both the J =3/2 and 1/2 bands together, and
using Equation (3.137) having P instead 7, and using Equation (3.141),
we find

33
hl:‘§,§> P+Q -S R 0 -SN2 2R
131
=, - P-Q 0 R 20 325
PRERE
. 1575 R 0 P-0 S B3st 20
2 |
2" 2 0 R} St P+Q -2R' -SI\2

11
s1:‘—,—>
2°2 -STN2 20" 32S 2R P+A 0

1 1
32-‘5’—§> V2R 3RS 201 -sW2 0 P+a
(3.194)
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where
hZ
P=o (kK] +K2),
0
h2
0= yl(k§+k§—2k§),
2my
h? .
R:mmpJﬂxﬁ—@yﬂ%B%h@L
hZ
S:2n12vgyxkf4kﬂku
0

A = spin-orbit splitting at k =0,

where we put E,, =0 as follows:

E) +%:Evo:0 for [=h1,/1,h2,I2

E(k=0)=

Co—Z?AZEvo—Az—A for [=s1,52

As an example of the calculation, we consider H; ;.

n’ h p}?l'P'Bh
H = E 041110 +— E LU ke ks,
nal (Zm h1h10ap e ey, B

0 i

of
where
phrha =19 ) i3, 1)
:1<X:¢YEVQ§GEV4X+uv
2 I 1
1 o B - o B o P a B
= E(pXipiX —ipYiDix + P%iPiy + D¥iDiy)

(3.195)

(3.196)

(3.197)

(3.198)

= %( p%pl + p%phy) from Equations (3.157) and (3.158).

This becomes zero except for oo =J3 .
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hz iPix1+t DyiDi
Hyp = k2 PXPXl PYPY
2m0 2’7’1() €y —E&;
+k2( h2 szsz+pszij
2m0 2m0 €y —E€; (3199)
+ k2 hz szsz +pszzY
2m0 2m() €)—E&;

= %kf (A+B)+ EkyZ(A + B)+k?B from Equation (3.151).

Now, it is convenient to introduce the dimensionless Luttinger effec-
tive mass parameters Y, Y,,and y; by

h2
A= (v1+4v2)
my
-2Y5) (3.200)
C=- ).

Then, Equation (3.199) becomes
hZ
)k +— (11 =272)k?
2m0
(3.201)
Va(ki+k;—2kZ)=P+Q

2
Hyy = ) )kf +

2

h 2 2 2 n’
= Yilks +ky +kZ2)+
my 2m()

We always have to ensure that whatever H (k) we use, its eigenvalues
should give us the correct dispersion laws for the bands. Thus, note that
the Luttinger parameters V1, ¥,, and y; will be slightly different depend-
ing on whether we use the 4 x4 matrix, the 6 x6 matrix, or the 8x8
matrix, including the spin—orbit band.

3.3.2 Matrix Elements of the Hamiltonian between
Conduction and Valence Bands

Matrix elements between conduction and valence bands can be derived
by Equation (3.50) when we consider the coupling between conduction
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and valence bands. That is, we first calculate momentum matrix ele-
ments py,, between conduction and valence bands, then substitute them
into Equation (3.50). Since the functions u,,(r) are spinors of the form

Oy
s 3.202
(Bn,O j ( )
Equation (3.50) becomes
pgn' = _lh <OL,,’0 |V(X,,,,',0> - lh<BnO |VB,£',0>. (3.203)

In many common semiconductors like GaAs, due to crystal symme-
try, the functions u,,(r) for the conduction and valence bands can be
expressed in terms of these functions |S), | X), |Y), and |Z). Electrons
in the conduction band have completely symmetric wave functions |S).
The up-spin and down-spin wave functions corresponding to c1and c2
are written as

Uero(r) = (l?j (3.204)
Uero () = (&). (3.205)

To calculate momentum matrix elements pg, between conduction
and valence bands, we substitute the functions o and  from Equations
(3.193) and (3.205). Due to the symmetry of the functions |S), | X),|Y),
and |Z), only the following integrals are nonzero.

<S X>=<S —iha%‘Y>:<S

All other integrals, such as

0
_inZ
! ox

—in i‘Z> =PF.  (3.206)
0z

0
_inZ
! ox

(s

Y>, (3.207)



THE ZINC BLENDE HAMILTONIAN 109

are zero. Using Equation (3.206), it is straightforward to evaluate p,, .
For example, suppose n=cl and n’=hl. Using Equation (3.193), we
have from Equation (3.203),

i

Peint =—\5(<S|V|X>+i<S|V|Y>)- (3.208)
Using Equation (3.206),
B v (3.209)
pclhl \/E X v/ .

where ¢, and ¢, are unit vectors along the x, ¥, and z directions. Then,
using Equation (3.50), matrix elements of Hamiltonian between con-
duction and valence bands are given by

h 2 1 7
cl —%(kxﬂ'ky) 0 \Enkz %(kx—iky)
2 0 %(kx—iky) %(kxﬂ‘ky) \Enkz

s1 s2

%kz %(kx—iky) , (3.210)
%(kariky) —%kz

where 1 ="nPy/my =+/(h*/2m,)E,, and E, is a parameter that controls
mixing of the valence and conduction bands.

3.3.3 The 8 x 8 Hamiltonian

Combining Equations (3.194) and (3.210), we can obtain the 8x8
Hamiltonian given by
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A, 0o -3V U 1% 0 U V2V el
0 A 0 —yt Vau V3V Vavi U |2
-3V 0  —(P+0) S -R 0 %s -2RrR M
V2ut -y St —(P-0) 0 -R V20 -Brs |
H=| vi J2Uu" -R' 0 —-(P-0) -5 =S 20 |n,
0 J3vi 0 —Rf S —(P+Q) 2R %s* n2
NG %s V20 —BRS IR —(P+A) 0 sl
Vv Ut —2RT =B3RSt 20 %s 0 —(P+A)|s2
(3.211)
with
hZ
A =E, + (ki+k; +k2),
Zm()
1
V=—7n(k,-ik,), (3.212)
NG ( v)
U —ink
V3T

Here, the basis set is summarized as follows:

cl:18) T
2:15y4
hl: B§> = —iz[|X>+i|Y>] T
ll:B,%> = —i6[(|X>+i|Y>) 2|2y T]
1 %,—%>=i6[(|x>—i|y>)mz|z> 1] (3.213)
h2: 3,—§>:i2[|x>—i|y>]¢
st 3.3} =X+ 1Y) L412)1)
s2i|3.-3) = H0-1Y) T -12) 4
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3.3.4 The Strained Hamiltonian

In this section, we will introduce the strained 8 x8 Hamiltonian. We
defined the unit vectors x, y, and Z in the unstrained system. Under the
influence of a uniform deformation, these axes are distorted to x, Y, and
z. The new axes are related to the old one by

x=(l+e,)x+e,y+¢€.2,
y=e,x+(1+€,,)y+€,.2, (3.214)
z=¢,x+¢e,y+(1+¢e,,)z

The coefficients are strain tensors and define the deformation in the
system. The new axes are not orthogonal in general. To label a position
A (or atom A) in the unstrained system, we have

r=xx+yy+zz. (3.215)
After the distortion, the same atom can be labeled as
v =xx"+yy +z7'. (3.216)

Note that the coefficients X,Y,Z of the vectors are unchanged. The dis-
placement of the deformation is given by

R=r-r
=x(x" = x)+ y(y' - y)+2(z'-2)
= (X4 + YE,x + 28, )X +(XE,, + VE,, +2€,,)V + (XE,, + VE,, +2€,.)2
=u(r)x+v(r)y+w(r)z. (3.217)

For a nonuniform distortion, one must define a position-dependent
strain. Taking the origin of r close to the point and assuming a small
strain, we have

Ju Ju Ju
x =T €y T T € =7/, tc. 3218
€ . €, 3 € Py etc ( )

We assume a homogeneous strain and €; = €;. We define six strain
components as
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€ =€y, = Syy’eS =€,

€y = Exy + ny (3 219)
65 = Eyz + gzy

€6 = Szx + sxza

keeping only the linear terms in strain. It is useful to define the net
fractional change in the volume produced by the distortion. This quan-
tity is called dilation. The initially cubic volume of unity after distortion
has a volume

1+e,, €y €,
V'=x'-(yxz')=| &, 1+g¢,, €, |=1l+e,+¢€,+€, (3.220)
€ &, l+e.
The dilation is then
5=V "V _ Ex +Eyy FE, (3.221)

The force acting on a unit area in the solid is called stress, and
Hooke’s law states that the strain is linearly proportional to the stress,
or, conversely, that the stress is linearly proportional to the strain. In
general,

T = CijaSuis 1, ], k1 = X, Y, 2, (3.222)

with summation over the repeated subscript k and /. The first subscript
letter indicates the direction of the force, and the second subscript letter
is the direction of the normal to the plane on which the stress is acting.
The number of stress components decreases to six if we impose the
condition on a cubic system, since there is no torque in the system.
Then, T,, =T, T,,=T,;T,. =T.. We then have the six independent
components: Ty, 1),,T..,T,,,T,.,T.. The c;, are called elastic stiffness
constants. If the coordinate axes X,Y,Z are chosen to coincide with the
cubic crystal axes, the nonzero elastic stiffness constants are

Crxxx = Cyyyy = Crzz;

Crxyy = Cyyxx = Cuxzz = Cyyzz = Crzyy

Cyxyx = Cyxry = Cryyz = Cryzy (3.223)
= C.XZXZ = CXZZX = CZXXZ = CZ]CZ.X

= nyxy = cxyyx = nyxy = nyyx-
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We use abbreviated subscript notation: 1=xx;2=yy;3=zz;4=yz;
5=zx;6 =xy. Then, the stiffness Equation (3.222) reduce to

T] = C]JS], (3224)

where 1,J =1,2,3,4,5,6. In abbreviated subscript notation, the nonzero
elastic stiffness constants are

Ci1 =Cxp =C33

Cip=C =C3=0C31 =Cp3=Cx (3.225)

C44 = Cs5 = Cep,
and the stiffness matrix is
cn ¢ ¢ O
cp ¢1 ¢ 0
Cp Cp O 0
0 0 0 cu
0 0 0 0 Cyq
0 0 0 0 0 Cyq

o O O O

(3.226)

S O O O O

The strain energy of the system is a quadratic function of the strain,
and can be written as

U= %iicﬁeie}-. (3.227)

For cubic systems, U is given by
U= %cu(ef +ese})+Cy(el +e2 +ed)+Chlee, +ees+ese;).  (3.228)

Using the relations between the deformed coordinates and the unde-
formed coordinates, the Hamiltonian for a strained semiconductor can
be derived. The strained Hamiltonian introduces extra terms that can
be obtained by using the following correspondences for the 8x8
Luttinger—-Kohn Hamiltonian given by Equation (3.211)

koky & €4
2

- oa,
2m,

hz'yl

&~ —a,
2m0
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Py, b
2m0 2
h2'Y3 d
o4
2m, 243
kaH_zgaBkB
B
A, 0 =BV v, V. 0 U, J2v,
0 A, 0 -V V2u, Vv,  vi -u,
1
1 C
-3V, 0 ~(R+Q) S R, 0 75 V2R, |,
VUi v, SI —(R-0Q) 0 -R. V20, —3;s, (M
H.=| Vi Ui R 0 —(R-0) -5 —V325! V20 g
0 V3Vi 0 -R! -8 ~(P.+Q.) 2RI \}ESQ h2
1 Sl
Ui v, ﬁsg V200 3RS, V2R, —(R) 0 |g
V2vi —ui 2RI =3128I 200 %Se 0 —Pe
(3.229)
with
Ap=0a,(€ +€,,+€;,),
1
Vg = —_TCZ(EX] —ley,)k],
NP
U, = 1 nZe k
e — T T = zjlVjs
NERR
P.o=—a,(ey +&, +E..), (3.230)

O = —g(em +e,,—2¢€,,),
Se = _d(exz - 8}/1)7
V3

R, = Tb(eu —€,,)—ide,,.

3.4 THE WURTZITE HAMILTONIAN

In the section, we consider the k- p method for strained wurtzite semi-
conductors. Similar to Section 3.2.4, we can write the matrix element
of H,



THE WURTZITE HAMILTONIAN 115

<S|H0|S>=Eco,
(X|Ho| X)=(Y|H,|Y)=E, +A,
<Z|H0|Z>=Evo,
. (3.231)
(X|(Hso)n|Y)==(X|(Hs0)n|Y)=—-iA,,
<Y|(HSO)12|Z)=(Y|(H50)21|Z>=—iA3,
<X|(Hs0)12|Z>:—<X|(HSO)21|Z>=A3,
where
oU 0 dU 0
A=C{X|| ——————|Y 232
: < ‘(ayax axayj‘ > (3:2%2)
and
U 0 09U 9 oU 0 09U 0
A=C{Y|| ——————||Z)=C({X| —————||Z). (3.233
: < ‘[ayaz azayj‘ > < ‘(axaz azax) > (3:233)

In the above, we used the sixfold symmetry on the x—y plane. For
example, (x,y) mapping to m/3 rotation around the z-axis leaves the
Hamiltonian invariant, and the wave functions |X) and |Y) trans-
form to

=Lix D)

V3
2

: (3.234)
¥)==31X)+51Y).

Here,
3 1
(YIHo[Y)= (Y |Hol Y*) = 2 (X |Ho| X)+ (Y |Ho|Y). (3.235)
Hence, (Y|H,|Y)=(X|H,| X ). Similarly, we obtain (X |H,|Y)=0.

Using the matrix elements in Equation (3.231) for wurtzite semicon-
ductors, we can write Equations (3.178) and (3.179) as follows:
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o) (Ew O 0 0 0 0 0 0 \(a,
o | | 0 Eg+A, —iA, 0 0 0 0 As oy
o,| | 0 iAy, Eg+A, 0 0 0 0 —iAs o,

s |_| 0 0 0 Eo 0  —A iAs 0 | o
B, 0 0 0 0 E, 0 0 0 |[B |
B.| | O 0 0  —As 0 Eg+A, A 0 | B.

B,| | 0 0 0 —iAs O  —iA, Eqg+A, 0 ||B,
B 0 A iAs 0 0 0 0 E. \B.
(3.236)

By using a method similar to that used for zinc blende structure, we
can get the matrix in block-diagonalized form

o E, O 0 0 0 0 0 0 O
Bs 0 Eo 0 0 0 0 0 0 Bs
o, 0 0 Eo+A —iA, As 0 0 0 | o
B o, _ 0 0 iA, E +A —iA;s 0 0 0 o, .
B. 0 0 As iA; E, 0 0 0 B.
B 0 0 0 0 0 En+A; iA, -As || B
B, 0 0 0 0 0 —-iA,  Eo+A —iAs || By
o, 0 0 0 0 0 —A; iA; E,, o,
(3.237)

The eigenvalues and eigenvectors of the upper 3x3 block are
given by
Eh = EvO + Al + Az (heaVy hOle, hl)

3.238
o, =-1/2,0,, =—i/2,B. =0 (3.238)

2
E =E,+ A ;AZ +J(A1 ;Az) +2A3  (light hole, [2)
o, = A3/NEZ+2A5,0, =—iAs/NEZ +2A3,B, =—E N E? +2A;3

2
E . =E,+ A ;Az - \/(Al ;Az j +2A3 (crystal-field split-off hole, ¢2)

o, = As/NEF +2A5,0, =—iA;/NEF +2A3,B, =—E/NEF +2A5  (3.240)

(3.239)

The lower 3 x 3 block in Equation (3.237) gives the same eigenvalues
and eigenvectors.
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If the spin—orbit interaction H,, were absent, A, =A; =0.Then, the
energy levels and the wave functions at the zone center (k=0) are
written as shown below.

E,=E,+A, (heavyhole,hl)

o, =-1/2,0,, ==i/N2,B. =0

E =E,+A, (lighthole,/2)

o, =1/V2,0, ==ilN2,B. =0

E.=E, (crystal-field split-off hole, c2)
o, =0,0,=0,8,=1

(3.241)

Those for the lower 3 x 3 block can be obtained by using a similar
process. Here, the first two eigenvalues are equal so that any linear
combination of the heavy- and light-hole eigenvectors is also an eigen-
vector. In the wurtzite Hamitonian, we will use the following basis
functions:

cl:)is) T
c2:|isHd

hl:|u1>=—%{|X>+i|¥>lT
1

12|y = —=[( X)—i[Y)] T

7
cl:|us)=)2) T (3.242)
12:|u4>=%[<|x>—i|y>]¢

h2:|u5>=—%[|X>+i|Y>]~L
c2:|ug)=|Z)4

Similarly to a zinc blende case, we will construct a matrix D defined
by

Dy =Y kaky D3P, (3.243)
of

where j,j'=X.,Y,Z.
Then, the 3x3 matrix has the form
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Lik2 + M,k + M,k? Nik,k, Nk, k.
D= Nik,k, MK + Lik? + Mok? N,k k.
N,k k. Nk, k. Mk2 + Msk? + Lok?
(3.244)

for each spin, where the band-structure parameters L, M, N are three
real constants, which are similar to the Luttinger—-Kohn parameters
Y1, Y2, and v; for zinc blende structures,

2m0 mg ; € —¢&; 2m0 m(% : € —E&;

L n +ﬁ pxpx _ I n n’ PyiDiy

n’ n ﬁ DZiDiz

L2 = 5
2m0 my ; €y)—E&;

n’ " n’ pxipix _ n ﬁ PyiPiy

M, = 2 - 2
2m0 my ; € —E&; 2m0 my E €9 —E&; ( 5)
3.24
M, = n +h_2 PxiPix _ n +ﬁ PviPiy
Zmo mg F €)—E&; ng mg F €9 —E&;
M, = L ) A i Y 1

2m0 mg ; € —¢&; 2m0 m(% ; €0 —E&;

2
N. = ° N PxiPiy + PxiPiy
1= -
my €9 —E&;

as can be seen from Equation (3.137). Using the results in Equation
(3.244), the 6x6 Hamiltonian in the bases {uy,u,,...,us} can be easily
derived using

Dy Dy -Di;
Dy Dn Dy 0
Dgs = P Dn Dy D DO o | (3.246)
1 1 23
0 Dy Dy -Dy
Dz -Dy  Ds

where
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Dy, =(L1 ;Ml)(kf +k})+ Myk?

Day == (L = M) (KE =K+ 2N | = =3 Nk + ik,

) (3.247)

D23 = ﬁNz(kx +iky)kz,

Also, we obtain the following relation from symmetry
consideration:

L] —M] =N]. (3248)

The 6x6 Hamiltonian at the zone center in the bases {uy,u,, ... ,us)
can be obtained from Equation (3.236):

E +A +A, 0 0 0 0 0 "
0 Eo+AA, 0 0 0 V245 ||
Hoo(k=0)= 0 0 E, 0 V24, 0 |lu|
0 0 0 Eq+A+A, 0 0 |lu
0 0 V24, 0 Eo+Ai—A, Ey, | Us
0 V2A; 0 0 0 0 )\t
(3.249)

Hence, the full Hamiltonian, H = Hy.s(k =0)+ Dy, can be written
as

0 0 0 \u

-K G H 0 0 A U,

“H H  x» 0 A 0 |w
Heo(K)= , 3.250
(k) 0 0 0 F -K H |u (3.250)

0 0 A -K G -H| us

0 A 0 H -H » Nu

where
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F:A1+A2 +7\,+9,
G:A] —A2+7u+9,

2
A=A + A (K2 + D)),
m,
0= i [Ask? + Au(k2 +k2)]
2m, o (3.251)
n -
K= As(ke +ik, )’
h20
H=—— Aq(k, +ik,)k.,
A=2A,.

The relations between the band-structure parameters L, M, N derived
from the k- p method and A; parameters used in the Bir—Pikusmodel are
given by

h? h? h?

A1 = Lz,—Az = M3,—A3 =M, - L,,
2m, 2m, 2m, (3.252)
2 2 2 :
h A4=L1+M1—M3, i A5=&,h—A6=&-
2m, 2 2m, 2 2m, V2

The Hamiltonian for a strained semiconductor can be easily derived
by replacing A; with the deformation potentials D, and a straightfor-
ward addition of corresponding terms:

kakﬁ — Egp. (3253)
F=A1 +A2 +7»+9,
G=A1 —Az +}\/+e,

2
A= 2h [AK2 + Ay (K2 +K2)]+ Ao,
e
0= 3 [Ask? + Ay(k? +Kk})]+0,,
2
K= 2h As(k, +ik, ) + Die., (3254)
m,
hZ
H= 5 Aq(k, +ik,)k, + Dse,,

o

Ae =Dig,, + Dy(e +€yy),
0. = Dse,. + Dy(e, +€y,),
A=+2A,,
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where
o (3.255)

Matrix elements between conduction and valence bands can be
derived by using a process similar to the one we have used for a zinc
blende case in Section 3.3.2: Here, we use two Kane’s parameters, P,
and P, , which are defined as

<iS _ind Z> _Mp

92 g (3.256)
.9 N | )
<lS —lhg X> = <ZS —lhg Y> = %Pz

Then, from Equation (3.203), matrix elements of Hamiltonian
between conduction and valence bands under bases functions of
Equation (3.242) are given by

hl h2 1 2 sl 52
P, .
cl k. +ik, 0 —(k, —ik 0 Pk, 0 |,
\/—( ) \/E( ) y) 1
2 0 “ Pk vik) 0 P —iky 0 Pk
\/E X y \/E X y 1"z
(3.257)

For example, suppose n=cl and n’=hl.Then, we have
ih . .
P =7 ((SIVIX)+1GSVIYY)). (3.258)
Using Equation (3.256),
H, k. +ik 3.259
1 = \/—( y)- (3.259)

Combining Equations (3.250) and (3.257), we can obtain the 8x8
Hamiltonian given by
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A0 V. 0 V' 0 U 0\l
0 A 0 V 0 -V 0 U |2
Vi 0 F -K -H 0 0 0 |hl
g_| 0V K G H 0 0 AN
v 0o -H H A 0 A 0 |a 620
o -v 0 0 0 F -K H |2
U 0 0 0 A -K G -H|m
0o U 0 A 0 H -H L )2
with
hz 2 2 2
A, =Eg+2mO (ki+ks+k2)+a(e.+e,+e..),
P2 . P2 .
V= (ko +ik,)+—= Y (e +iey)k;, (3.261)
2 V2 4

U= I)lkz _Plzezjkja
J

where P, and P, are the conduction band transverse (longitudinal)
deformation potentials. Here, the basis set for a wurtzite crystal is sum-
marized as follows:

cl:1is) T
c2:]iS)y

h1:|u1>=—%nx>+i|Y>]T

1
2
c1:|u3)=|Z)T

12:|u4>=%[(|x>—i|Y>]¢

N:uz)=—=[(1X)=i[Y)] T

(3.262)

2 fusy== =)+l ¥)] 4
c2:|ug)=|2Z) 4.
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3.5 BAND STRUCTURE OF ZINC BLENDE AND
WURTZITE SEMICONDUCTORS

Usually, the coupling between the conduction and the valence bands
can be neglected for a semiconductor with a large bandgap, and, in that
case, we can use the 6x6 Hamiltonian for the valence band. In this
section, we show the block-diagonalized 3 x 3 Hamiltonian for zinc
blende and wurtzite bulk crystals [3-8]. Also, the Hamiltonian for zinc
blende bulk crystal is written using the basis functions of wurtzite crys-
tals for a consistent block diagonalization into two 3x3 Hamiltonians
using almost the same transformation.

3.5.1 The Hamiltonian of a Zinc Blende Bulk Semiconductor

As shown in Section 3.2, the valence-band structure of a strained
(001)-oriented zinc blende semiconductor can be described by the fol-
lowing 6 x6 Hamiltonian in the envelope-function space:

Hg)l?c]zylende
33
P+Q R V2R -S\2 =S 0 >3
301
R P-0 20 35" 0 S 3773
11
V2R V20 P+A 0 328 SN2 |27 3
o 11>
SN2 B3RS 0 P+A 20 V2R |22
§1>
-5 0 328 V20 P-O0 R 272
3 3
0 s -SW2 -2 R P+Q ‘57‘§>’
(3.263)
where
P=P. +P,
Q=Qk+Qs

R=R,+R.
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S=8+S;
h2
hz(}
O = Yz(kf +k§ —Zkzz)
2m,
2
Ry = ! V3[-y,(k? —k})+2iysk.k, ] (3.264)
hzo
Sp = =——23y3(k, ik, k.
m,

P.=-a,(e.+€, +¢€,.
Q. =-b2(e,, +€,, —2¢,,)

R. = gb(em —€,,)—ide,,
Se =—d(e,, —ig,,),

where k;(i=x,y,z) is the wave vector component in the unprimed
(x,y,2) coordinate system. The zinc blende basis set is given in Equation
(3.213). The biaxial strain components for the (001)-oriented zinc
blende crystal are given by

a, —a
_ _ c __ S e
Euw =&y =& = P
co . (3.265)
EZZ = 2 p 8”,
Ci

where q¢ and g¢ are the lattice constants of the substrate and epilayer
materials, and Cf, and Cf, are the stiffness constants in the strained
epilayers. The superscript ¢ means those for zinc blende (cubic)
crystals.

The 6 x6 Hamiltonian matrix Equation (3.263) can be block diago-
nalized using the unitary transformation:

(3.266)

_ HY 0
A== J

0 H,
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where the upper and lower blocks, HY and H*, are given by

1
P, + Ri|—-ilS V2|R|+i—]S
40 R=ilsi] V2IRd+iISi
V3
HY =— Re|+i|S P, - V20, +i~=1S: |,
|Ri |+ ]S ] % — O Ox \5| il
|\/7|Rk| \/— |Sk| \/_Qk \/— |Sk| P +A
and (3.267)
V3
P +A 20, +i~=21S.| V2|Ri|+i—]S
% Ok \/El il V2R \/—I il
3 .
H"=- \/EQk_lﬁlsk P — Ok |Rk|—l|Sk| 5
.1 .
\/Elel—lﬁlskl |Rk|—l|Sk| Pk+Qk
- (3.268)
where
2
R,|= h @(Y2+Y3jktz
2m, 2
2
15, | = h (3.269)
2m,
ki =ki+k;.
The unitary transformation U is defined by
a 0 0 0 0 -«
0O B 0 0 B O
0 0 v v 0 0
T= 0 0 v —y 0 o0 (3.270)
0O B 0 0 B O
o 0 0 0 0 o
where
JEED {540
o= 126(4 2]’ B:’Y:%e(A‘ZJ, (3271)
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and ¢ is the angle defined by ¢ =tan™'(k,/k,). For the strain potential,
H? is given by

P.+ 0 0 0
H'=-| 0 P+0. 20.|, (3.272)
0 20, PR
and
r N20. 0
Hi=-|V20, P-0. 0 | (3.273)
0 0 P.+0,

Under the unitary transformation, the upper- and lower-block
Hamiltonians, HY and H*, are decoupled. Let us denote the upper- and
lower-block envelope functions by

¥i, (0= D g0 (K 2)e™ | v), (3.274)

where gy (k,z) are the envelope functions, {|v)} denotes the trans-
formed Bloch bases at the zone center, m is the quantum well subband
index, ky =k, X+k,y,5;=xX+yy,and c=U (or L) refers to the upper
(or lower) blocks, respectively. We note that the summation is for
v=1,2,3 for 6 =U, and for v=4,5,6 for ¢ = L. The transformed Bloch
bases are given by

) =o §,§>_a 3’_§>
22/ %272
J3 1V 131
N =p 2. —=) B2 .=
2= 3 2> Bl 2>
g1 1N |11
3=y —,——>+v —,—>
22/ 22
AT (3.275)
4 = ) e N~
|4)="7 5 2> T3 2>
g3 1y 131
Sy =p'|2 —=)+p|2.=
=53 2> pl2 2>
|6)=0a' g,§>+oc é,—§>.
22/ 22
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3.5.2 Zinc Blende Hamiltonians in the Wurtzite Basis Functions

Sometimes, it is convenient to work on a wurtzite basis for zinc blende
Hamiltonians. We define a matrix M,,, which relates the zinc blende
bases given in Equation (3.213) to (X T,Y T,Z T, x l,Y |,Z lY.

(zinc blende bases) =M, (X T,Y T,ZT,x 1,y l,Zly, (3.276)

where
12 —-in2 o 0 0 0
0 0 213 16 —ile 0
V6 —il6 0 0 0 2i/3
M., = . (3277

0 0 0 12 —iN2 0
0 0 13 13 i3 0
13 —i3 0 0 0 -1-/3

Similarly, we define another matrix M., which relates the wurtzite
basesto (X T.Y T,ZzT,x1l, Yyl zly.

UL UL UL UL U UG =M, (X T,Y T,ZzT,x LYl z1l)y, (3.278)

where the wurtzite bases are given by

|U,)= |(X+zY) T)
\U,)= |(X—1Y) )
|U5) :|Z ™,
(3.279)
Uy)= |(X—zY) 1)

|U5>=—ﬁ|(x+iy) 1)

|U6> :|Z \L>,

and the matrix is
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12 —in2 0

182 —i2 0o

0 0 1
sz:

0 0 0

0 0 0

0 0 0

0 0
0 0
0 0

N2 =2

S INCENG)
0 0 1
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(3.280)

The zinc blende Hamiltonian in the wurtzite bases can be obtained
by the relation

where

HOD = A j2 L

zinc blende

_ -1
Mba.ves - szMzb :

M bases»

(3.281)

(3.282)

We can obtain (001)-oriented zinc blende Hamiltonian with wurtzite

bases:

00D —

HY -HY" -Hy" 0
-HY Hy) HY 0
-Hy HY  HY 0
0 0 0 HY
0 0 AD —HY"
0 A® 0  HY

0
0
AL
—Hg)
H3)
~HY

0
AD
0
HY
~HY
HY)

where the superscript (1) means (001)-orientated zinc blende crystals
in the wurtzite bases, and the matrix elements are:

h2
Hf = 5 [(Y1+72) (k3 + k7 )+ (v —272)kZ |- P. = Q.,
2
H{ = HY) _EA’
A K
HOD-—_Z2_
. 3 2m,

HY =37 [ya(k2 — k2)+ 2ivskok, |~ () — ),
zma y y 2 yy
h2

HY =— > 3V2y5(k, + ik, k..,

AD = QA'

[(vi=2v,) (K2 +k2)+ (y1 +47y,)kZ |- P. +20,,

(3.284)
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3.5.3 The Hamiltonian of Wurtzite Bulk Semiconductors

From Section 3.4, we have the full Hamiltonian for (0001)-orientated

wurtzite crystal:

g 0001 _

H;p
— Hg)
- H%)

0
0
0

~H?* -HP* 0 0 0 U
HY  HY 0 0 A® ||U,)
HY  HY 0 A® 0 ||Us)
0 0  HY -HY HY (U
0 AP —HY" HY -HY" |IUs)
A® 0 HY" -HY  HY )|Us)

(3.285)

where the superscript (2) stands for (0001)-oriented wurtzite crystals.
The matrix elements are:

HY =A +A, +1+6,
Hgg) =A1—A2+7\.+9,

Hg) =LA+,
hz
A= 5 [Ak; + Ay (k2 + k) ]+ Ae,
h2
0= ) [Ask? + Ay(k? + ki)] +6,,
y I
HY = 5 As(k, +ik,)* + Dse!?, (3.286)
h2
HY = > Ag(ky +iky )k, + Dee'?,
m

o
he = Diel? + D, (e +7),
0. = Diel?) + Dy +&i7),

e =gl —el) +2iel),

el =el?) +ief?,

A® =24,

Here, the A;s are the valence-band effective mass parameters, which
are similar to the Luttinger parameters in a zinc blende crystal, the D;s
are the deformation potentials for wurtzite crystals, A; is the crystal
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field split energy, and A, and A; account for spin—orbit interactions in
wurtzite crystals. For the biaxial strain, the strain tensor has only the
following nonvanishing diagonal elements:

al —a;
(2) (@ 8 Te
Sxx _Syy - w

o (3.287)
c@ = _2Ch )

XX o

b

33

where C}% and C% are the stiffness constants for wurtzite structure.

3.5.4 Block Diagonalization of Zinc Blende and Wurtzite
Hamiltonians

The full 6 x6 Hamiltonian matrix can be block diagonalized using the
basis transformation. The off-diagonal terms such as H{" and H{"
contain the ¢ dependence, and we can write

Y = Ke”,

n n i¢(”)

where k, +ik, = k, exp(io”) for n=1,2. Here, the K} and K} matrix
elements for two Hamiltonians are given by

h? 3
KS) = [__(’YZ+’Y3)j|kt25

2m, | 2

;’;“ (3.289)
1 — _
Km—bm[3%&ﬂhm
for the first Hamiltonian g7  and
2
KS =2 age,

m,

2 (3.290)
(2) _

K23 - A6k[k2'
2m

o

for the second Hamiltonian H Y, We define the transformation matrix
T™ as



BAND STRUCTURE OF SEMICONDUCTORS 131

a0 0 o™ 0 0
0 B(ﬂ) 0 0 B(n)* 0
0 0 B(n)* 0 0 B(ﬂ)

a0 0 -a" 0 0
0 B(n) 0 0 _B(n)* 0
0 0 _B(n)* 0 0 B(n)

Tm = , (3.291)

where

FERE)
B = %e b ] (3.292)
2

|
o =——e¢

The block-diagonalized Hamiltonian, H{" = T""HT™" is given by

H™Y 0
HY = ( ) (3.293)

where the upper 3 x 3 Hamiltonian is

HY  KY ~iK3)
HOU =| K HY A — K |, (3.294)
iKE A +iKE  HY

and the lower 3 x 3 Hamiltonian is

H{Y Ky iK%
H™E = K HY A iK% |, (3.295)
—iKg) A — iKg) Hé';)

where n=1 and 2. The lower Hamiltonian is the complex conjugate of
the upper Hamiltonian. Therefore, they have exactly the same eigen-
values, since the eigenenergies are real. For the wurtzite quantum well
structure, there will be a lifting of Kramers degeneracy in the in-plane
dispersion relations because of the internal field due to piezoelectric
and spontaneous polarizations. The wave functions of the lower
Hamiltonian are the complex conjugates of the corresponding wave
functions of the upper Hamiltonian.
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3.5.5 Analytical Solutions for Valence Band Energies and
Wave Functions in Bulk Semiconductors
The eigenequation for the valence band energy g(» at the band edge
is given by
H(") —EM K§’f> —iKg) g%n)
K HY —E™W A" —iK® || g8 |=0.  (3.296)
iK% AW +iK,, HE —E™ )| gt
The eigenequation is a third-order polynomial equation that can

always be solved analytically. The complete Bloch wave functions for
the valence bands are given by

1 N ;
‘I’ﬁ”)(r,k):ﬁe’k D gV, (3.297)

where
D" = o™ U, + o™ |U,),
12)" =B [Us)+B™"|Us), (3.298)
|3)" =B |US) +B™ |Us).

Similar expressions hold for the lower Hamiltonian (Eq. (3.295))
with bases |4)",]5)"”, and |6)™ .

The conduction bands can be characterized by a parabolic band
model, and the effective mass Hamiltonians for the three crystal struc-
tures are

2
HY (k)= 2—(k2 +kI+kZ2)+ES +a. (e +£) +e),
m

e

Héild (k,) =

w

met mez

hz (k;Z + k;Z k/Z
? —_—+

) +A + A+ EY +ake? +ay(el) +€D),
(3.299)

where m is the effective mass in the conduction band for zinc blende
structure, m;, and my,, are the longitudinal and transverse effective
masses for wurtzite structure, g, is the conduction band deformation
potential for zinc blende structure, and a;, and a;; are the conduction
band deformation potentials along the c-axis and perpendicular to the
c-axis, respectively. The conduction band wave function is of the form
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P (1, k) = —— 7 Sm), (3.300)
Jv

where M is the electron spin T and |, and § is spherically symmetric
wave function.

3.5.6 Interband Optical Momentum Matrix Elements
in Bulk Semiconductors

The optical momentum matrix elements are given by
j&- MO = | e p| e (3.301)

Using the expressions given in Equations (3.297) and (3.300), and
taking the ¢ integration of the momentum matrix elements, we
obtain the following momentum matrix elements:

(n)
TE-polarization (é =X or §): |M)"| = %(gg”)z +giM)  (3.302)
A A > MW
TM-polarization (€ =2): |[M}"| = % gm? (3.303)
where

2 2 m,( m, (Ec +AES
=2 =[S1p )] =5t 21 = {2 | LD
¢ 8

(3.304)

and

b

MG =[(Slpu )0 = e 2y | BBt 20 o) 20 2]

ot (Eg+ Ay +Ay)(E, +Ay)— A}
&(&_1j (E, + A1+ 85)(E, +24:) - 243
2 E, +2A,

2
M =|(S|p.1Z)[ = "

(3.305)

Substituting E™ = E{", E{”, and E{" into the wave function compo-
nents, g;,i =1,2,3, we can the obtain moment matrix element for the
interband optical transitions between the conduction (C) band and the
HH, LH, and SO or CH bands, respectively.
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3.5.7 Interband Optical Momentum Matrix Elements in
a Quantum Well Structure

For a quantum well structure, the band-edge discontinuities have to be
added properly in the effective mass equation. The valence subband
structure for the upper Hamiltonian (Eq. (3.294)) can be determined
by solving

3
(H i (kz = —iai) + SUVV(”)O(Z))g%’“" (z:k) = ESV g (z:k,),
— Z
= (3.306)

where g i=1,2,...,6 are the envelope functions of the mth valence
subbands, and V,"°(z) is the QW potential profile of the unstrained
valence band reference energy. If we choose the reference energy for
the well to be zero, the reference energy for the barrier is given by
the band-edge discontinuity AE) =Q,AE,, where AE, is the bandgap
difference between the unstrained barrier and the well, and Q, is the
partition ratio. The hole wave function in a quantum well can be
written as

eik,zr, n n n n n
PO (z3k,) = ﬁ(g%”“’(z;kt)lb‘ "+ gD (z3k,)2)"™ + g0 (z:k,)|3)™)
(3.307)

iksxy
(k) = S (O (k) + 0O RIS + 6 (k)l6)”)

(3.308)
where g("® follow the normalization rules
2 2
ZdeIg,S?(z;kt)l =1,
- (3.309)

i_[dz g9 (z:k,)|" = 1.
i=4

Similarly, the valence band structure for the lower Hamiltonian, E(V%,
can be obtained using H{"" +8;V,"’(z).
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3.6 CRYSTAL ORIENTATION EFFECTS ON A
ZINC BLENDE HAMILTONIAN

3.6.1 Zinc Blende Hamiltonian with General Crystal Orientation
under Transformation to Wurtzite Bases

The Hamiltonian for an arbitrary crystal orientation [9-11] can be
obtained using a rotation matrix

cosOcosd cosOsin¢ —sind
U=| -sin¢ cosd 0 | (3.310)
sinfcos¢ sinBsindg cosO

The rotation with the Euler angles 6 and ¢ transforms physical
quantities from the (x,y,z) coordinates to the (x’,y’,z") coordinates.
Figure 3.1 shows configuration of coordinate systems in (/kl) -oriented
QW structures. The relation between the coordinate systems for vectors
and tensors is expressed as

k:, = Ui(xka or k(x = Uionki,a
S;j = Ui(xUjﬁeocB or S(xB = UiochBEI"ja (3311)
Ci,jkl = UitxUjBUiijBCaﬁyé or C(XBYS = Uiont[iUiijSCi;‘kl’

where i,j,0,B,7,0 = x, y,z.The rotation matrix for the two spins is given
by

Qw

Figure 3.1. Configuration of coordinate systems in (hk/)-oriented QW structures.
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o K}
e 2cos— e?sin—
2
0 2
—e 2sin— eZ?2cos—

(3.312)

Combining the matrices U and M|, we can obtain the matrix M,
that relates (X’ Ty vzrx Ly .,z i/)t and (X TYTz7,

xlyl,zly
0 -2 ) 0 -2 . -2
cosq)cosecosEe 2 Sln(bCOSGCOSEe 2 —s1necosae 2
0 ¢ 0 -2
—sinpcos—e 2 coshcos—e 2 0
2 2
. 0 -2 L 0 -2 0 -2
cosdsinBcos—e 2 sin¢sinfcos—e 2  cosOcos—e 2
M. = 2 2 2
‘ .0 -2 N
—cosq)cosGsmEe 2 —smq)cosesmae 2 smesmae 2
0 0
sin(bsinge B —cosq)singe 2 0
2 2
. .0 ¢ . . N . _i
—cosq)smesm56 2 —smq)smesmze 2 —cosOsin—e ?

.02
cosq)cosesmze 2

... 02

—sin¢sin—e 2
2

... 02

cosdsinBsin—e 2
2

0 2

cosq)cosecosze 2

0
. [
—smq)cosze 2

. 0 2
cosq)smecosze 2

. .0 2 ... 02
sm(j)cosesmze2 —sin@sin—e 2
.02
cosq)smze2 0
... 8 . 0 2
s1n¢s1nesm562 cosBsin—e 2
. 0 . 0
sinpcosfcos—e? —sinBcos—e?
2 2
0
cosq)cosae2 0

o 0 2 i2
—smq)smecos§e2 cosecosaez,

(3.313)

where the superscript ¢+ means taking the transpose of the vector or

matrix.
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The zinc blende Hamiltonian in the wurtzite bases for an arbitrary
orientation can be obtained by the relation

H(lmn) = Ml*otalH(O(n) Mtotal» (3314)

zinc blende
where

Mtotal :szMcMgi;l'a (3315)

using matrices M,,, and M, defined in Equations (3.277) and (3.280).
If we want to get the Hamiltonian with the zinc blende bases given
by Equation (3.263), M, =M,.M.M} should be replaced with
M o = M ,M .M7}. The above method to obtain the Hamiltonian for
general crystal orientation is the most general and straightforward.
However, the expression of Hamiltonian elements is not usually simpli-
fied. Thus, an invariant method to give the same result as the above is
often used for general crystal orientation. Below, we first treat 4x4
Hamiltonian with a strain effect, and then extend the result to the 6 x6
Hamiltonian.

3.6.2 Invariant Method to Obtain Zinc Blende Hamiltonians for
General Crystal Orientation

The 4x4 Hamiltonian first proposed by Luttinger to describe the
interaction between the heavy-hole and light-hole bands along with the
Bir—Pikus Hamiltonian for strain can be formally written as

H} = H{(k)+ H_, (3.316)

with Hj(k) representing the valence band Hamiltonian, and H; the
valence band strain or Bir—Pikus Hamiltonian.

The Luttinger formulation of the most general Hamiltonian for the
(001) crystal orientation is given by

2
Hy =
2

(Vik2 1, = 29, [(J2 = 1BTH)KE + (T2 = 1/3T)k2 + (T2 —1/37%)k?]

o

= 4ys[{J S Hkoky Y+ T K k) + T T Hk KD, (3.317)
H!=-a,(e. +¢&,, +€. ), +b[(J; =1/3]%)e,. +(J; —1/3]%)¢,,

+(J2=1/37%)e,. ]+ 2d/\/§[{Jny}{exy} +{, ey N+ Hew )],

where the J;s are the angular momentum matrices for a state with spin
3/2, I, is a 4x4 identity matrix, and {k.k,}=(k.k, +k,k,)/2. Here,
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ki(i=x,y,z) is the wave vector component in the unprimed (x,y,z)
coordinate system, y; (i =1, 2, 3) are Luttinger parameters, and a,, b,
and 4 are deformation potentials in the valence band. Note that the
valence-band strain Hamiltonian H; was obtained by replacing k;k; in
H_ by &;, with vy, ¥,, and y; being replaced by —a,, —b/2, and ~d/(2+/3),
respectively.

The angular momentum matrices are any three matrices, (J/./,,J;),
which satisfy the rules of commutation for angular momentum. These
matrices given by Luttinger are as follows:

0 0 32 0 0 0 32 0
s 0 1 32 P 0 i =312
CIVE2 1 0 o0 | |iBRr - 0 o |

0 V32 0 0 0 W32 0 0

320 0 0 1000

0 -12 0 0 0100
7=l 0/ 2 0 %o o1 of (3.318)

0 0 0 -32 0001

We can obtain the (001)-oriented Hamiltonian substituting Equation
(3.318) into Equation (3.317):

P+Q R  -S 0
R P-Q 0 s
S 0 P-O0 R
0 S R P+Q

Hy = (3.319)

This is exactly the same form as the 4 x4 Hamiltonian part given in
Equation (3.263). Note that the ordering of the basis functions for the
choice of J;s is |2,3),[3,-1),|2,1), and |2, 3). The z’-axis, or, equiva-
lently, the (/mn)-axis, is the direction normal to the growth surface.
Using the relation k, =U,,k/ in Equation (3.311), the most general
valence band Hamiltonian obtained from these considerations can be
written as
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2

P=—t [k + k2] (3.320)
m()

Q:_

h? N® —4n°n® — 6k*n?® + n*(6k*n* + n*)
2m, T2 n2 (nz 12 )2

4 27,2 4Y,,2
675 (' -n’k" +k%)n K2
n’(n’ +n*)’

Y +6k* +n?(-6k> +n? 2 _k?)k?
+71+y2n 2?(22 n)+673%k2
i n*(n’*+n?) n*(n’+n?)
i . N +3k* +n* —m?(3k?* + n?) 161, k*—nm*(k* +n?) 2
(n?+n?)? (P +n?y )
6kn =2k - k2
+ [ (o W1 J(Yz—Ya):|kx'ky'

n (n +n2)3/2

+ (6nk(n —2k v —k J(Yz—Ys)}ky'kz'

n (n +I’l2)3/2

[611"(“ +2k - kawz)))(vs—vz)}k'k}
(M +n’)? o

(3.321)

4 .4 2.2 2 2 2(_ 2.2 4
R:[—\/gy (n +4k*n* +2k’n*(k* =2m*)+n*(2k°n* +n*)

n’(m? +n’)’
L 2k - 2k — k22 +n?
T]4(1,12_'_”2)2
PN *+ntk? —n?(k* —2k?*n?) - 2k*n?
’ n*(m* +n*)’
k- e (0 =267 |
n‘(m* +n’)? :
|7 N° +2n°(n* = 3n2k? + 3k*) + 3n(n? = 2k>)(M*n - 2k>n)
V3t +n?)

, ; Okn(’ - 2K — k2 +n?
V3t (m? +n?)



140 ELEMENTARY THEORY OF ELECTRONIC BAND STRUCTURE

n'(m* +n?)
n nyn? +n? = 2k*nyn? +n? e
N’ +n?) g
| 2By, —yy)| PN R )+ (K - 2K )
3 nz(n2+n2)2
, ko =2 - e ]
T,|2(,r.|2_i_’/12)2 z

+23/3k\n? - kv (nZk\/nz K> 42k — k1’

[2 12
{2\@{" TRy (20w (o + 2n%)

T.|4 (nZ + n2 )2
+i(Ank(n’ =2k Wn? = %))

' %V (kn I+ 12 \I0? = (F +20°)(-° + 24%)

+i(Mm® +2n°n? +n*n*(n® —4k*) + An°n*k* (k* —n?*) + 4k*n* ))}kx k,

J{ 2‘/_"“2 1 (0 =262 W+ 17 (7 +20%)
n‘(n*+n?)

+i(Ank(n® + )’ = i)
kan
ey

+idk(-n* + k*)(n* +n? )Hky k

(Jn + 12 0 = 2 (0 = 2K%) (0 +2n°)

' {ﬁn“ (zn’zn+ ny? V2 ((3112(114 +20°k% —2k?) - 3(n? - 2k?)*n?)

— i(6nk(M? - 2k )2 — k% + 2 ))
2\/_nn
n'(n’+n

+i2kn(—n? + 2k W2 — k2P + n? ﬂerkz/

Ty (nG —4k*n® +0*(2k* - n?) - 20 (k* - 2k*n?)

(3.322)
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—S:{ 243n

ey el Ct DU K e

—ikn(n? = 2k?)n? — k2 2 + 2 )}ki
. 23k

n’(m’ +n?)
+i(n? - 2k2)\/n2 —k? \/n2 +n? )}kﬁ/

{ 243
+ —
n(n*+n?)’

(Y2 —13)(2k(—1 + k?)

(72 —Ys)(n(—ﬂ4 —2k*+m*(2k* +n?))

— ik(0? =2k — k22 + )}ké

N 43km
WP + 1)

(72 —Ys)(n(n2 —2k2)\/n2 —k? \/112 +n?

+i2k(m* -k*)(n* + nz))}kx,ky,

3 2J3km
(> +n’)’

(#2072 = v5 )le(m? =2k W? = i? P + 2

+i(M> +n°)[Pys —4(y2 —va)k* +40° (v2 —va) + n%nzl)}ky'kz'

{2\/5
+

(2 +n?)? ((v2—v3)@n*n? +4k*n® —4n’k*n?) + y;(n° +1’°n?)

Y2202 +i2(Y, — ¥ )kn(n? = 2k> )N — kP +n?) [k ko,
(3.323)

where m? = h* +n*. Here, we can write the crystalline surface in terms
of the azimuthal angle ¢ and the polar angle 6 as follows:

/1,2 2
tan¢ = % and tan®= % (3.324)

Next, we consider the specific case of the (1/n) surface where the
angle ¢ is fixed to be /4.
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3.6.3 (11n)-Oriented Zinc Blende Hamiltonian

The relation between the coordinate systems for vectors and tensors is
given by Equation (3.311). Our object is to obtain pP’, Q’, R’, and §’
in (x",y’,z") coordinates from the Hamiltonian in Equation (3.319),
which can be done by substituting Equation (3.311) into Equation
(3.317). Here, we consider the case of quantum wells with (11#n ) orien-
tations with @ = arctan(~/2/n) and ¢ =m/4.Then, from Equation (3.320)
to (3.323),

2
Po =Ty [k + k2 2],
m,
h* (n* -=4)(n*-1) 9n?
= + ki
Qo= { 27 Pe2 P
(n* +2)(n*-1) 3 -
+ k
[ 27 et

(n 1)2 6+12n? ”
+[ ni2y " (2+2>”3}k2}’

h* (n*-4) 5n* +n*
Ry = V3 ~ k2
Y om, { [(nz 2 P 2y

+\F[ 1 12+n22y3}k;2
w2+2) 2 2)

(n’ 1) i B2 e (3325
+2@{ (2 - 73)};( FEI R g (329)

+2f[ e 73)}]‘ k'+6f[( a2 %)}k;k;},
h n(4—n?) ” n ”

R HE TR P VA
[f ”((’1 1))(v2 w)}k'zﬂzf ey (1 TR
+12\F[—2”&+” Hk K.

(4-2n*+n") L,
+I{ i+ )”2 vy YB}"""Z}’
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})8' = _av(exx + 8 + E-:ZZ)
b(n*> —1)(-T +3v2¢/,n+n’T)
_+ d\3[T+~2¢e,.n+n>(2T - x/_sxzn)]

Qx = (2+n?)?
R —— bN3(-T +3v2¢e n+n"T) +d[l - 32e,.n—n’T)  (3.326)
‘ (2+n*)? ’
bnN3 (V2T —6ne’, —\2n°T)
oo ¥ d[N2n(n*> = 1) +¢.,(-4+2n> —n*)

(2+n?)?

where I'=¢,—¢/,, g, = (a5 —a¢)/a;. The biaxial strain components for a
general crystal orientation are determined from the condition that the
layer is grown pseudomorphically and these strain coefficients should
minimize the strain energy of the layer simultaneously, as discussed in
Section 3.6.5.

It is straightforward to obtain the 6 x 6 Hamiltonian of the (11n)-
oriented zinc blende crystal by using components P’, Q’, R’, and §’ in
(x",y’,7") coordinates. That is, the 6 x 6 Hamiltonian for the valence-
band structure in (x”,)’,z") coordinates can be written as

P+Q =5 R’ 0 -2 2r )
-s”* P-Q 0 R 20" 3128 ||u,)
R" 0 P-0 8 BRSO ON20 ||lus)

H =-— ,
0 R” §” P+Q —2R" -S"N2 |lus)
_s"N2 200 ARST 2R Pea o |lws)
V2R BRsT 200 -2 0 pran )it
(3.327)

where

P'=Po+P0,Q' =Qu+0Qu, R’ =Ry + R, S’ = S0 + S,

Here, the basis set used in (x’, y’,z") coordinates consists of the fol-
lowing basis functions:
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’

33 1
/=_’_ - X/+-Y/ T/
) =|3.3) =— X))
lt,)” = 3 l>, | (X' +iY) 27’ T’>
22/ Ve
lus)’ = %—%> :%|(X’—iY’) T+2z17)
) (3.328)
3 3 1
’_ ) == X/_ -Y/ \L/
wy =[3-3) o= v)
|ug)’ = l,l>l = —|(X’+ZY ) sL +7’ T,>
Y22 B
ISE 1>' (x—iv) 1=z L),
272/ 3
3.6.4 Interband Optical-Matrix Elements in a (11n)-Oriented
Zinc Blende Quantum Well
The hole wave function in a quantum well can be written as
lk Xy
¥, (k)= Z (k)Y (3.329)

where gV (v=1,2,3,4,5, and 6) is the wave function for the mth
subband in (x’,y’,z") coordinates, |u,)” is given by Equation (3.328), and
g)) follows the normalization rules

6
Y Jdzlei @k =1. (3.330)

v=1

Since we solve one Schrodinger equation for electrons and a 6x6
Hamiltonian for holes, we need only the optical matrix elements for
two cases: spin up and spin down. The polarization-dependent inter-
band momentum matrix elements are written as TE-polarization
(&’ =cos¢’X’ +sino¢’y’):
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A 1 1 1
& M =|cos¢’ {—ﬁP <g'(1)|¢/>+EPx<gﬁfS)|¢z>+\/g < '(6)|¢ >}
wsing!{-i—= P 00) i P i) (3:331)
L p ey
l\/§Px<gm |¢1>}
A 1 1 1
& MY =|cos¢’ {—ﬁP <g'(2)|¢/>+3Px<g§rg4)|¢z>+\/5 (g0 |0y >}

+sm¢/{_,-%px <g;52>|¢,>—i%Px (g9]0,)

, (3.332)
1 ,
+i=P,(gi0]o0)]
TM-polarization (e’ =72’):
2 2 1 ’
&M :‘—ﬁm gPlo)+=PAeilo)  (333)
2 2
A,'M/L 2 :‘_Px r,rSS) - Px :11(6) . 3.334
€ N3 <g |¢1> NG (g |¢1> ( )

3.6.5 Strain Tensors on Zinc Blende Semiconductors for
a General Crystal Orientation

3.6.5.1 Derivation from Hooke’s Law In general, the in-plane
strain tensor components are known to be €j; =¢5, =¢| for biaxial
tensile or compressive strain, and €}, = €5, = 0 due to no in-plane shear.
The other three independent stain tensor elements (€73 =€% =€3;)
remain to be determined. The substrate applies a uniform in-plane
stress to the film. This is the only external stress applied to the film.
Thus, T3, = 5 =T =0. On the other hand, TV}, T,, and T}, should be
determined. Also, the stress and strain tensor components are related
to Hooke’s law within the linear elastic domain:

T+ 2 Cigies =0 (3.335)

i,j=1

for o, =1,2,3. For (o) =(33), (23), and (13), To3 =0, as given above,
and Hooke’s law gives
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iC&w&‘f =0,(0B) =(33),(23),(13). (3.336)

i,j=1
Using the symmetry of Cgg; and €7,

C&ﬁnﬁil + C&ﬁzzeiz + C&ﬁ33€§3 + ZC(;BlZE;Z + 2C&ﬁ313§1 + 2C&ﬁz3€§3 =0,
Cipn€is +2Cp318%5 +2Cg3€5 = —(C&ﬁn + Cc’xﬁzz)eﬁ,

(oP) =(33),(23),(13). (3.337)
This can be written as a matrix equation:
C§333 C§323 C§331 8;3/2 8, Cgl’»ll + C§322
Chss Chs Ch || € |=——L| Chn +Cham |- (3.338)
Cin Can Cim )\ €% Ciin +Ci

The elastic stiffness tensor of a material in the cubic crystal class
O, (m3m) has only three distinct components, which are ¢, ¢;,,and ¢y, in
the standard contracted index notation. That is, the first two and the
last two subscripts in ¢y are replaced by a single subscript running
from 1 to 6 as follows:

tensor notation 11 22 33 23,32 31,13 12,21

. (3.339
matrix notation 1 2 3 4 5 6 ( )
Then, using the relation
3
Ciw =Y, UnUpUsU;Cogy (3.340)

oBii.j=1
with ¢ =c¢xn =c¢33, 00 =3 =13, and ¢y =55 = ¢ fOr a cubic crystal,
we obtain
Cionr = Uy UisU Uy + cUs UssUs Uy + c33U5,UsU 5 U,
+ (2 (UlyUlsUZkUzl + UZyUZSUlkUll)
+ 3 (U UnsUs Uy + U3 UssU Uy )
+ ci3(UUisU3 U5 + U3yU36U1kUll)
+ cu(UsyUssUn Uy +Ur UssUs Uy, (3.341)
+ U3y UrsUn Uz + Uz UpsUs Uy )
+ Css (U3yU16U3kUU +Us,UsU Uy,
+ U, Us5U5Uy + UlyU35U1kU3l)
+ 6 (U1yUssU Uy + U1 UpsU Uy,
+ U, UsU Uy + UszmUkuu)
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3
C«;Skl =C1 2 UayU(xSU(ka(xl

a=1
3 p-1

+ CIZZZ(UuYUaéUBkUBI +Up UpsUokUoy) (3.342)
=2

Q
—_ =

=

3
+C442 (UocyUBS +UﬁyUa6)(UakUBI+UBkUa1)

B=2 o=

—_

Having calculated the various elements Cyy, Equation (3.338) can
be inverted numerically to determine €53, €53, and €3%,. Up to this point,
the discussion is perfectly general and applicable to cases of substrates
of any arbitrary orientation. We can obtain €; from Equation (3.338)
and, in turn, obtain €} from the relation Equation (3.311). For example,
the components of the strain tensor for (11n) surfaces are given by

€ =€)y =&,
g, =¢€), =0,
K,
€. =g, (3.343)
\/§K2 I
e, &sn,
K,

where

K1 = (Cll + 2C12)(_C11 + C12 + 2C44)n(n2 —_ 1),
K, =2C1Cyy +2C,Coy +4C3 + (C121 +C1C, —2Ch +2C,Cy

- 4C12C44 + C11C44n2 )nz, (3344)
K; =-2[C;Cyy +3C1,Cyy — 2C5, + (C121 +CCp, —2CF —2C,,Cy
+ C]2C44n2 )nz]

3.6.5.2 Derivation from the Condition Grown Pseudomorphi-
cally The strain coefficients in the (x,y,z) coordinates for a general
crystal orientation can be also determined from the condition that the
layer is grown pseudomorphically, and these strain coefficients should
minimize the strain energy of the layer simultaneously. We define the
unit vectors X', y’, and 2" along the x’-,y’-, and z’-axes, and they are
related to unit vectors X, y, and z along the x-, y-, and z-axes through
the rotation matrix Equation (3.310).
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The zinc blende primitive translational vectors are

A~ A
o, =— + 5
S (X+Y)
B="(+). (3.345)

a; n A
i == + 5
Y 2@ z)

where a is the lattice constant and ; labels the epilayer (e) and the
substrate (s). When the crystal is translated, the primitive translational
vectors become

a.
o =—(x; +Yy,),

2
W=%@ﬁh% (3.346)
’ ai
i= i+i’
Y 2@ z;)

where

x; =(1+&, )X+, y+€..2,
yi =€, X+(1+¢l,)y+¢€.2, (3.347)
z,=e, X+e,y+(1+¢e.,)z.

We defined the set of orthonormal vectors {N,} so that Nl and 1(12

lie in the superlattice plane, and N, is orthogonal to this plane as
follows:

N, = cosfcos q>f + cosOsin q)j' —sin 612,
N, = —sin6i +cosd;, (3.348)

N, = sinecos¢f + sinesinq)f +cos6k.

When the first atomic layers are deposited on the substrate, these
layers will be strained to match the substrate, and a pseudomorphic (or
coherent) interface will be formed. Thus, the condition for a pseudo-
morphic interface means that the projections of the strain-distorted
primitive translational vectors of the epilayer and the substrate on the
growth plane should be equal:
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a;'lea;‘Nl,
a;'N2=OC§'N2,
B;'N1=B;'N1,
mﬁz :ﬁ;'ﬁz,
'Y;'&1='Y§'1Q1’

(3.349)

Yé‘szYé'ﬁz-

The expression of the strain component for general crystal orienta-
tion is complicated, and thus we will explain the case of the quantum
well with the (111) orientation as an example. Then, angles 6 and ¢
are given as 0 = arctan(v2) and ¢ = /4. Equation (3.349) is easily cal-
culated with the relations of €, =¢,, =€, &, =€, =¢&,. Then, condi-
tions of o, -N;=0ay-N; and o, -N,=0,-N, give the following
relation

a,(1+ €% +£5,)V6 —a,e5,32/3 = a,(1+ &5, +5,)V6 —a,e5,N2/3

—a,(1+€5, +£5,)/(2N2) + a8 N2 = —a,(1+ &, +€5,)/(2N2) + a,el,/N2,
(3.350)

with analogous conditions for 3/ and 7;. These constraint equations
are linearized in the lattice constant difference a, —a,. Only five of the
constraint equations are linearly independent because the fourth and
the fifth equations in Equation (3.349) give the same form. Four
unknowns ¢, €5, €., and €}, are determined by the condition of the
minimization of the strain energy density, in addition to constraint
equations (Eq. (3.350)).
The strain energy density of a zinc blende structure material is

U, = %ch[(s;»z (e, + (L))
+2C[(eh)? + (€).)? +(e1.)?]
+ChI(E),)(EL) + () (L) + (L) (€l

(3.351)

where C;s are the elastic constants. For a stained-layer superlattice
made up of two zinc blende materials, the strain energy density is

_U.h, +U,h,

UEX
h, + h

: (3.352)
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where h,(h,) is the layer thickness of material e(s) in the superlattice.
In a case of the single quantum well, we put A, to be infinite in a final
result.

For (111) crystal orientation, for example, U; (i =e,s) is given by

U; =(3C{1/2+3C},)el” +6Ciel,” (3.353)

To obtain €}, in terms of &S, first, we replace the €, in U,, with the
expression obtained from Equation (3.350). Then, we differentiate U,,
with respect to €}, and obtain

oU,, (dU, JU,
Je¢ :(aee " 96 j/(h +h)=0. (3.354)
Thus,
gge — (3Cf1/2 + 3Cf2)2£§x +6Cies, g‘:—e"y =0, (3.355)

with oeg,/des, =1/2 from Equation (3.350). Finally, we obtain the
expression

e 2 e
Sf(y = —M(gi}c = _A(’E;x’ (3356)
4Cy,
where A°=(Cf, +2Cf,)/(4C5y) . Similarly, we can obtain
&y =~ A€y, (3.357)

where A® = (C‘fl + 2sz)/(4C24) .
Next, we replace the €}, in U, with the expression obtained from
Equation (3.350), and differentiate U,, with respect to ¢¢ . Then,

oU oU, dU,
e _ e + s he +hs :O, 3358
Je, (asix e}, j/( ) ( :
where
oU. _ (écﬁ + 3Cf2)2(sxxe)he + (E Cii+ 3C1S2)2(8§cx) % g, (3.359)
oel, \2 2 08

and 0e},/0es, = a‘/a’ from Equation (3.350). Thus,
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CE 2Ce e s e s
e =_M(g;x)h_a_5_3h_a_gim (3.360)
(Cr+20h) e Twa

where B = (Cfl + 2Cf2)/(Cf1 + 2C152) .
The €, is obtained by substituting Equations (3.356), (3.357), and
(3.360) into Equation (3.350) as follows:

== - @
T (1+ A9)+(1+ A*)B(h,/hy)(a’la)? (a" 1)- (3.361)

In the case of a single quantum well, taking A, to be infinite, we
obtain

4y
4C5, +Ci +2C5,

e __
8)(.\’ -

(3.362)

The strain components for €/ can be obtained using the rotational
matrix and the obtained €;. Similarly, we can obtain the expressions €;
for a general crystal orientation (hk/).

3.6.6 Piezoelectric Fields in the (11n)-Oriented
Zinc Blende Hamiltonian

Off-diagonal strains in zinc blende structure semiconductors induce a
polarization given by

Pl's = 26148jk, (3363)

where pS is the induced polarization, e, is the piezoelectric constant,
and i, J,k=x,y,z.Here, i, ], k are in cyclic order. A strained layer with
a (001) growth direction has only diagonal strains. Thus, the (001)-
oriented layer will not have strain-induced piezoelectric polarization
fields. In addition, in the cubic gallium nitride (GaN) crystal structure
(c-GaN), spontaneous polarization does not exist due to the higher
crystal symmetry. However, strained layers with any other growth
direction will have piezoelectric polarization fields. The piezoelectric
polarization along the growth direction is important, because the elec-
tric field in the quantum well originates from polarization charges at
heterojunction interfaces. The electric field induced perpendicular to
the growth direction due to the strain can be calculated as
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E =———, (3.364)

where € is the dielectric constant, and the unit vector along the growth
direction is given by g= Jl/(nz +2)(§+j+nf()- For a (11n) growth
direction,

E, =- Zeis (n’e,, +€,, +€..), (3.365)

Nn?+2

where

€y =——|—-€L + x/ins;z +2ne’.],
T (n?+2) [ } ]

6= [ 2nel, N2l +2omel],  O300)
2(n*+2)

Ex =&y

3.7 CRYSTAL ORIENTATION EFFECTS ON A
WURTZITE HAMILTONIAN

3.7.1 Strain Tensors on Wurtzite Semiconductors

We consider only the 6 dependence of physical quantities in the fol-
lowing for simplicity [12]. However, we can easily extend the results to
a general case with ¢ #0 for special cases, such as nonpolar planes.
Figure 3.2 shows (a) a configuration of the coordinate systems (x’,y",z")
in (hkil)-oriented crystals, and (b) a coordinate system in a wurtzite
primitive cell and nonpolar a- and m-planes with the growth direction
parallel to the c-axis. The z-axis corresponds to the c-axis (0001), and
the growth axis (defined as the z’-axis) is normal to the quantum well
plane (hkil). The coordinate system (x, y,z) denotes the primary crystal-
lographic axes. The relation between the coordinate systems for vectors
and tensors is given by Equation (3.311). The strain coefficients in the
(x,¥,2) coordinates for a general crystal orientation are determined
from the condition that the layer is grown pseudomorphically, and
these strain coefficients should minimize the strain energy of the layer
simultaneously. We define the unit vectors X’,y’, and z” along the x’-, y’-,
and z’-axes, and they are related to unit vectors X,y, and z along the
X-, y-, and z-axes through the rotation matrix Equation (3.310). The
hexagonal primitive translational vectors are
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z(c-axis)
z(c-axis) [0001]
[0001] .
4 il A
b~/
' //
Yl y  (ABCD),
~ a-plane
N ©=0) p / (BCEF)
a m-plane
. " (p=n/6)
X" @=n/6
(a) (b)

Figure 3.2. (a) Configuration of the coordinate systems (x’,y",z") in (hkil)-oriented
crystals. The growth axis or the z’-axis is normal to the substrate surface (hkil), and the
coordinate system (x,y,z) denotes the primary crystallographic axes. (b) The coordi-
nate system in a wurtzite primitive cell and nonpolar a- and m-planes with the growth
direction parallel to the c-axis. © = /2 with ¢ = 0 (a-plane) corresponds to the 7’ =[1120]
growth direction, and @=m/2 with ¢=m/6 (m-plane) corresponds to the z’=[1010]
growth direction.

o; = a,-f(,

. 3a; .
B, = _dig 2“z 3, (3.367)
Yi = Cl27

where a is the lattice constant, and i labels the epilayer (e) and the
substrate (s). When the crystal is translated, the primitive translational
vectors become

al=ax”
i — W )
po _Gigny @y (3.368)
2 2
,Y{/_ c i//
i — Y )

where

X"=(l+e,)X+e,y+¢,.Z,

a7/

Y =enX+(l+e,,)y+e,1, (3.369)
7" =¢e,X+e,y+(1+¢,)z
When the first atomic layers are deposited on the substrate, these

layers will be strained to match the substrate, and a pseudomorphic
(or coherent) interface will be formed. Thus, the condition for a
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pseudomorphic interface means that the projections of the strain-
distorted primitive translational vectors of the epilayer and the sub-
strate on the growth plane should be equal:

a;/' &/ — a;/ ﬁ/’
(3.370)

a;l. yl — a;l. 5]/’
with analogous conditions on ” and Y”. Here, we assume that the
substrate is unstrained. Then, the constraints (Eq.(3.370)) yield the
following relations for the strain tensors:

sin®
0
€ =€ +E, .
cos9
_ o (0)
Epy = Ex, (3.371)
coso
€, =&y — + 82(;),
sin©
€y =€, =0,

where £ =(a,-a,)/a, and €2 =(c¢,—c,)/c.. Under the engineering
notation, the strain energy density is given by

1
W =—=[Cpe2 +Cp€2, + Cye2, + 2Cpe €
2[ 11 11€yy 33 12 yy (3372)

2
+2C15(€0k., +€,,8,. ) +4Cuel .

Using the above relations, the strain energy can be expressed through
only one strain component, €,,, which can be found by minimizing the
strain energy with respect to the variable €., . This procedure gives the
following expression for €,,

[(Cn +Cpp + C138$)/€§g))5in2 0
+(2¢13 + ¢330 /e ) cos? 0]e? cosHsin O (3.373)

¢y sin* 0+ 2(ci3 +2c4)sin® Bcos? O+ ¢33 cos* 0

€ =

Hence, we obtain a 6 x6 Hamiltonian in the (x’,y’,z") coordinates
by substituting the transformation relation for the vector k in Equation
(3.311), and the strain coefficients for a general crystal orientation into
the Hamiltonian for the (0001) orientation.

3.7.2 Valence Band Edges of Bulk Wurtzite Semiconductors

At the band edges, k; =k =k, =0, the Hamiltonian in the (x",y’,z")
coordinates can be simplified
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FF -K”" -H” 0 0 0 \UY
K’ G H 0 0 A |
“H’ H" ¥ 0 A 0 ||UyY

H'(k’=0,e)= ,»
0 0 0 F' -K’ H’' ||U,)
0 0 A -K” G* -H"||Us)
0 A 0 H" -H )N Uy
(3.374)
where

F' =A/+A, +\. +0,
G =A - A, + 0] +67,
K’ =Ds(g —¢,y),
H'’ =D, (3.375)
Ai=Dig, +D,(e. +€y),
0: = Dsg,, + Dy(€, +€))),
A=2A,,

and the strain coefficients €; for a general crystal orientation 0 are
given by Equations (3.371) and (3.373). Note that K" and H’ are not
zero because €, #€,,, and €,, #0 in the general coordinates. Also, all
elements are constant. This Hamiltonian can be block diagonalized. The
transformation matrix is defined as

o 0 0 o 0 0
0 B O 0 B 0
0 0 0 0
T=| , p p , (3.376)
o 0 0 —-o 0 O
0O B O 0 B 0
0 0 - O 0 B
where
0= — ) = i) (3377)
V2 V2

The block-diagonalized Hamiltonian, 7”7 = 7*H’T", is given by



156 ELEMENTARY THEORY OF ELECTRONIC BAND STRUCTURE

HY 0
H”:( . H,Lj, (3.378)

where the upper 3 x 3 Hamiltonian is

F K -l
HY=|K' G  A-ill’ (3.379)
iH A+iH’ N

and the lower 3 x 3 Hamiltonian is

F’ K’ iH’
H"=| K’ G’ A+iH’|. (3.380)
—iH" A-iH™ W\

The lower Hamiltonian is the complex conjugate of the upper
Hamiltonian. Therefore, they have exactly the same eigenvalues, since
the eigenenergies are real. The piezoelectric field in bulk crystal does
not change the in-plane dispersion curves. The wave functions of the
lower Hamiltonian are the complex conjugates of the corresponding
wave functions of the upper Hamiltonian. The eigenequation for the
valence band energy E’ at the band edge is given by

F'—F K’ —iH" \(gi
K" G'-E A-iH'| g |=0. (3.381)
iH  A+iH AN-FE" )\ g
The eigenequation is a third-order polynomial equation, which can

always be solved analytically. These three analytical solutions can be
expressed as

== 2(51 +Sz)—&,

=—%(S1+Sz)— +z£(51 S), (3.382)
Eéz_%(sl Sz)—__i£(51 S2),

where
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1 1
=—C, —-=C3,
q 3 1 g2
3
rzl(C1C2—3C0 _g’ (3.383)
6 27

Sy =[r+g* +r2]",
S, =[r=Jg* +r1%,
and
Co=—(F'G'N +2K'H”? - H"*G’'- K"\ - F'A> -~ F’'H"?),
=G'N+FN+FG-A-2H?-K", (3.384)
C,=—(G"+F’'+1).

The envelope functions corresponding to the three eigenvalues are
determined by

4 1 D,
g% = 5 D, (3.385)
83 D,
where
D, =iH (G'-E")+(A-iH")K’,
D, =iH'K'(F'-E")(A-iH"), (3.386)
D3 — (F/ _E/)(G/_ E;)_K/Z,
and

D=\IDif* +|D.} +|Dsf. (3.387)

The complete Bloch wave functions for the valence band are
given by

Xy gl (K)iY, (3.388)

i=1

lP/V (r k/

%\

where
D= |Ur) +a|Us,),
[2)" =B|U,)’ Y, (3.389)
13)"=B"|Us)"+B|Us)’,
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and we can obtain similar expressions for the lower Hamiltonian (Eq.
(3.380)).

3.7.3 Polarization-Dependent Interband Optical-Matrix Elements of
Bulk Wurtzite Semiconductors

The optical momentum matrix elements in the (x’,y’,z") coordinates
are given by

&M = | e p e (3.390)

Using the expressions for the band-edge wave functions of the con-
duction and valence bands, we obtain the polarization-dependent inter-
band momentum matrix elements:

TE-polarization (¢’ =x’ or y'):

|Mf o cos(S|p,| X)

‘ oL
+Eg£B0089<S|px|X>—g§B* $in6(S|p.|Z)

foro=U

2

: (3.391)
— ‘_ng(x* cosO(S|p.| X)

2

BcosO(S|p.| X )+ giB" sin0(S|p.|Z)

\/—gs
forc=L

TM-polarization (&’=12):

)

‘ —gio" sin®(S|p,| X)

2

+ Egéﬁsin9<S|Px|X>+ g5B" cos6(S|p:|Z)

Joro=U (3.392)

1 ..
=|——=gio sin®{S|p,| X
\ﬁ& (S1p.|X)

2

1 .
+—g3iBsin0(S|p.| X)—giB cosO(S|p.|Z
7 5P (S|p] X)— 8P (Slp:1Z)

foro=1L.
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The above analytical results include the crystal orientation depen-
dence, and the band-edge matrix elements are as follows:

m, m,
P.=P, :<S|pX|X>:<S|py|Y>=7P27Pz =(Slp:|1Z2) = 2

A,

P2 K> (%_1)(Eg+A1+A2)(Eg+2A2)—2A§
' E, +2A,

P2 n* (m(, _1ng[(Eg+A1 +A,)(E, +2A,)—2A3]
2 (B, + A+ M) (E,+Ay)— A

, (3.393)

2m, \ m;

t

2 n, \ m,

3.7.4 Piezoelectric Fields and Spontaneous Polarizations in a
Quantum Well Structure

If a stress T, is applied to GaN crystals, there is an induced piezoelectric
polarization with a magnitude proportional to the applied stress T :

P =dyty, (3.394)

where d;; are the piezoelectric moduli or piezoelectric tensor elements.
The stress T; is related to the strain by

Tij = Cijki€kis (3.395)

where c;;; are the stiffness constants of the wurtzite GaN crystal. Here,
itis convenient to replace the tensor notation with the engineering nota-
tion for d;u and ¢, using their symmetry properties. That is, the second
and third subscripts in d;, and the first two and the last two subscripts
in ¢;u, are replaced by a single subscript running from 1 to 6 as follows:

tensor notation 11 22 33 23,32 31,13 12,21
matrix notation 1 2 3 4 5 6

). (3.396)

Then, the piezoelectric polarization in the (x,y,z) coordinates for a
general crystal orientation is given by

¢y ¢ ¢z O 0 0 €xx

c ¢ C 0O 0 O €
PY(0O 0O O 0 ds 0y = ™ ™ »

¢z ¢3 ¢ 0 0 0 €z
Pl=f0 0 0 ds 0 O

0O 0 0 ¢ O O 0
P, dy dy dy 0 0 0

0 0 0 0 cy 0] 2e,

0 0 0 0 0 cu)l O
(3.397)
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We then obtain the polarization components along the x-, Y-, and
Z-axes:

P, =2d;scue,,
P, =0, (3.398)
P, =[ds(c11 +c1n) +dyeiz (€ + Eyy) +[2ds1015 + dysezs e

The normal polarization with respect to the growth plane (along the
growth direction) can be obtained by taking the scalar product between
the polarization vector P in the (x,y,z) coordinates and the unit vector

ey )

Z

P, =P-7’= P, sin0+ P, cos6. (3.399)

Similarly, we can obtain the parallel polarization on the growth
plane:

P.=P-xX"=P,cos®— P,sin0, 3.400

P, =Py =0. (3.400)

The strain-induced polarization P, will lead to an electric field E,,
given by

D, =¢/’E; +P, (3.401)

where D; is the electric displacement, and €/ is the permittivity tensor
for the epilayer given by

e =Ue’U™! (3.402)
and
g 0 O
e=0 ¢ 0] (3.403)
0 0 e

Here, €, and €, are permittivities perpendicular and along the c-axes
for the (0001) crystal orientation, respectively. Then, the electric dis-
placement D; is given by

D, =(g,cos’0+¢_sin*0)E, + (g, —¢€,)sinOcosOE, + P,

Dy, =¢,E,+P,, (3.404)

D, =(g,—¢,)sin@cosOF, +(g,sin*0+¢,cos’0)E. + P...
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If there are no external charges, and €, =¢,, D, vanishes, and the
electric field reduces to

E, =-—-*%, (3.405)

The electric fields in the well and barrier due to the spontaneous
(SP) and piezoelectric (PZ) polarization along the (0001)-direction for
(0001)-oriented wurtzite structure can be estimated from the periodic
boundary condition for a superlattice structure as follows:

_ (Fsp+F" —Fsp — Fp,) L
B [be” + [ b

F,

b

L (3.406)

le'j = _L_b I

where superscripts w and b mean the well and barrier, respectively, and
L and ¢ are the layer thickness and the static dielectric constant, respec-
tively. The strain-induced piezoelectric field F}, (i =w,b) is given by

i i2
=28 vty - 2 Y, (3.407)
¢! C§3

where d;, is the piezoelectric constant.

The spontaneous polarization Fsp along the growth direction in the
arbitrary crystal orientation is estimated by the relation Py, = P{p""" cos,
since the spontaneous polarization in wurtzite (0001) GaN-based
quantum well structures exists along the (0001) axis. The strain-induced
piezoelectric polarization normal with respect to the growth plane
(along the growth direction) in an arbitrary crystal orientation can be
expressed as

Pp; = P.sinO+ P, coso. (3.408)

3.7.5 Valence Band Structure of a Quantum Well and Self-
Consistent Calculations with the Screening Effect

The constant energy contour of the (0001) orientation is isotropic. On
the other hand, the valence band structure of the quantum well struc-
tures with general crystal orientations shows anisotropy in the quantum
well plane unlike the (0001)-oriented structure. Thus, the valence band
structure and the momentum matrix element should be calculated as



162 ELEMENTARY THEORY OF ELECTRONIC BAND STRUCTURE

a function of the angle @ in the quantum well plane. That is, the angle
is related to k; by k; = k;cos® and k; = k; sin®. Here, k/ and k; are the
in-plane wave vectors in the (x”,y’,z") coordinate system. Please note
that, for simplicity, we omit the angle ® dependence in the notation of
physical functions such as the wave function and the momentum matrix
element.

For a quantum well structure of a width L,, the valence band struc-
ture is calculated by using 6 x6 Hamiltonian for an arbitrary crystal
orientation, which is obtained by using Equations (3.285) and (3.311).
The envelope functions {g{)’} satisfy

Z |:HW» (k;,k;,—i%) +(Vy(2")+qEZ")d, :|gfyf) (ki ky,2")
Z

= E (ki k) gl (ki k,2"), (3.409)

v’

where v,v'=1,2,3,4,5,6, and E; is given in Equation (3.405). These
coupled differential equations can be solved using a finite-difference
method.

The self-consistent band structures and wave functions are obtained
by iteratively solving the Schrodinger equation for electrons, the block-
diagonalized Hamiltonian for holes, and Poisson’s equation. The total
potential profiles for the electrons and the holes are

Ve(2) = Veu (2) el 0(2),
VV(Z) =V.(2)- |e|¢(z)’

where V,,,(z) and V,,,(z) are the square-well potential plus the potential
due to the internal field without the screening effect for the conduction
band and the valence band, respectively, and ¢(z) is the screening
potential induced by the charged carriers and satisfies the Poisson
equation

(3.410)

diz(e@dizjw)=—|e|[p(z>—n<z)], (3.411)

where €(z) is the dielectric constant.

The electron and the hole concentrations, p(z) and n(z), are related
to the wave functions of the nth conduction subband and the mth
valence subband by

kTm, ]
n(z)= n;; Y fu(2) In (14 lFreFen T (3.412)
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and

kH V) 2 1
p(z)= ZJ.dk“ %z|g§nk\\ (Z)| (1 + el Er=Evm (k)VKT )’ (3.413)

where m, is the effective mass of electrons, # is Planck’s constant
divided by 2w, n and m are the quantized subband indices for the con-
duction and the valence bands, £ and Ej, are the quasi-Fermi levels
of the electrons and the holes, respectively, E,,(0) is the quantized
energy level of the electrons, E,,,(k;) is the energy for the mth subband
in the valence band, k; is the in-plane wave vector, v refers to the new
bases for the Hamiltonian, and f,(z) and g,s,vk)” (z) are the envelope func-
tions in the conduction and the valence bands, respectively. The poten-

tial ¢(z) is obtained by integration:

o(z) = _fm E(2)dz, (3.414)

where

E(z)= fm%@p(z')dz'. (3.415)

Note that the origin of the coordinate is chosen at the center of
the well, and 2L is the total length containing the well and the
barrier.

The procedures for the self-consistent calculations consist of the fol-
lowing steps: (1) Start with the potential profiles V, and V, with ¢ (z) =0
in Equation (3.410); (2) solve the Schrodinger equation (for electrons)
and the 6 x 6 Hamiltonian (for holes) with the potential profiles ¢ (z)
in step (1) to obtain band structures and wave functions; (3) for a given
carrier density, obtain the Fermi-energies by using the band structures
and the charge distribution by using the wave functions; (4) solve
Poisson’s equation to find ¢"(z); (5) check if ¢ (z) converges to
0" V(). If not, set 6" (z)=wd"(z)+(1-w)o"(z), n=n+1; then,
return to step (2). If yes, the band structures and the wave func-
tions obtained with ¢"V(z) are solutions. An adjustable parameter
w (0 <w < 1)is typically set to 0.5 at low carrier densities. With increas-
ing carrier densities, a smaller value of w is needed for rapid conver-
gence. The procedure for the self-consistent calculation is shown in
Figure 3.3.
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A ’ Solve Poisson’s equation to find
0", ie. VO,

Start with the potential profile V.
and V, with the square-well potential
plus the potential due to the internal
field without the screening effect. That
is, with ¢©(z)=0.

v

Solve the Schrédinger equation (for
electrons) and the block-diagonalized Set 0"(z)=wd™(z)+(1-w)o" V(z),
Hamiltonian (for holes) with the po- 4-:— n=n+1.

v

Check if $")(z) converges to ¢~ V(z).

tential profiles ¢~ V(z) to obtain band
structures and wave functions.

v

For a given carrier density, obtain
the Fermi-energies by using the band
structures and the charge distribution
by using the wave functions.

Solutions <

Figure 3.3. Procedure for the self-consistent calculation.

3.7.6 Polarization-Dependent Interband Optical-Matrix
Elements of Wurtzite Quantum Wells

The optical momentum matrix elements in the (x”,y’,z") coordinates
for a general crystal orientation are given by Equation (3.390). Since
we solve one Schrodinger equation for electrons and a 6 x 6 Hamiltonian
for holes, we need only the optical matrix elements for two cases: spin
up and spin down. On the other hand, for a block-diagonalized 3x 3
Hamiltonian, we needed the optical matrix elements for four cases: spin
up and spin down for upper block, spin up and spin down for lower
Hamiltonian. The polarization-dependent interband momentum matrix
elements for a wurtizte quantum well structure can be written as TE-
polarization (e’ =cos¢’x’+sin¢’y’):

& M/T

1
=|cos¢’ {—ﬁcoseP (Vo)

+ L cosoP, (g, |¢r)—sin6P. (g '<3>|¢>} (3.416)

V2
sing' =i P (g1 |0)-i7= P (g0}

2

2
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&M = cosq)’{%coser (g or)
- -cos6P. (g 01)-sin6P. (g1 |0} (3.417)

2

. .1 .1 s
+ s1n¢’{—z$Px <g,’ﬂ(4) |¢1>—13Px <g§rf‘)|¢z>}

TM-polarization (¢’ =Z’):

R 1 . 1
Ry alk :‘_ﬁsm@P < '(1)|¢1>+$SIHOP (g’(2)|¢1>
i (3.418)
+ cosOP, <g,'n(3) |¢z>
R 1
& MY ‘\/_smeP ’(4)|¢,>—$sm6P (g o)

) (3.419)
+cosOP. (]9 ,

where g,V (v=1,2,3,4,5,and 6) is the wave function for the mth
subband in (x”,y’,z") coordinates. Also, we can obtain the optical matrix
element for the (0001) crystal orientation by substituting =0 in
Equation (3.419): TE-polarization (€ =x or y):

1

e[ =[-Lr(g0lo)s r(elo) G40

é-MﬂZ%PX <g:,,<4>|¢,>—%Px <g;55>|¢1>2 (3.421)
TM-polarization (e =2):

eM'| =|P.(g®)0) (3.422)

&M =|P.(g®]a). (3.423)

3.7.7 Band Structure of Nonpolar a and m-Planes

3.7.7.1 (1010} m-Plane Hamiltonian The m-plane Hamiltonian
witha set of faces {1010} can be obtained by substituting ¢ = 7/6 and
0 =n/2 into Equation (3.311) [13].
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F' -K” —-H”" 0 0 0 \|UY
-K' G H’ 0 0 A ||ULY
-H' H” A 0 A 0 [|Us)

HKk’,e)= 3.424
( ) 0 0 0 F -K H ||Uy) ( )
0 0 A K" G -H"|Usy
0 A 0 H,* —-H’ /’1’, |U6>,7
where
F =A+A,+A1+0,
G =A-A+ A +6,
’ hZ ’2 2 7”2 (0) (0) 2
A= (A + Ay(K)2 + k)] + Die® + D, | 269 + =S |,
0 V3
2
0 =5 —[ Ak + Ay(k] + k2)]+ Dse + D, (28,&5? * isj,
0 V3
2 .
K’ = 2h [—As L+iV3 k2 + As(—/3 + i)k} k!
e A (3.425)
+ As 2 +3i
A 1+ 3k’2 \/7 14308 |.
2 . .
H'Zzh [A61 lﬁkﬁck;—&@ ‘k;k;},
m,

\/_ (C]] + 3C12)(8)(C())C) + 1) + C12(_3 + 8(0)) + Cn( 1+ 38(0)) + 4C138§2)
5C, +3Cy, '

Note that the old bases are used in Equation (3.424), which were
defined in Equation (3.279). This use of old bases is convenient since
P,, P, and P, in the old bases are known quantities, as defined in
Equation (3.374). The optical momentum matrix elements for the m-
plane are given by

&M = | e p (3.426)

where W and W’ are wave functions for the conduction and the
valence bands, respectively, and 1 =T and | for both electron spins. The
polarization-dependent interband momentum matrix elements can be
written as
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TE-polarization €’ = cos¢’x’ +sin 'y’

& .M =|—cos¢’P, (g/¥|¢;) +sin¢’ \/7{(1 V3i) (g1 |¢)
2 (3.427)
~(1+~3){g,?|0))}
& M =|-cos¢'P.( g1 |¢,)—sing’ 25‘5{(1+i\/§)<g£,54)|¢z>

. (3.428)
—(1=iV3) (g™ |¢)}

TM-polarization e’ = 7"

é/'M/Tz —

H(f +i)(gi o) -(3-D{gi? o)}l (3429

¢ M (3.430)

2=\2’} (3 -0~ (V3 + (g0

3.7.7.2 {1120} a-Plane Hamiltonian The a-plane Hamiltonian
with a set of faces {1120} can be obtained by substituting =0 and
0 = n/2 into Equation (3.311). The matrix elements in Equation (3.424)
are given by

F =A+A,+ 1 +0,
G,=A1—A2+A,+9’,

2
p= [Ak? + Ay (k)2 + k22)]+ Die + D, (Zeff? - &e,@ - &eg)),
2 ) Cll Cll
h ’2 72 7”2 (0) 0) C12 (0) C13 0)
o = [Ask™ + Ag(ky" +k7) ]+ Dsell + Da| 26 ——— &%) ———&€5) |,
0 Cll Cll
k=X Kk, + Ask?2]+ DS( Copo_Copo_ i?)),
2m Cn Cy
2
H= [—iAckik, — Acklk.]. (3.431)
m,

The polarization-dependent interband momentum matrix elements
for an a-plane are given by
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TE-polarization €’ = cos¢’x’ +sin¢’y’

& W[ =[P cosg (g1 o0 +singr 2 (il - (2 o))
(3.432)
&M =P cos o (g9 0)+ sing' L i (g9 0)—i (g1 o)}
(3.433)
TM-polarization &’ = 7"
I 1 , 1 , g
oM =R (o) R lgle)  (G44)
ol | 1 , 1 st
&M :‘ﬁpx@ﬁ@) Rl G4
PROBLEMS

1. Derive Dyy, D,,, Dyy, Dy,, and D,y in Section 3.2.3.

2. Derive H§"" and H§"' in Hamiltonian Equation (3.210) of Section
3.3.2.

3. Show that a (001)-oriented Hamiltonian with wurtzite bases is given
by Equation (3.283) in Section 3.5.2.

4. Derive Equation (3.134) for a degenerate band without spin—orbit
coupling.

5. Derive the expression Equation (3.373) for €,, by minimizing the
strain energy Equation (3.372) with respect to the variable €., using
Equation (3.371) in Section 3.7.1.

6. Derive three analytical solutions Equation (3.382) for 3x3 Hamil-
tonian Equation (3.381).

7. Derive the block-diagonalized Hamiltonian expression Equation
(3.293) using the transformation matrix Equation (3.291).

8. Derive matrix form Equation (3.185) for Equations (3.178) and
(3.179) using the matrix elements in Equations (3.181), (3.183), and
(3.184).
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41 QUANTUM BITS AND TENSOR PRODUCTS

Quantum information science is an interdisciplinary subject that
includes physics, mathematics, chemistry, electrical engineering, and
computer science, and has the potential to revolutionize many areas of
science and technology. It exploits fundamentally new modes of com-
putation and information processing, because it is based on the laws of
quantum mechanics instead of those of classical physics. It holds the
promise of immense computing power beyond the capabilities of any
classical computer, and it is directly linked to emerging quantum tech-
nologies, such as quantum teleportation. The key element of quantum
information science is a quantum system with two states that can rep-
resent “0” and “1,” the basic building blocks of a digital logic circuit
called “qubit.” A qubit is a unit vector in a two-dimensional Hilbert
space, whose basis vectors (computational basis) are defined as [1]

|0>=[(1)]and|l)=[(l)} (4.1)

In order to implement any useful quantum information processing
unit, we need to deal with many qubits at a time, and the appropriate
model is a tensor product of qubits. Specifically, if we have n qubits,
each with a given computational basis in a two dimensional Hilbert
space H,,then the tensor product is a 2"-dimensional Hilbert space with
a computational basis consisting of 2" vectors

where the indices i, take on the values 0 and 1. In the following, we
give a more detailed description of a tensor product. Let A be an mxn
matrix, and B be a pxqg matrix.
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Then
ayB apB - a,B
A®B ayB apB - a,B 43)
ansB a,,B - a,,B

is an mpxnq matrix called the tensor product of A and B. The tensor

product of vectors |y) = (Z) and |@) = (2) is then given by

|w>®|(p>:[,‘j'|‘$§j: “| (44
bd

The tensor product |y) ®|e) is often denoted as |y)|@) or |ye) when
there is no cause for confusion. If C is an nxr matrix, and D is a gXxs
matrix, then one can show that

(A®B)(C®D)=(AC)®(BD). (4.5)
Moreover, we obtain
(A®B) = A'® B (4.6)
and
(A®B) ' =A'®@B". (4.7)

When A, and |y, ) are the linear operator and the vector in the
Hilbert space H,, respectively, then Equation (4.5) implies that

(A1®-®A,) (V1)@ @y, )= (A )@ ®(A,[y,). (48)
Let A=A, ®---®A, and |y)=|y;)®---®|y,), then
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42 QUANTUM ENTANGLEMENT

Suppose we have n qubit states. An entangled state is defined as the
superposition of tensor product states, which is not necessarily decom-
posable into a tensor product form. A general entangled state is repre-

sented as [1,2]
|\|I> = z Qiiy-.iy

i, =0,1

i) ®5)®--®)i,). (4.10)

Entangled states play very important roles in such aspects of quantum
information science as quantum computing and quantum teleportation.
Consider a system of two qubits. The basis for the two-qubit system is
{]00),|01),]10),|11)}. More generally, the basis for a system of n qubits
could be written as {|c,_i¢,»-:-¢)}, Where ¢, 1,¢, 2, -+, ¢y € {0,1}. We can
also represent this basis in terms of the decimal system. In decimal
system, we denote

|x) =|csa1Cua e co), (4.11)
where
X=C 12" 4, 52"+ +¢ (4.12)

Using this decimal notation, the basis for the two-qubit system can
be written as {|0),|1),|2),|3)}. The basic principles of quantum computa-
tion can be described easily using the entangled state with decimal
notation. Assuming that we have the system of n qubits from which we
form following 2n qubit state:

|¥,)=|x)®]0). (4.13)

Let U, be a unitary operator, which leaves the first n qubit, but changes
the second n qubit as follows:

Uy (|1x)®[0)) =|x) ®| f(x))- (4.14)

Now, we have the new state formed by the superposition of the first n
qubits given by

@)= alx)®|0). (4.15)

x=0,1,--2"""1
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If we apply the unitary operator U, on |®), we obtain
Uy|®)=3 aU;(|1x)®0))

(4.16)
= a|x)®|f(x)).

The above result suggests that 2" different computations can be done
at once as the result of unitary operation. Imagine that each computa-
tion takes 1 second. When # is equal to 32, one needs to do four billion
computations, which takes approximately 32 years using the conven-
tional computer. On the other hand, if one has a quantum processor,
the same computation can be done in one second. That’s a billionfold
increase in computation speed!

In quantum information science, the unitary operators are often
called quantum gates. The most elementary gates are single-qubit gates
and two-qubit gates. General single qubit gate can be built from the
following Pauli operators X, Y, Z, and the identity operator I

(4.17)

Il
Q
=
Il

O RO O
—_
\\‘_/

—_
)

Z=0,= .
-y

The operation / is the identity transformation, while X is the negation
(NOT), Z the phase shift, and Y =iXZ the combination of both X and
Z.

The CNOT (controlled-NOT) gate is the most important two-qubit
gate in quantum computation. The gate flips the second qubit (the
target qubit) when the first qubit (the control qubit) is|1), while leaving
the second qubit unchanged when the first qubit is |0). Let
{|00),]01),|10),|11)} be the basis for the two-qubit system. The action of
CNOT gate, whose matrix expression will be written as Ucnor, 18

Uenor 100} 00), [01) - [01), [10) - [11), [11)+]10). (4.18)

The matrix expression of Ucyor 1S given by
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1 0 0O
U 0100
NTT g 0 0 1 (4.19)
0010
=|0)(0|® I +|1){(1|® X.
Here, the outer product |u){v| between two vectors
1231 Vi
|u)= u:z and |v)= "2
U Vi
is defined as
mwmvy uV, o Uy,
UrVy UV, -+ UV,
vl = : (4.20)
u,vy UpVp, - UVpy

Another important two-qubit gate is the SWAP gate, which swaps
the first and second qubits:

Uswar |¥) ®|0) =|0) ®|w), (4.21)

or

Uswar =10 (@° [+]607) (@ [+ ) () (-

, (4.22)
in terms of the Bell states
|¢i>=i(|00>i|11>) and I‘Pi>=i(|01>i|10>). (4.23)
V2 N

Recently, it was shown that an arbitrary two-qubit operation can be
implemented using only three (SWAP)” gates and six single-qubit
operations. The (SWAP)” gate is defined as follows
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U

[N @[+[D7) @™ [+¥7) (¥ |+ e[ (|

(SWAP)*
1 0 0 0
0 l+e 1+e 0
= 2 2 (4.24)
L+ 1+
0
2 2

0 0 0 1

where the exponent o is a control parameter. The general two-qubit
operation can be implemented when the Hamiltonian for the two-
qubit system is of the form given below:

H=ho,®06,+h,6,80,+h0,®0,, (4.25)
where /4 =h, 2 h, > h, 20. In this case, H can be written as
H = Lo | @)D [+ Xy | )W [+ 110 | DN D]+ Ay ¥ )P,
7\400 = hx —hy +hza ?\‘01 = hx + hy —hz, (4.26)

7\410 :_hx +hy +hz’ 7\,11 :_hx _hy _hz-

4.3 QUANTUM TELEPORTATION

Quantum teleportation is perhaps the most unique feature of quantum
information science, in which an unknown quantum state of a qubit is
transmitted to the recipient who can reproduce exactly the same state
as the original qubit state. It is important to note that the qubit itself
is not transmitted, but the information required to reproduce the
quantum state is sent to the recipient. The original quantum state is
destroyed in the process. Assume that Alice and Bob share an entan-
gled state, for example,

97}, =75 100)5 +111),) @27

and Alice wants to teleport an unknown quantum state belonging to
Charlie

|9). =al0). +b|1),. (4.28)
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to Bob. Then the total state is given by
W) =[0) ®|®"),,

1
=(a|0>c+b|1>c J®$[|00>AB+|11>AB) (4.29)

1
= ﬁ(aloochB + a|011>CAB + b|100>CAB + b|111>CAB )

Now Alice has the first two qubits while Bob has the third qubit.
First, Alice does the Bell state measurement of her two qubits. In
quantum mechanics, by taking a measurement of a system, we project
the state vector to one of the basis vectors that the measurement
defines. In order to do this, we define the measurement operator M,,
such that the probability p(m) of obtaining the outcome m in the
state |y) is [1]

p(m)=(y|M,M,|v), (4.30)
and the state immediately after the measurement is

jm) = Mnl¥) 431)

The measurement operators satisfy the completeness relation,
Y MM, =1. (4.32)

Before Alice performs her measurement, it is convenient to rewrite
the Equation (4.29) into [1,2]

1
|‘P>:E(a|OOO>CAB +a|011),.,, +b|100),.,, +b|111).,,)

%(%ﬂc% +H @), }@10) + =¥ ), ¥ ), @I,
+%{|T+>CA _|\P—>CA}®|0>B +%{|(D+>CA _|CD_>CA}®|1>Bj

= 2(0°)., ®{al0), +b1D), }+|0),, @{al0), - b1}

+[¥7)e, ®{all); +5]0),}+[¥7) , ®fall); =b[0),}). (4.33)
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If Alice measures the two qubits in her hand, she will obtain one of
the states |<I>+>, d>’>, |‘P*>, or |‘I”> with equal probability %. Bob’s qubit
immediately collapses to a|0)+b|1), a|0)—b|1), a|1)+b|0), or a|1)—b|0),
respectively, depending on the result of Alice’s measurement. Alice
then sends her results to Bob using two classical bits through a classical
communication channel, such as a telephone. Once Bob learns the
result of Alice’s measurement, he knows which qubit state is in his
hand. Bob reconstructs the initial state |¢) by applying unitary operators
I, Z, X, or Y, respectively, depending on Alice’s result. As an example,
suppose Alice lets Bob know that her measurement result was |<I>‘>.
Then Bob applies an operator Z on his state to reconstruct |¢) as
follows:

Z(a|0)—b|1))=al0)+b|1)=|0). (4.34)

44 EVOLUTION OF THE QUANTUM STATE: QUANTUM
INFORMATION PROCESSING

In previous sections, we have seen that quantum entanglement plays a
very important role in aspects of quantum information science such as
quantum computing and quantum teleportation. Considerable progress
has been made in developing a general quantum theory of informa-
tion processing, analogous to classical information theory founded by
Shannon 60 years ago. In this section, we would like to understand
how the quantum state evolves through the transmission process [1,2].
Suppose R and Q are two quantum systems, and Q is described by a
Hilbert space H, of finite dimension d. Initially, the joint system RQ is
prepared in an entangled state |‘I’RQ>, whose vector is uniquely specified.
Such a state is called a pure state. On the other hand, it may happen that
a quantum system under consideration is in the state |'¥;) with a prob-
ability p; so that we cannot say definitely which state the system is in.
Such a system is said to be in a mixed state. The system R is dynamically
isolated and zero internal Hamiltonian, while the system Q undergoes
evolution that possibly involves interaction with the environment E.
The evolution of Q may represent a coding, transmission, and decoding
process via some quantum mechanical channel or gate for the quantum
information in Q. The final state of RQ is possibly mixed,and is described
by the density operator pR¢. In order to characterize the process, we
first define the fidelity of the quantum mechanical process by

F, = (W0 [pre | wre), (435)
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which is the probability that the final state p*¢ would pass a test check-
ing whether it agreed with the initial state |¥*?). F, measures how
successfully the quantum process preserves the entanglement of Q with
the reference system R. Imagine that the system Q is prepared in an
initial state p?, and then subjected to some dynamical process, after
which the state becomes p?. The dynamical process is described by a
map €2, so that the evolution is

p¢ > p? =e2(p?). (4.36)

In the most general case, the map €2 must be a trace-preserving,
completely positive linear map. In other words, we have the
following [1,2]:

(1) €2 must be linear in the density operators. That is, if
p? = pip? + p,p¥, then

e2(p?) =e%(pip? + p2pf?) (437)
= pie?(p?) + p£° (p%).

A probabilistic mixture of inputs to €9 leads to a probabilistic

mixture of outputs. Here, €9 is a superoperator that acts on the

space of linear operators, such as density operators on Hy.

(2) €2 must be trace preserving, so that
Tr(p?)=Tr(p?)=1. (4.38)

(3) €2 must be positive. We use the term “positive” to refer to opera-
tors that are Hermitian and have no negative eigenvalues. This
means that if p? is positive, then p¢ =£?(p?) must be positive.
These properties mean that the superoperator €9 takes normal-
ized density operators to normalized density operators in a rea-
sonable way.

(4) €2 must be completely positive. This means that if we extend the
evolution superoperator €2 to an evolution superoperator for
the compound system RQ, yielding I* ® €2, where I* is the
identity superoperator on R states. This means adjoining a system
R that has trivial dynamics (no state of R is changed), and which
does not interact with Q. If, for all such trivial extensions, the
resulting superoperator I, ® €€ is positive, the superoperator €2
is said to be “completely positive.”
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A completely positive map is not only a reasonable map from
density operators to density operators for Q, but also, it is extensible
in a trivial way to a reasonable map from density operators to
density operators on any larger system RQ. Since we cannot exclude
a priori that our system Q is in fact initially entangled with some
distant isolated system R, any acceptable €° must satisfy this
condition.

Completely positive, trace-preserving linear maps include all unitary
evolutions of the state

p?¢ =U%U?". (4.39)

They also include unitary evolutions involving interactions with an
external system. Suppose we consider an environment system that is
initially in the pure state |OE > Then we could have

el (p?) =Trz (U2* (p° ®|0%) (0% | U2*T), (4.40)

where U9F is the unitary evolution on the joint system QE. This
map is also trace preserving and completely positive. If we can write
a superoperator €2 as a unitary evolution on an extended system
QF, followed by a partial trace over E, we say that we have a “unitary
representation” of the superoperator. Such a representation is not
unique, since many different unitary operators U%* will lead to the
same €<

There is another useful representation for completely positive maps
that employs only operators on H,. Let A? be a collection of such
operators indexed by M. Then the map €€ given by

e2(p?) =) AZpPA? (4.41)
n
is a completely positive map. If, in addition, A? operators satisfy

Y AZ AL =19, (4.42)
u

then the map is also trace preserving. Such a representation for €° in
terms of operators AZ is called an “operator representation” for 2. A
single ¢¢ will admit many different operator—sum representations. In
fact, the “unitary representation” and the “operator—sum representa-
tion” are related to each other. Suppose that p? =|¢¢)(¢?|, and let
{|u*)} be a complete orthonormal set of states of E.
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Then
e?(p?) =Tr:{U®" (|07)(0°|®]0% ) (0" U ¥}
= 2 (" (192) (0] @07 )0 U u)
=i(uEIUQE(|¢Q>®|0E>)((¢Q|®<0EI)UQ“IME> (4.43)
=§H:A3|¢Q><¢Q|AF,
if we define the o;erator A2 by
A2[0%) = {u* [U2* (o) ®[0%)). (4.44)

It can be shown that every trace-preserving, completely positive
linear map €° has a unitary representation and an operator-sum rep-
resentation. These are the class of allowed evolutions of a quantum
system.

45 A MEASURE OF INFORMATION

In classical communication systems involving transmission and process-
ing of data, the information or data and the channel are appropriately
represented by probabilistic models. Suppose the nonnegative numbers
D1, D2, sum to unity and thus form a probability distribution. The
Shannon entropy H(p) of this probability distribution is [1,2]

H(p)== pilogpi, p=(p1,ps+). (4.45)
k

We specify the base of our logarithms to be 2. If p forms the pro-
bability for some random variable X, so that p(x;)= p, for various
values x, of a random variable X, then we often write this entropy
as H(X).

The Shannon entropy H(X) is the fundamental measure in classical
information theory, and it represents the average number of binary
digits (bits) required to represent the value of X. It can be thought of
as a measure of the uncertainty in the value of X expressed by the
probability distribution. We can use it to define various information
theoretic quantities, such as the conditional entropy

H(X1Y)= Y p(y)H(X 1 y) == p(x;.y0 logp(x;1ye)  (4:46)
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for ajoint distribution p(x;, y, ) and the conditional probability p(x; | y)
over values of two variables X and Y. H(X 1Y) is interpreted as the
average information (over x; and y, required to specify x; after y, is
known. A particularly important quantity is the mutual information
I(X :Y) between two random variables X and Y;

I(X:Y)=H(X)-H(XY), (4.47)

which is the average amount that the uncertainty about X decreases
when the value of Y is known. If X represents the input of a commu-
nication channel, and Y represents the output, then /(X :Y) represents
the amount of information conveyed by the channel. It turns out that

I(X:Y)=I1(Y:X). (4.48)

The quantum mechanical definition of entropy was first given by von
Neumann. Suppose p? is the density operator representing a mixed
state of Q. Then the entropy is

S(p?)=-Tr(p?logp?). (4.49)
If A;,A,, -~ are the eigenvalues of p<, then
S(P?)=HA),A= (A1, Ag,--). (4.50)

The von Neumann entropy is the average number of two-level
quantum systems (or qubits) needed to faithfully represent one of the
pure states of an ensemble described by p©.

4.6 QUANTUM BLACK HOLES

Quantum entanglement is the most valuable resource in quantum
information science. It is found that quantum entanglement is univer-
sally found not only in microscopic quantum systems, but also in cos-
mological objects such as black holes. A black hole is a singularity
formed when a celestial body collapses beyond a certain radius called
the event horizon. More than 30 years ago, Hawking discovered that a
black hole can be regarded a quantum mechanical object that emits
quantum particles called Hawking radiation. This remarkable phenom-
enon has been called the Hawking effect ever since the discovery.
Before the Hawking effect was discovered, it was generally believed
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that a black hole absorbs everything surround it and nothing comes
out. Hawking effects implies that a black hole also emits radiation and
eventually evaporates. The question of whether the information con-
sumed by a black hole is destroyed and lost forever, or might be recov-
ered from the Hawking radiation that is emitted as the black hole
evaporates, is one of the fundamental problems in modern physics. It
requires a clear understanding of phenomena ranging from gravity to
information theory. Hawking’s semiclassical argument predicts that the
process of black hole formation and evaporation is not unitary [3.4].
The vacuum state under the strong gravity of the black hole is com-
posed of infalling and outgoing particle states inside and outside the
event horizon. To an observer outside the black hole, the unitarity is
lost because he would not be able to make any measurement in the
interior of the event horizon, and as a result he would be forced to
make an average over the states in H,, that corresponds to the Hilbert
space inside of the horizon to obtain the density operator in H,,, the
Hilbert space outside the black hole. On the other hand, there is some
evidence in string theory that the formation and evaporation of black
hole is a unitary process [4]. Nonetheless, the Hawking effect, discov-
ered nearly 30 years ago, is generally accepted as very credible, and
considered as would be an essential ingredient of the yet unknown
correct theory of quantum gravity.

4.6.1 Microcanonical Model of a Black Hole Evaporation

Horowitz and Maldacena (HM) proposed a final-state boundary condi-
tion (FBC) in microcanonical form to reconcile the unitarity of the
black hole evaporation with Hawking’s semiclassical reasoning [5]. The
essence of the HM proposal is to impose a unique final boundary con-
dition at the black hole singularity, such that no information is absorbed
by the singularity. The final boundary state is a maximally entangled
state of collapsing matter and infalling Hawking radiation. When a
black hole evaporates, particles are created in entangled pairs, with
one falling into the black hole, and the other radiated to infinity.
The projection of the final boundary state at the black hole singularity
collapses the state into one associated with the collapsing matter,
and transfers the information to the outgoing Hawking radiation. The
HM model is further refined by including the unitary interactions
between the collapsing matter and infalling Hawking radiation, and a
random purification of the final boundary state. The black hole evapo-
ration process as seen by the observer outside the black hole is a
unitary process, which looks like a quantum teleportation process
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without the classical information transmitted. This indicates that nonlo-
cal physics would be required to transmit the information outside the
black hole, and inside and outside the Hilbert spaces do not have inde-
pendent existence. Then one could raise the following question: “In
quantum theory, which is more fundamental, unitarity or locality?”
What locality requires is that there be no influence on an object due to
any action taken in a region that is at spacelike separation with respect
to the object. If one forces the quantum gravity be unitary to observers
outside the event horizon, then nonlocality should be an essential
feature of the theory.

In the HM model, the boundary state outside the event horizon is
assumed to be the Unruh vacuum state [4]. As a matter of fact,
Hawking’s original discovery can be regarded as imposing a boundary
condition at the event horizon. We would like to denote it as Hawking
boundary condition (HBC), in contrast with the FBC proposed by HM
(Fig. 4.1). HBC dictates that the quantum states inside and outside

r=0
(Origin)

N

Complete evaporation

r=0
(Singularity) /\

g+ M=M,

/ (Initial mass)

e

(Origin)

Figure 4.1. Penrose diagram of for the black hole formation and evaporation processes.
A semiclassical theory that predicts the unitary evolution of black hole formation and
evaporation has two boundary conditions: (1) Hawking boundary conditions (HBC)
at the event horizon with quantum states in H;, and H,, maximally entangled, and
(2) the final-state boundary condition (FBC) inside the black hole for the quantum
states of collapsing matter in H,, and the infalling Hawking radiation in H;, maximally
entangled. J, and J_ are future and past null infinity respectively. (This figure is repro-
duced from D. Ahn, Phys. Rev. D, 74, 084010 [2006].)
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the event horizon of the black hole are maximally entangled. The signifi-
cance of the HM proposal is that the black hole formation and evapora-
tion process can be put into a unified picture by combining HBC together
with FBC. Moreover, the process can be unitary as predicted by string
theory.

It is shown [6] that the black hole evaporation process will be
affected by the boundary condition outside the event horizon. Boundary
states outside the event horizon affect the final state projection because
the quantum states inside and outside the event horizon are entangled
by HBC.

One of the critical assumptions in the HM proposal is that the inter-
nal quantum state of the black hole can be represented by maximally
entangled states of collapsing matter and infalling Hawking radiation.
The HM model is also based on the simplified microcanonical form,
and it would be an interesting question how the FBC will look in a
more general case, such as a Schwarzschild black hole.

Here,itis shown that the internal stationary state of the Schwarzschild
black hole can be represented by a maximally entangled two-mode
squeezed state of collapsing matter and infalling Hawking radiation.
The outgoing Hawking radiation is obtained by the final state projec-
tion on the total wave function, which looks like a quantum teleporta-
tion process without the classical information transmitted. The black
hole evaporation process as seen by the observer outside the black hole
is a unitary process, but nonlocality is required to transmit the informa-
tion outside the black hole. It is also shown that the final state projec-
tion by the evaporation process is affected by HBC at the event horizon,
which clearly violates the locality principle.

The purpose of this section is to demonstrate that the FBC of
Horowitz and Maldacena necessarily implies a breakdown of locality
in whatever quantum theory of gravity one might construct that incor-
porates this proposal. We proceed by (1) reviewing the result that the
original vacuum outside of a black hole evolves into a maximally entan-
gled two-mode squeezed state on H,;, and H,, and then (2) showing
that the interior state of the black hole is a maximally entangled
two-mode squeezed state on H,, and H,,, where H,, is the Hilbert space
for the collapsing matter. The FBC is then applied to the latter state,
and the outgoing radiation is obtained by projection of this onto the
former state. However, if one took an excited state outside of the
black hole as the HBC, then it too could be written as a maximally
entangled two-mode squeezed state on H,, and H,,—but the state of
outgoing radiation that one would obtain via the FBC is orthogonal to
what one obtains from the vacuum state (Eq.(4.30)). Hence, one obtains
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the result that the final outgoing particle state for black hole evapora-
tion is dependent on the HBC. Since the interior and the exterior
regions of the event horizon are causally disconnected, this is
contrary to expectations based on locality. We interpret this as indi-
cating that nonlocality is required to transmit information outside a
black hole.

We first review the original HM proposal briefly. We assume that the
quantum state of the collapsing matter belongs to a Hilbert space H),
with dimension N and |y),, be the initial quantum state of the collaps-
ing matter. The Hilbert space of fluctuations on the background spa-
cetime for black hole formation and evaporation is separated into H,,
and H,,, which contain quantum states localized inside and outside the
event horizon, respectively. In the HM proposal, HBC is assumed to be
the Unruh vacuum state |®,) belonging to H,, ® H,,, in micro-
canonical form:

in®out

1 . .
|(D0>in®0ul zﬁzlwin ®|l>out’ (451)

where {|i(, } and {|i(,,} are orthonormal bases for H,, and H,,,,, respec-
tively. The FBC imposed at the singularity requires a maximally entan-
gled quantum state in |y),,, which is called the final boundary state, and
is given by

e (¥ == 3 ulll@a UI(S©1). (4.52)

where S is a random unitary transformation. The initial matter state
|y),, evolves into a state in H, ® H;, ® H,,,, under HBC, which is given
bY [0 vemson =1V u ®|C'I>0>m®w. Then, the transformation from the
quantum state of collapsing matter to the state of outgoing Hawking
radiation is given by the following final state projection

|¢0>out = M®in <lP||lP0>M®in®out = Z M <I|S|W>M |i>out’ (453)

where the right side of Equation (4.53) is properly normalized. Let us
assume that the orthonormal bases {|7) .} and {|/),,} are related by the
unitary transformation 7" The quantum state of the collapsing matter
is transferred to the state of the outgoing Hawking radiation with
fidelity

o=, (0T, [ (4.54)
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We can also regard 7”7 as a tunneling Hamiltonian, and the evapora-
tion rate will be proportional to (27/7%)f; .

4.6.2 Elementary Relativity

Before we investigate the quantum state of a black hole, it is necessary
to have some working knowledge of special and general relativity,
which we are going to provide in this section. Special relativity is based
on the experimental fact that the speed of light ¢ =3x10%m/sec) is the
same for all inertial observers. This fact leads to some rather surprising
conclusions. Newtonian intuition about the absolute nature of time, the
concept of simultaneity, and other familiar ideas must be revised. In
comparing the coordinates of events, two inertial observers, called
Lorentz observers, find that the appropriate coordinate transforma-
tions mix space and time.

In special relativity, events are characterized by the value of four
coordinates: a time coordinate ¢, and three spatial coordinates x, y, and
z. It is convenient to collect these four numbers in the form (ct, x, y, z),
where the time coordinate is scaled by the speed of light, so that all
coordinates have units of length. We use indices to relabel the space
and time coordinates as follows [7]:

xt=(x%x", x% x%) = (ct,x,y,2). (4.55)

Here, the superscript p takes four values: 0, 1, 2, and 3. The x* are
spacetime coordinates. Consider a Lorentz frame S in which two events
are represented by the coordinates x* and x* + Ax". Consider now a
second Lorentz frame S’, in which the same two events are described
by the coordinates x™ and x™ + Ax™, respectively. In general, not only
are the coordinates x* and x™ different, so too are the coordinate dif-
ferences Ax" and Ax™. On the other hand, both observers will agree
on the value of the interval As®. The interval is defined by

~As> =—(Ax)’ +(Ax') +(Ax?) + (A, (4.56)

Note the minus sign in front of (Axo)z, as opposed to the plus sign
appearing before the spacelike differences (Ax’ )2 (i=1,2,3). This sign
encodes the fundamental difference between time and space coordi-
nates. The agreement on the value of the interval is expressed as

(M) (Ax') (A7) + (A

o o o o (4.57)
(A )+ (A + (A7) + (A7),
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or, in brief:
As? = As™. (4.58)

The minus sign in the left-hand side of Equation (4.56) implies that
As? > 0 for events that are timelike separated. Timelike separated events
are events for which

(Ax°)’ > (Ax') +(Ax?) +(Ax®). (4.59)

The history of a particle is represented in spacetime as a curve, the
world line of the particle. Any two events on the world line of a particle
are timelike separated, because no particle can move faster than light,
and therefore the distance the light would have travelled in the time
interval that separates the events must be larger than the space separa-
tion between events. This is what Equation (4.59) implies. Events con-
nected by the world line of a photon are said to be lightlike separated.
For such a pair of events, we have As” =0, because in this case, the two
sides of Equation (4.59) are identical: The spatial separation between
the events coincides with the distance that light would have travelled
in the time that separates the events. Two events for which As* <0 are
said to be spacelike separated. Events that are simultaneous in a
Lorentz frame but occur at different points in that same frame are
spacelike separated. It is because As® can be negative that it is not
written as (As)’. For timelike separated events, however, we do define

As=As? if As? > 0. (4.60)

Many times, it is useful to consider events that are infinitesimally
close to each other. Small coordinate differences are needed to define
velocities, and are also useful in general relativity. Infinitesimal coordi-
nate differences are written as dx*, and the associated invariant interval
is written as ds”. Following Equation (4.56), we have

—ds® =—(dx")’ +(dx")’ +(dx*)’ +(dx*)’. (4.61)
The equality of intervals is the statement
ds* =ds™.
A very useful notation can be motivated by trying to simplify the

expression for the invariant ds*. To do this, we introduce symbols that
carry subscripts instead of superscripts. Let us define
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dxy =—dx°,dx, = dx"',dx, = dx*,dx; = dx’. (4.62)

The only significant change is the introduction of a minus sign for the
zeroth component. All together, we write

dx, = (dxo,dx,,dx;,dxs) = (—dx",dx",dx* dx?). (4.63)
Now we can rewrite ds® in terms of dx* and dx,:

—ds® =—(dx") +(dx')’ +(dx?) +(dx*)
=dx,dx" + dx,dx" + dx,dx* + dx;dx® (4.64)

3
= 2 dx,dx".
u=0

In the following, we will use Einstein’s summation convention. In
this convention, indices repeated in a single term are to be summed
over the appropriate set of values. Using this summation convention,
we rewrite Equation (4.64) as

—ds* = dx,dx". (4.65)
For infinitesimal timelike intervals, we define the quantity
ds =~ds* if ds* > 0. (4.66)

We can also express the interval ds” using the Minkowski metric tensor
N, such that

—ds® =m,dx"dx", (4.67)

where Ny =—1, N;; =Mx» =Ms3 =1, and all the other components vanish.
In matrix form, the Minkowski metric is written as:

-1 0 0 O
0 1 00

Nuy = I (4.68)
0 0 0 1

In this equation, which follows a common index identification of
two-index objects with matrices, we think of p, the first index in m, as
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the row index, and v, the second index in 1, as the column index. The
Minkowski metric can be used to “lower indices.” Indeed, Equation
(4.62) can be rewritten as

dx, =ndx". (4.69)
If we are handed a set of quantities b*, we can always define

by =nNwb". (4.70)

Given objects a" and b*, the relativistic scalar product a-b is defined
as

a-b=a"b, =m,, =—a’b’ +a'b' +a’b* +a’b’ =a,b". (4.71)

It is convenient to introduce the inverse of n,,, written conveniently
as N, whose matrix form is:

-1 0 0 0
w_ |0 100 472)
" 0 01 0] '
0 0 0 1
In index notation the inverse property is written as
"My =9y, (4.73)
where the Kronecker delta 9 is defined by
lifu=v
5! ={ BHEY (4.74)
Oifu=v

Einstein’s theory of general relativity is a theory of gravitation. In
this elegant theory, the dynamical variables encode the geometry of
spacetime. When gravitational fields are sufficiently weak and velocities
are small, Newtonian gravitation is accurate enough, and one needs not
work with the more complex machinery of general relativity. The spa-
cetime of special relativity, Minkowski spacetime, is the arena for
physics in the absence of gravitational fields. The geometrical properties
of Minkowski spacetime are encoded by the metric formula Equation
(4.67), which gives the invariant interval separating two nearby events.
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Minkowski space is said to be a flat space. In the presence of a gravi-
tational field, the metric becomes dynamical. We then write

—ds® = g, (x)dx"dx", (4.75)

where the constant metric 1, is replaced by the metric g, (x). If there
is a gravitational field, the metric is in general a nontrivial function
of the spacetime coordinates. The metric g, (x) is defined to be
symmetric

g (X) = o (X). (4.76)

It is also customary to define g"'(x) as the inverse of the g, (x):
8" (x)gpv (x) = L. (4.77)

Because the metric is now a function of spacetime, the derivatives
involving spacetime coordinates are modified in general relativity.
Especially, the divergence of a given dynamical quantity V* is
modified as

0 1 9

where a scalar density g is defined by

) e

g =det(gu). (4.79)

On the other hand, the gradient of a scalar function takes the same
form in general relativity. As a result, the wave Equation in general
relativity is written as [8]

a0 0 80 o =0. s

4.6.3 Hawking Radiation from a Schwarzschild Black Hole

In this section, we first study the derivation of Hawking radiation and
extend the results to the field of a collapsing matter inside the event
horizon. The stationary Schwarzschild black hole is represented by
the metric [4,8]
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¥ 1_%
r

2
ds? = _(1 _Z_M)dﬂ L (d®” +sin*0de®),  (4.81)

where M is the mass of the black hole. At r =2M, the Schwarzschild
spacetime has an event horizon. The general coordinate is x* = (,7,0,9),
with the metric tensor given by

2M 1 .
s (1‘ r ]g”_l_w’gee 12, 8oo =17 sin* 0. (4.82)
r

The massless scalar field satisfies the wave equation

)1/2

(02| 8 ()= Jo=0. (483)

ot
and the positive frequency normal mode solution is given by

q)o)lm = (2TE| m')_l/ze_imtfml(r)ylm(ea (p)a (484)

where f,,(r) satisfies

ameI +w2fml _(1 )( l(l-‘z_l) M jfwl (485)
r

or *? r
with r*=r+2MIn(r/2M —1). If we denote the radiation part of the
wave coming out of the past horizon of the black hole by f;, then it is
given by
fa(r)=e" + Age™". (4.86)

In Kruskal coordinate, the Schwarzschild metric becomes [4]

-r/2M
ds* =-2M dudv +r*d6* +r* sin® 0d?,
r
ii=—4Me™'*M v =4Me"'*M, (4.87)

u=t—r*, v=t+r*,
r¥=r+2MIn(r/2M -1).
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The Kruskal extension of Schwarzschild spacetime is shown in
Figure 4.2. Since the Killing vector in Kruskal coordinates is given by
d/du on H™ (Fig. 4.2), the solution in Kruskal coordinates is given by

Boim =211 @) 26 7Y, (6, 0). (4.88)

On the other hand, the original positive frequency normal mode on
H~ can be written by

¢c_olm = (27E | Y |)—1/2(e—i0)u + A(:)le_iwv)Ylm (ea (P) (489)

Using e =(liz1/4M)*™ and e =(v/4M)"*"°, and the fact that
v =0 on H~, we obtain

Do =2l )2 (1T 1/4M ) MY, (6, 0). (4.90)

Since # <0 in region / and u >0 in region /I of the Figure 4.2, the
wave coming out of the past horizon of the black hole on H~ can be
written by

Oaim = (€™ L Oim +€72™ 1 Oy ) /(2sinh (M )2, (4.91)

where ,,, O, Vanishes inside the event horizon (region I7), and ;,{un
vanishes in the exterior region of the black hole (region 7). In Equation

i+ r=0 Singularity i+

- r=0 Singularity -

Figure 4.2. The Kruskal extention of the Schwarzschild spacetime. In region I, null
asymptotes H, and H_ act as future and past event horizons, respectively. The boundary
lines labelled J* and J- are future and past null infinities, respectively, and i° is the
spacelike infinity. (This figure is reproduced from the paper by the author, D. Ahn, Phys.
Rev. D, 74, 084010 [2006]).
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(4.91), we have used the fact that (—1)7*M® =¢*™ The above defini-
tion of the positive frequency solution in terms of ,, Ow,, and ;,0um
leads to the Bogoliubov transformations for the particle creation and
annihilation operators in Schwarzschild and Kruskal spacetimes
(Appendix A):

ag wim = COShra)bout,mlm - Slnhl’wa

in,wlm>

out,wlm Sinhrmbin,wlm ) (492)

ay o = coshr,b}
_ _ -1/2
tanhr, = ™™, coshr, =(1—e™*™*) "7,

where aj ., and ag ., are the creation and annihilation operators,
respectively, acting on the Kruskal vacuum in region 1, b, o, ad b, im
are the creation and annihilation operators acting on the Schwarzschild
vacuum of the exterior region of a black hole, and b}, ,, and b;, u, are
the creation and annihilation operators acting on the Schwarzschild
vacuum inside the event horizon. Then the ground state [®,), . . which
looks like the vacuum in the far past, is a maximally entangled two-

mode squeezed state on H;, ® H,,, (Appendix B):

1

®,) = Moy @y 4.93
| >m®0ut COSh ry ;6 |n>m |n>out ( )

where {|n), } and {|n),,} are orthonormal bases (normal mode solu-
tions) for H;,, and H,,, respectively. Equation (4.93) shows that the
original vacuum state evolves to a two-mode squeezed state |®,), . .
which is also called the Unruh state, which resides on H,, ® H,,,. This
state contains a flux of outgoing particles in H,,. For the observer
outside the black hole, the unitarity is lost because he would not be
able to do any measurement in H,,, and as a result, he would be forced
to take an average over the states in H,, to obtain the density operator
in H,,. Unlike the case of a microcanonical form, the Hilbert spaces
are infinite dimensional.

4.6.4 Gravitational Collapse and the Black Hole State

Here, we show that the field inside the event horizon can also be
decomposed into the collapsing matter field, and the advanced wave
incoming from infinity has a similar form as the Hawking radiation,
thus paving a road to the final boundary condition. The Penrose diagram
of a collapsing star is shown in Figure 4.1. The region / is a fragmenta-
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tion of Figure 4.2, including the region /I (black hole). The collapsing
shell metric in two dimensions is given by

—dt* +dr*,r < R(7)

2
ds’ ={_(1_2M Vg, 91 ,r>R(1), (4.94)
r 1_%
r

with the shell radius R(t) defined by

R(Y) ={R”’ <0 (4.95)

R,—vt,t>0.
We define the advanced and retarded null coordinates as

V=t1+r-R,, U=1-r+R,,

. (4.96)

vE=t+r—R,, ut=t-r*+R,,
with R, =R, +2M In(R,/2M —1). The null coordinates are chosen such
that the shell begins to collapse at U =V =u* =v*=0. After some math-
ematical manipulations, we obtain near the shell surface,

. 3 vV
v ~4M1n(1 (1—v)(R0—2M)} (4.97)

and

o a vU
u* = 4M1n(1 (1+v)(R,,—2M)} (4.98)

We now consider the massless scalar field inside the black hole,
incoming from infinity, which is given by

dom = 2Rl o) (e™ — Al e )Y, (0,0), (4.99)
where A, is chosen such that the field vanishes at r =0. The normal

mode on H* becomes

—i4Mw»

vV
Y (6,
(1-V)(R, —2M)| 0 (4.100)

= (€™ b1 Ogim + €™ 1, O ) /(2sinh(4TM @) )2,

Oty = (21l )12 R0 |1 —
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where mQw» is a mode that vanishes for outside the shell,
V>(1-v)(R,-2M)/v and ;, 0, is the solution vanishing inside the
shell, V< (1-v)(R,—2M)/v.
The above definition of the positive frequency solution in terms of
M Goim and ;, 0, leads to the Bogoliubov transformation for the particle
creation and annihilation operators in Schwarzschild and Kruskal
spacetimes, as in the case of the exterior region of the black hole:
Ck wim = COShTyby o —sinhr,b}

in,wlm>

c}-(,o)lm = COShrmb]J(/I,mlm - Sinhrwbin,o)lm, (4101)
— . -1/2
tanhr, = e ™, coshr, = (1—e ™) ",

where c},m,m and ck ., are the creation and annihilation operators,
respectively, acting on the Kruskal vacuum in region 11, b}, ,,, and by g,
are the creation and annihilation operators for the collapsing matter
acting on the Schwarzschild vacuum, and b;,mlm and b,, .., are the cre-
ation and annihilation operators acting on the Schwarzschild vacuum
inside the event horizon. Then the stationary state |®,), .. inside the
black hole is a maximally entangled two-mode squeezed state on

Hy,®H,

— 1 —4nMon
1P0) prgin = m;e |n),, ®|n),,, (4.102)

where {|n), } and {|n),,} are orthonormal bases (normal mode solu-
tions) for H;, and H,, respectively.

4.6.4 The Final State and Hawking Boundary Conditions

In the previous section, we have shown that the internal state for a fixed
shell can be represented by the two-mode squeezed state of collapsing
matter and infalling Hawking radiation. We now apply the final bound-
ary condition at the singularity, which is given by the state [¥),,.:

MQin <\P| = M®in <(I)0 |(S ® I)

1 Tvion
“oshr D (u(n|S) @, (nl, (4.103)

where § is a random unitary transformation. The random unitary
transformation S represents that the interior of the black hole is a tur-
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bulent place, and it is difficult to distinguish the two subsystems
presumed to compose the interior of the black hole. The stationary
state |®,), .. @ maximally entangled two-mode squeezed state of
the infalling Hawking radiation and collapsing matter, derived by
the semiclassical description, corresponds to the state far from the
singularity.

As in the case of the microcanonical form, the initial matter state
|w),, € Hy, a pure state that will form the black hole, evolves into a
state in Hy ® H,, ® H,,, under HBC, which is given by

|\PO>M®in®out = |W>M ® |q)0>in®out
1 _4nMon 4.104
48| i S0l | (4109

coshr, <

The transformation from the quantum state of collapsing matter into
the state of outgoing Hawking radiation when the black hole evapo-
rates is given by the following final state projection

|q)0 >0ut = M®in <\P”\P0>M®in®out

1 —4TC n+m
= Y S|, (i), 1),
O nm

1 —onMmn
= D et (n]S|y),, 1),

- 2
cosh”r, <

(4.105)

Equation (4.105) shows that the black hole evaporation process is a
unitary process from a pure state |y),, in H, to another pure state
|&o),,, 0 H ., which looks like a quantum teleportation process without
the classical information transmitted. On the other hand, this indicates
that nonlocal physics would be required to transmit the information
outside the black hole, and inside and outside the Hilbert spaces do not
have independent existence. To continue our discussion of the nonlocal-
ity, we consider the change of HBC on the final evaporation process. If
quantum gravity is a local theory, then the final outgoing particle
state at the black hole evaporation should be independent of the HBC,
because the interior and the exterior regions of the event horizon are
causally disconnected. In the following, we show that this is not the case.
We assume the Kruskal excited state as HBC, which is given by
(Appendix B):
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|q)1 >in®out = a;(q(l)lm |q)0 >in®oul

. —4nMom
(COShr bout olm Slnhru)bin,u)lm ( shr Z ®|n>out}

! 26‘4"M“"\/n+1|n>m ®|n+1)

cosh’r,

(4.106)

out”

Then the initial matter state |y), evolves into a state in
H, ®H, ®H,, under the new HBC, which is given by

|‘P1>M®in®out = |W>M ®|q)1>in®out
_ 1 —47tan
L e e e L

n

(4.107)

and the state of outgoing Hawking radiation when the black hole
evaporates given by the final state projection is

|¢1 >out = M®in <\P||lll1 >M®in®our

2 et M(mlSl\If M in <m|| ® |n+1>

cosh2 y =

e 2 ST T )

cosh’r,

out

(4.108)

out *

We would like to calculate the inner product between |¢,) . and
|61),,, to see how they are related to the final state projection:

out <¢1 ”¢0 >out

1
= D mtesm et (yIStm) | nl Sy, (m 1)

5
cosh’r,, £~

out

1 —OTM®(Zn—
= 2\/;6 son ) (y|STn=1), , (n]S|y),, (4.109)
1 -8nMw(2n—
- M“"[coshsrw 2 e e vS n 1), M<n|sj|w>M
- M<WZW>M’




QUANTUM BLACK HOLES 201

where an operator 7 is defined by

Z Jnet™eCr gt 1y - (n]S. (4.110)

; Z 1|!>M in
Equation (4.84) is nothing but an expectation value of Z averaged
over the initial matter state, which can also be obtained by the trace
operation, which is given by

From an elementary quantum theory, the term M<\|!

i) =02
=tr cosh5 Z\/—e -1),, <n|SJ
=tr coshs Z\/—e SO D | n—1),, (n|SST] (4.111)
= e S
-0,

where we have used the fact that tr(AB)=tr(BA), and S is unitary.
Equation (4.111) shows that|¢,) . and|¢;),  are orthogonal states, and
the final state projection by the evaporation process is definitely affected
by the HBC, which clearly violates the locality principle.

We have shown that the internal stationary state of the Schwarzschild
black hole can be represented by an entangled two-mode squeezed
state of collapsing matter and infalling Hawking radiation. The final
boundary condition at the singularity is then described by the random
unitary transformation acting on the collapsing matter field. The outgo-
ing Hawking radiation is obtained by the final state projection on the
total wave function, which looks like a quantum teleportation process
without the classical information transmitted. The black hole evapora-
tion process as seen by the observer outside the black hole is now a
unitary process, but nonlocal physics is required to transmit the infor-
mation outside the black hole. It is also shown that the final state pro-
jection by the evaporation process is definitely affected by the quantum
state outside the event horizon, which clearly violates the locality
principle.
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APPENDIX A: DERIVATION OF EQUATION (4.82)

Let the quantum fields corresponding to the wave functions in Kruskal
and Schwarzschild spacetimes be denoted as

K(ﬁmlm = Ag im kKUoim + Ak wim KUoims (4.A1)

and
i = (€™ Ot + €™ 1, Dy )/ (2sinh (4nMw)) ">, (4.A2)

with

~
— T *
out¢u)lm — Yout,wlm outumlm + b(;m,wlm ()utuo)/m )

(4.A3)

*

o - T
in (bwlm - bin,(nlm inUolm + bin,w[m inUelm -

Here, us is a modal function. Quantum fields given by Equations
(4.A1) and (4.A2) should be equivalent on H~,and, as a result, we obtain

eZnMu)
ag wim = (2S]I]h (4an))1/2 bout,u)lm ( K UWolm s out Uelm )
eZﬂ:Mu) . .
" ( 2sinh(4nMOJ))”2 Do ( Kumlm,omuml’n)
e*Zan (4A4)
+ b Ui s in U
(Zsinh(4ﬂM(,0))l/2 in,wlm ( K Yolm s in“olm )
e—Zan

T &
12 bin,wlm ( K Uim s inUolm ) )

+
(2sinh (4tMw))

where (¢, ) is the Klein-Gordon inner product. Calculations of Klein—
Gordon inner products are straightforward, and after some mathemati-
cal manipulations, we obtain

eZnMu) efanu)
= N 1/2 bout,u)lm - A 1/2 biTn,w[m
(2sinh (4tM®)) (2sinh (4tMw))

= cosh7ybyus wim — sinhr,b;

in,olm>

ag olm

(4.A5)

with coshr, = (1—e*™)™/2,
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APPENDIX B: DERIVATION OF EQUATIONS (4.93)
AND (4.106)

Before we proceed, let us simplify the notation as follows:

ag wim = a, bout,mlm =b,b] = ET, Ty =T. (4B1)

s Yin,olm

Then, Equation (4.A5) becomes

a=coshrb—sinhrb", (4.B2)
From the condition a|®,), . =0, we have
(coshrb—sinhrb")|®,), o, =0, (4.B3)
or
(b=sb")|@,), 500 =0, s =tanhr. (4.B4)
Now, we assume that the Kruskal vacuum |<I>0)m®0m is related to the
Schwarzschild vacuum |0), by
(Do Yign = F (0:57)10)g (4.B5)

where F is some function to be determined later.
From [b,b']=1, we obtain

[5,(6')" ] :%(lf )" and [b,F] =%F.

Then, using Equations (4.B4) and (4.B5), we get the following differ-
ential Equation for F:

%_sm:o, (4.B6)

and the solution is given by

F <exp(sb'b"). (4.B7)
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By substituting Equation (4.B7) into Equation (4.B5), and by properly
normalizing the state vector, we get

|q)0>in®out = (1_S2)1/2zsn|n>in ®|n>out’ (4B8)

n

which agrees with Equation (4.67).
In the following, we derive Equation (4.80). From
a’ =coshrb’ —sinhrb, we have

|q)l> = aT |(I)0>in®0ut

=(coshrb' —sinhrb)(1-s’ )2 Zs" |ny, ®|n),

n

in®out

out

=(1-5*)" coshrZs”\/n+1|n>m ®|n+1)

out

n=0
—(1-52)" sinhrZs”\/an -1), ®|n)
n=1

out

=(1-5)" coshrZs”x/n+1|n>m ®|n+1)
n=0
—(1-52)" coshrZs"+2\/n+1|n>m ®|n+1)
n=1

out

=(1—s2)1/2(1—s2)coshr2s”x/n+1|n>m ®|n+1)

n=0

out

1
cosh?r

out’

Ztanh” rNn+1|n), ®|n+1)
n=0
where we have used the fact coshr=(1-s>)"2.

PROBLEMS

1. Given state vectors

1 /(1 1(2
|wl>:3[_1) and |w2>=ﬁ[1}

calculate |Ws3)=|v1)®|y,).
2. Matrix representation of CNOT gate is given by
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U CNOT =

S O O =
S O = O
- o O O
S = O O

For given computational basis

=) e =[]}

show that Ucnor (|1)®]0)) =|1)®|1) and Ucnor (|1) ®[1)) =[1) ®|0).

3. Let the purified quantum state |y®%) is given by
A %Jpj|kR>®|¢g> , where {|k")} is the orthonormal basis of
R. Then for arbitrary operator X<, which operates on Q only show
that (Y |I* ® X2|y"?)= %Pk (02]X°|0f).
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5 Modern Semiconductor
Laser Theory

Optical gain is probably one of the most important basic properties of
semiconductor lasers. A free carrier model with a phenomenological
damping is often used in an optical gain calculation for simplicity. This
model provides some useful insight to the basic properties of a semi-
conductor laser. However, we need to include a Coulomb interaction
between charged carriers for a more realistic description of the semi-
conductor laser. For example, many-body effects have been known to
be very important in gallium nitride (GaN)-based lasers. Since Coulomb
interaction processes involve more than one carrier, these effects are
often called many-body effects. Coulomb interaction includes attrac-
tive interaction between electrons and holes (interband) and repulsive
interaction between same carriers (intraband), and is the dominant
contributor to optical damping. The optical gain and the refractive
index spectra are significantly affected by these Coulomb interactions.
That is, the spectral position of the optical gain and the refractive index
spectra are shifted through bandgap renormalization, and their shapes
are modified through Coulomb correlation effects.

We need quantum mechanical many-body techniques to analyze
these Coulomb interaction processes. The equations of motion derived
from the many-body Hamiltonian couple expectation values of prod-
ucts of two particle operators to those of the product of four particle
operators, which, in turn, are coupled to six operator expectation values,
and so on. This results in an infinite hierarchy of coupled differential
equations involving expectation values of products of higher numbers
of field operators. Thus, we need to use truncation procedures to deal
with this problem in reality. For example, the Hartree—Fock equation
can be obtained by factorizing higher-order expectation values into
products of expectation values of products of two particle operators.
Improvements on Hartree—Fock equations are obtained by delaying the
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factorization procedure to the next level of the hierarchy. Contributions
beyond the Hartree—Fock approximation are often called collision or
correlation contributions.

In the Hartree-Fock equations without collision contributions,
important many-body effects such as bandgap renormalization and
interband Coulomb enhancement appear. However, collision contribu-
tions give rise to carrier and polarization relaxation, as well as plasma
screening. The effects of plasma screening are included phenomeno-
logically by replacing the bare Coulomb potential V, with the screened
Coulomb potential V,,. We can obtain the semiconductor Bloch equa-
tions in the screened Hartree—Fock approximation. Then, bandgap
renormalization contains contributions from the Coulomb-hole (CH)
self-energy, and from the screened-exchange (SX) shift in the screened
Hartree—Fock approximation.

The collision contribution (e.g., dp/dt ., or dn/dt|.,;) describes polar-
ization decay (dephasing), and can be written as dp/dt|., = —yp in the
simplest approximation. Then, using the rate equation approximation
that the electric field intensity and the total carrier density vary little
in the dipole lifetime 1/y, we obtain the expression for an optical gain
with the Lorentzian line shape function. However, this model, which
uses a Lorentzian line shape function with a constant intraband relax-
ation time, is insufficient in explaining the gain spectra of high-quality
samples accurately. In particular, an anomalous absorption region
below the bandgap and discrepancies between the transparency points
and the Fermi-level separation appear in the gain spectra when a
Lorentzian line shape is used. To overcome these problems, an optical
gain model with many-body effects has been presented in the Markovian
(Lorentzian) limit, where the carrier—carrier scattering is considered
to obtain the line shape function. Another approach is to replace the
Lorentzian line shape function with a sharper spectral function, that is,
with a non-Markovian (Gaussian) line shape.

The effect of the Lorentzian line shape function with k-dependent
intraband relaxation time is similar to that of the Gaussian line shape
function in a sense that the inclusion of carrier—carrier scattering in
the intraband relaxation time gives a steeper low energy tail than the
Lorentzian line shape with a constant intraband relaxation time. The
Gaussian line shape function is connected with memory effects in
the system-reservoir interaction, while the Lorentzian line shape cor-
responds to instantaneous reaction to an external perturbation.

In this chapter, we derive the optical gain model with a non-
Markovian (Gaussian) line shape. The optical gain and the line shape
function under an external optical field are derived from time-



DENSITY OPERATOR DESCRIPTION OF OPTICAL INTERACTIONS 209

convolutionless (TCL) quantum kinetic equations for electron-hole
pairs near the band edge. These equations are the generalization of the
semiconductor Bloch equations by incorporating the non-Markovian
relaxation and the renormalization of the memory effects through the
interference between the external driving field and the stochastic res-
ervoir. Many-body effects such as band-gap renormalization and exci-
tonic enhancement are included by taking into account the Coulomb
interaction in the Hartree-Fock approximation. Next, we outline the
numerical method to calculate the valence band structure using
Hamiltonian derived in Chapter 3. In addition, some results for nano-
structures such as a quantum well (QW), a quantum wire (QWR), and
a quantum box are discussed.

5.1 DENSITY OPERATOR DESCRIPTION
OF OPTICAL INTERACTIONS

In this section, we derive an equation of motion for a density operator
of optical interactions. The eigenstates {a,)} of A (Ala;)=a;|a;)) form
a complete orthogonal basis for the Hilbert space of the states of the
system, so an arbitrary state | ) can be represented as a linear combina-
tion of elements of the basis

lw(©) = cila,), (5.1)
where a, are arbitrary complex numbers. For such a case, the expecta-
tion value is given by the sum of a product between a measurement of
the observable and its probability. In essence, we are averaging over a
very large (or even “infinite”) number of measurements, each per-
formed on a system whose state is precisely specified by |y). This large
number of identically prepared systems is referred to as a pure ensem-
ble. That is to say, the system can be expressed by only one state |y).
On the other hand, there is the case where an ensemble is composed
of distinct, precisely defined states |y, ), with the probability W, of occur-
rence of the state s during measurement. This kind of ensemble is often
referred to as a mixed ensemble. The ensemble average on the outcome
of a measurement of the observable A on a mixed ensemble is

(A)= 3 W, (vl Alw,). (5.2)

Now we take a closer look at how the ensemble average is calculated
in Equation (5.2). These states {|\y,)} may not be orthogonal, and their
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number may exceed the dimensionality of the system’s Hilbert space—
the only requirement is that they are distinct. First, we pick an arbitrary
orthonormal basis |y) for the system’s Hilbert space, and then we can
write the ensemble average for a physical observable A as

ZW vilAly,)
_ZWZZ v ) (WAl (W v, ) (53)

:ZZ[ZM|\|f>VVs<w’|ws>)<w|A|w’>.

Note that the expression in brackets in Equation (5.3) is just a matrix
element of some operator in the |y) basis. In fact, this operator can be
written as

p=Y v, > W, <.l (5.4)

This operator p is called the density operator. Carefully examining the
expression in Equation (5.4), we can rewrite it as

(A)= 3" (Wlplw)(wl Al = Tr(pA). (5.5)

We consider the time evolution of the density operator. First, recall
that in the Schrodinger picture, the states depend on time, and their
evolution is given by the Schrodinger equation:

o= SO OD=( L) Jw O+ @y vl ). 56

Since

ilw(z»:.lmw(r»
(5.7)

w( )= ——H (v(@)l,

%p:.1<H|w<r>><w<z>|—|w<z>><w<r>|H)=.1<Hp—pH>. (59)
ih ih
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Therefore,
’ P ,PJ- .

The equation is the quantum analogue of Liouville’s theorem in
statistical mechanics. Liouville’s theorem describes the evolution in
time of an ensemble of identical classical systems.

5.2 THE TIME-CONVOLUTIONLESS EQUATION

In this section, we derive TCL quantum kinetic equations for electron—
hole pairs near the band edge [2]. These equations are the generaliza-
tion of the semiconductor Bloch equations. The optical gain and the
line shape function of the QW under an external optical field are
derived from TCL quantum kinetic equations. In this section, we use a
unit where 7i=1.

5.21 Time-Convolutionless Equation for a Reduced Density
Operator of an Arbitrary Driven System

The Hamiltonian of the total system is assumed to be

Hy(t)= Hy(t)+ H(t)+ H.,,, (1)
= H(t)+ H...(t) (5.10)
= H(t)+ H;(1),

where H,(¢) is the Hamiltonian of the system, H,,,(¢) is the the interac-
tion of the system with the external driving field, and H;(¢) is the the
Hamiltonian for the interaction of the system with its stochastic reser-
voir. The equation of motion for the density operator p;(¢) of the total
system is given by the stochastic Liouville equation

RO — —i111,,p, ) (11

=—iLr ()pr (1), (5.12)
where Lr(t)=Lo(t)+ L;(t)+ L. (t) = L(t)+ L. ()= Lg(t)+ L;(¢) is the

Liouville super operator in one-to-one correspondence with the
Hamiltonian. It is convenient to introduce the projection operators,
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which decompose the total system by eliminating the dynamical vari-
ables of the stochastic reservoir. We define time-independent projec-
tion operators P and Q as

PX = py(R)(X), and Q=1-P (5.13)

for any dynamical variable X. Here p,(R) is the initial distribution
function of the random variable R, and {...... ), is the average over the
stochastic process H,(t). Projection operators P and Q satisfy the oper-
ator identity P> = P, Q> =Q, and PQ = QP =0. The information of the
system is then contained in the reduced density operator r(¢), which is
defined by

(1) ={Lpr(1));- (5.14)

In order to derive the TCL equation, we first multiply Equation
(5.10) by P and Q to obtain coupled equations for Ppr(t) and Qps(¢):

& Por(0)=—iPLi(OPp (0 -iPL(OQPr (), (5:15)
and
%gpm)=—iQLT(onT(r)—igu(r)gom), (5.16)

where we used the identity P+Q =1.

We assume that the external driving field is turned on at ¢ =0, and
the total system was in an arbitrary initial condition p;(¢). It can be
shown that the formal solution of Equation (5.16) is given by

Opr () =—i deH(tQL (%) Ppr (1) + H(0)Qpr (0).  (S:17)

where the projected propagator H(t,t) of the total system is
defined as

H(1,7)= Zexp{—ij: dsQL; (s)g}. (5.18)

Here, T denotes the time-ordering operator. Next, we transform the
memory kernel in Equation (5.17) into the TCL form by substituting
the formal solution of Equation (5.12)
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pr(1)=G(1,)pr (1) (5.19)

into Equation (5.17).
Here, the evolution operator G(t,7) of the total system is given by

G(t1) =T exp{ij: dsLy (s)}, (5.20)

where T° is the antitime-ordering operator. Evolution operators G(z,7)
and H(t,7) satisfy the following relations:

G(L0)G(s.1) = G(5.7) (5.21)
and
H(t 0 H(t,s) = H(1.5). (5.22)
From Equations (5.17) and (5.19), we obtain
0pr(1)={8(1) - 1)Pp, (1) + 6(DH(1.0)Qpr (0. (5:23)
where 0(1)"" = g(¢). Thus,
Opr(1)=1+i dtH(L9)QL ()P G(1,%). (5.24)

The TCL equation of motion for Pp;(¢) can be obtained from
Equations (5.15) and (5.23) as

< Ppr (1) ==iPLr () Ppr (0~ iPLr (010~ 11 (1)
~iPLr (OO H(10)Qp: (0

(5.25)

It is now straightforward to obtain the TCL equation of motion for
a reduced density operator p(¢). By taking an average of Equation
(5.25) over the stochastic process H,;(t), we get

d .
=, PO =~i(Ls(0)+(Li(1))p() + C(0)p(2), (5.26)
where the generalized collision operator C(¢) is defined by

C(r)=—i{L:(O{6(1) - 1}), =—i(LOZOL-Z()} ),  (527)
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in which
(t)y=1-06(t)"
t
==i[ dtH(L QL (D)PG(Y) (5.28)

==i[ U OS(OU (DL (DPUDREDU™ (1),

Here, we define

U(r) = zexp{—iﬂ dsLs (s)}, (5.29)
S0 =Texp-i] dsQu ' LU (510}, (530)

and
Re)=1" expli[ dsU LU, (5.31)

where U(?) is the evolution operator of the system with driving field,
and R(z,7) and S(z,7) are the evolution operator and the projected
propagator of the total system in the interaction picture, respectively.
In Equation (5.26), we assumed that the initial condition p;(0) is
given by

pr(0)=p(0)po(R), (5.32)

which means that the system and the reservoir were uncoupled before
the external driving field was turned on, and that the system was in an
arbitrary state p(0) at t=0. Then, it is obvious that Qp;(0)=0.

We now consider the case where the system is interacting weakly
with the stochastic reservoir and expand Equation (5.26) up to the
second order in powers of the stochastic Hamiltonian H,(¢). We assume
that the random force vanishes on the average over the stochastic
process, that is,

PL,(t)P =0. (5.33)
We further assume that the stochastic process is stationary.

The equation of motion for p(z) up to the second order expansion in
H;(t) becomes
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() =L (Op(0) + CP Dp(1) (5:34)
where
CO(1)==i(L(NZ" (1)),
, L (5.35)
=] ¢ (LuEDLEU ),
with
= (f) = —ijot AU (t,7) L (DU~ (,7) (5.36)
and
Ut =U®u " (v). (5.37)

We transform C®(¢) to more suitable form for the perturbation
expansions with respect to H,,,(¢):

CO(t)=- j At (LU (DU, (£, DU, (D) Li(OU (DU, (£, 00U (1))

i

(5.38)
We can expand C®(¢) in powers of the driving field as
CA(1)=).CR(), (5.39)
m=0

where C{? (1) is the mth order term given by

n t t T Th-1 t Tm-1
() — _ _1\k(5ym-k
CO (1) kzo( 0 J'OdtJ.TdrlJ.T dﬂ:z...L dtdetkH...J.T dr,,
X{Li ()@ (,T1,- ., Ths T Li ()@ (£, Ths s w0 T T) s (5.40)
with

Dy(t,1)=U,(t—1),
D (1,71, ., T, T) = U (1= T1) Low (T1)U o (T4 = T2) Lo (T2) (5.41)
XUy(t2 =73)...U o (Tiot = T ) Lewt (T )U o (T — 7),
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\PO(I’T)ZQO(T_[)’ (5.42)
and

Yy (t,Tl,- . -,Tk,’c) = l_]o ([ — Tk )Lext (Tk )l_]o (Tk - Tk-l)Lext(Tk—1)

Uy(Thz = Th-3)--- U (T2 = T1 ) Lew (T)U o (T1 — ). (:43)
The TCL equation of motion for a reduced density operator given
in Equation (5.34) with Equations (5.39)—(5.43) can be used in any time
scale such as the femtosecond regime, and is valid up to the second
order in powers in the interaction between the system and the stochas-
tic reservoir. In the next subsection, a TCL equation for a reduced
density operator is used to obtain quantum kinetic equations for the
system of interacting electron-hole pairs near the band edge in semi-
conductors under an arbitrary optical field.

5.2.2 Time-Convolutionless Quantum Kinetic Equations for
Interacting Electron—Hole Pairs in Semiconductors

Here, we apply the TCL equation (5.34) to the system of interacting
electron-hole pairs in semiconductors with an external driving field.
We assume that the system is weakly interacting with its stochastic
reservoir. Many-body effects such as bandgap renormalization and
phase space filling are included by taking into account the Coulomb
interaction in the Hartree-Fock approximation. The stochastic
Hamiltonian H,(t) may include electron—electron interaction and
electron-LO phonon interaction for both conduction and valence elec-
trons. We will not specify the explicit forms of H; here. Instead, we
obtain the intraband relaxation and the dephasing as correlation func-
tions of H,(?).

We employ the two-band model for the semiconductor, and intro-
duce two short-handed notations |ck) and |vk) such that

|ck)=|c,k)and|vk)=|v,k) (5.44)

where ¢ and v denote conduction and valence bands, respectively, and
k is the electron wave vector. In the following, we suppress the vector
notation for simplicity.

In the time-dependent Hartree-Fock approximation, the unper-
turbed Hamiltonian H,(?) is given by

(ok| Ho (1)|Bk) = EG(k)3og = DV (k=K')(ak/[p(D]BK"),  (5.45)
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where o,3 = c or vand V(k — k) is the Coulomb interaction. The interac-
tion of the system with an external driving field gives the interaction
Hamiltonian H,,, which is given by

H,(t)=-ME, (1), (5.46)
where M is the dipole operator, and E,, is the electric field strength of

the optical radiation. The equation of motion for the reduced density
operator becomes

(1) =~i(Lo(0) + L () + CP (0p() + D, (5:47)
where
CPOp(0) == dt(LOU.LG-U; (@),p0, (549)
and
Dy =CP (OU,(0p(0). (549)

C®(t) is responsible for the intracollisional field effects, and can be
derived from Equation (5.40):

O =i de[ ds{L (O (1= 5) Lo (DU (s =D)L (DU, (1)
- <Li(t)Q0 (t - T)Li (T)Qo (T - S)Lext (S)Qo (S - t)>i}-

" (5.50)

It can be shown that D{® contains information on the effects of
the interference of the external driving field with the stochastic
reservoir of the system, and is the renormalization of the memory
effects.

Nonequilibrium distributions n. (¢) and n,,(¢) for electrons in the
conduction and valence bands and the nondiagonal interband matrix
element p;(¢), which describes the interband polarization induced by
the optical field, are the matrix elements of the reduced density opera-
tor, and are given by

N (1) = Pecr (1)
=(ck|p(n)|ck),

Ny (t) = Povk (t)
= (vklp(D)lvk),

(5.51)

(5.52)
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and
Pi(t) = puac (2)
= (vklp()| ck).
Next, we calculate the matrix elements of the collision term C{” (£)p(t).
(ck|CP(1)p(1)|ck), (v |CE (1)p(t)|vk), and (vk|CP (1)p(1)|ck) to obtain

the non-Markovian intraband relaxation and dephasing. After some
mathematical manipulations, we obtain:

(5.53)

(ck|CP ()p(1)|ck )= Jdr ((ck| LU, (D Li (1 =0T (R)p(0)| k).

= de({ek [ HL () [0, (D H (=2 p 0 k),
=2 drRel({ck [ H()Un(H, (1~ D)) ck)))
{1 (1)~ (P e (1)),
(5.54)
(vk|CE p]vky=—[ dx{{vk| LU (DL~ DU @p(0)] k),
= de((vkILH, (0, [0 () H (e~ 7). p() IR,
=2 drRel((vKI[H, () (U, (D H, (- D)IVEN),)

(e () = (P )i (1)}
(5.55)

and

(vk|C§ (t)p(t)|ck) = jdr ({(vk|Li(t)U (1) Li(t — T)Ufl(r)p(t)|ck>>
= || ATk HL LU () (=0, p(0) T k),
= dxl((v| (U H, (- DIk,

+({ck|U (D H(t = 1) H i (1)] ck)); } pe ()

(5.56)
where p}’ (t) = U, (t)p(0). Equation (5.56) is the non-Markovian optical
dephasing, which is the temporal decay of the interband polarization
due to scattering processes.

Similarly,
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(ck|=i(Lo (1) + Lew (0)p(1)|ck)

:_ym{[u(k)Epw2v<k—k'>pkr<z>}pz<z)}, 537
(VLo (1) + L ()P VH)
. (5.58)
=21m{[u<k)Ep<z>+2v<k—k')pkm}pk(r)},
and
(VKI(La(0)+ Lo 0)p(O)lek) = 1. (6) - E, (0)]pi
(5.59)

+{u(k)Ep<r)+ZVUc—k')pk'(n}[mk(r)—nvk (o).

where w(k)={(ck|M|ck), E.(k), and E, (k) are renormalized single par-
ticle energies given by

E(k)=E2(k)= DV (k=K )t (5.60)

and

E,(k)=E}(k)= > V(k—K)niy. (5.61)

In Equations (5.54)—(5.58), Re and Im denote the real and the imagi-
nary part of complex variable, respectively. The last term D® of
Equation (5.47) is the interference of the driving field with the sur-
roundings, and is given by

D (t)=CP (1)py" (1)
= zJ()t dtjoT ds{(Li:(t)U,(t = ©) Lo (U o (1 — ) L; (s)U, (5)p(0)),
— (LU (t = ) Li()U o (s = ) Lewt (DU, (1)p(0)),}

=] e s O [ 5) e 9). (W (L =)o 1),
(5.62)

where we have made use of the transformation of integral variables
and the commutation relation between the operators A, B, and C

[A,[B,C]]-[B,[A,C]]=[[A,B],C]. (5.63)
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It can be shown that the interference effects on the intraband colli-
sions vanish to the first order if <Vk|pf)0)(t)|ck> vanishes. In other word,
we assume that

(ck|DP (1)|ck) = (vk|DP ()| vk) =0. (5.64)

In the following, we include the effects of the interference between
the stochastic reservoir and the external optical field only in the inter-
band kinetics. It is involved but straightforward to evaluate the matrix
element of D\, The result is

(vk|DP (1)|ck)

- zJ'O drj: dsexp{~il E, (k) - E.(k)](t - 1)}

{{(vE[[H: () (U (2 = ) Hi(5))|vK)),

+((ck U (1 = s)H () Hi ()| ck ) I (k) E, ({06 Yeer (1) = (5 )uwe (1)}
=i 0 drj: dsexp{—i[ E, (k) - E.(k)]s)

{(vk[[H () Uy (0) Hi(t = 1))|vk)),

+{{ck|[(Uy (D) H (¢t = 1)) Hi(1)|ck)), w (K)E,, (£~ 5)

{(PY)eck (1) = (P (1)),
(5.65)

where we have made use of the transformation of integral variables
and dropped the Coulomb exchange term between electrons in the
conduction and the valence bands. Using Equations (5.51)—(5.65), we
finally obtain TCL quantum kinetic equations for ng (¢), n,(t), and
pi():

%nck (t)=—2Im {[u(k)Ep(t) + ; V(k-k")py (z)} i (z)}

t (5.66)
=2 dwRe(((ckI[HA())Uy () H:(t= D) ck)),
{nck (t) - (pg)) )L'ck (t)}’
%nvk (1) = ZIm{[u(k)Ep(t) + ;V(k —k) pk»(t):| i (I)}
(5.67)

=2 drRel((ck [ HL()U (D Hi (1= D)) k)
(14 (0) = () (),
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and

%pi () =i E.(k) = E,(k)|pc(t) +i [u*(k)Ep (1) + ; V(k-k")pi (1)
(1 (2) = 1 (0)]

- [ anl kL, (O (D Hi (-0l vio) )
+({ck [U (D H (= D) Hi(0)]ck)),}pic (1) (5.68)

; zjo arf OT dsexpl—i[E.(k) - E,(k)]s)

(k[ H (DU (DH, (1= 1)) vK)), )
+((ck|[(Uq (D) Hi (2 = 1) Hi(1)|ck)),}-

The last term of Equation (5.68) modulates the interband polariza-
tion due to the interference of the driving optical field and the stochas-
tic reservoir of the system, and gives the renormalized memory effects.
TCL equations give the non-Markovian relaxation (both intraband
relaxation and dephasing) and the renormalized memory effects
through the modulation of the interband polarization. Moreover, TCL
equations are in a form convenient for perturbation expansions in
powers of the stochastic Hamiltonian H; and the interaction with the
driving field H,,,, and are valid to a very short time scale.

It can be shown that quantum kinetic equations are reduced to the
conventional density matrix equations in the Markovian limit. In order
to analyze the collision term C{? (r)p(¢) and the interference term D (r)
in the Markovian limit, we put

1
27,

{(ak|[H; (1) (Uo (D) H (1 = 1))| k), = 5—38(|tl). (5.69)

Then, the intraband relaxation and the dephasing terms become

(ek|CE Op(D)|ck) =~ —— (10 () - (G ) (5.70)

T.(k)
<vk|Cé”<t>p<t)lvk>=—ﬁ{nvk(o—(pam)m(z)}, (5.71)
and
(VK |C (Op(D]ck) = ~——pi (o), (5.72)

T (k)
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with

1 1 1 1
Toe (k) B E{Q(k) " Tc(k)}. (5.73)

Inthe Markovian approximation, the interference term (vk |sz) (t)| ck>

vanishes because, in the integration over ds, the upper limit 7 is zero,
and the resulting integral in Equation (5.65) becomes zero because of
Equation (5.69). Intraband relaxation Equations (5.70) and (5.71), and
dephasing Equation (5.72), characterized by the dephasing time
Equation (5.73), agree well with the conventional density matrix theory
with Markovian relaxation. As a result, the memory effects vanish in
the Markovian limit because there is no correlation between the sto-
chastic process H,(t—1) and H,(¢).

Physically, ((ok|[ H;(¢)(U,(t)H;(t —T))|0k)), represents the averaged
probability amplitude of finding a particle in the state |ok) after
being scattered at t by H,(tf) when it is initially in the state |ok),
gets scattered at 1—1 by H;(t—1), and goes as a free particle for the
time interval . The Markovian approximation assumes that each inter-
action with the reservoir randomizes the previous information
contained in the wave function, and treats scattering processes
H;(t—7) and H,(¢) as independent stochastic processes. In the non-
Markovian theory, the memory effects extend over the time interval
T, the correlation time of the stochastic processes. For example, if we
assume the simplest form of the non-Markovian correlation function
(oK [LH () (U, () Hi (1~ ) otk)), as

ek, O e~ Dok, = sesp| -1 | 570

the intraband relaxation and the dephasing terms are reduced to the
results of the Markovian approximation when ¢ = «, while the interfer-
ence term retains infinitesimal phase shift in the interband polarization
as a result of the renormalized memory effects.

In the derivation of ordinary semiconductor Bloch equations,
all the kinetic effects of D((r) are completely neglected, and the
Markovian approximation in the narrowing limit t, >>7. in the
collision operator C{” (¢)p(¢) is used. Here, 1, denotes the macroscopic
relaxation time of the system. In this way, we get the familiar semicon-
ductor Bloch equations, which describe the particles as free particles in
between collisions or interactions with photons. The more general
Equations (5.66)—(5.68) include the effects of the non-Markovian
relaxation on the motion of particles between collisions. Interband
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kinetic equations incorporate additional interference effects between
the system-reservoir interaction and the external driving field. When
the system is fairly dense, the particle never gets away from the other
particles in the system, and we cannot really think of the particles as
being “in between collisions.” Quantum mechanically, the wave func-
tions of the particles are smeared out so that there is always some
overlap of wave functions, and, as a result, the particle retains some
memory of the collisions it has experienced through its correlation with
other particles in the system. These memory effects are the character-
istics of the quantum kinetic equations. Equations (5.66) and (5.67) can
be used to describe the quantum transport phenomena, and are the
generalization of the Boltzmann equations. Equation (5.68) is the
quantum kinetic equation for the interband process, and is valid and
useful in any time scale. The TCL nature of these equations will
reduce the computation time required for the self-consistent numerical
solution of the equations.

5.3 THE THEORY OF NON-MARKOVIAN OPTICAL
GAIN IN SEMICONDUCTOR LASERS

In this section, the non-Markovian optical gain of a semiconductor laser
is derived from TCL quantum kinetic equations for electron-hole
pairs, including the many-body effects. Plasma screening and excitonic
effects are taken into account using an effective Hamiltonian in the
time-dependent Hartree—Fock approximation. In order to calculate
the optical gain, the equation of motion for the interband pair ampli-
tude is integrated directly. Quantum kinetic equations containing
unscreened Coulomb potential are shown to be inadequate for high-
density systems near a quasi-equilibrium state in the high-density limit.
In this case, it is important to include the effect of plasma screening of
the Coulomb interaction between the charged particles. The screening
can be described in a self-consistent way by replacing the unscreened
potential V' (k) by a screened one, V; (k) which has a reduced interaction
strength at the long-distance and single-particle energies E.(k),
E, (k) by Ei(k), E; (k). The replacement must be done in the original
Hamiltonian for the system H,. In the following, we include the
screening in the kinetic equations by replacing V' (k) by V,(k), and
E.(k), E,(k) by E:(k), E (k). Here, EX (k)= E. (k)= X Vi (k —k")n%,
and  EX(k)=EX(k)+X,[Vi(q)-V(q)]-Zx Vi(k—k')ny,,  where
2,[Vi(@)—V(q)]is the Coulomb-hole part of the single-particle energy
renormalization, which is the change of electrostatic energy (or self-
energy) due to the presence of the electron—hole plasma.
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Now, we derive the optical gain and the line shape function from
the TCL quantum kinetic equations. We simplify the theory by
considering the case of quasi-equilibrium and steady-state interband
polarization only. Nonlinear effects caused by population modula-
tion such as spectral hole burning are ignored here. We consider the
system of interacting electron—hole pairs in semiconductors in the pres-
ence of coherent monochromatic radiation. The optical field E,(¢) is
given by

E,(t)=E, e + E,e"". (5.75)

In the rotating wave approximation, we rewrite the interband pair
amplitude p;(¢) as

pie(t)=e"" pi (1), (5.76)

for electron—hole pairs in the band edge semiconductors driven by
the coherent light field. Linearizing the equation of motion by
assuming the electron-hole pairs are initially in quasi-equilibrium,
we get:

J . . .
gpk(f) =iApr (1)

+ {HZE; + 2 Vi(k - k’)pZ’(t):|[n?k — ]
=

- [ del{grk I H (W (D H (- D)),

+ (k[ (D H, (= DD HL O]k )} }pi (1)

+i 0 drj: dsexpl—i[ E* (k) — E* (k)]s)

((VkILH (U (D (- D)IK),

+ (K [(U (D) H(e =) HA O]k ) I (K)E, (1= ) [ = e,
(5.77)

where A, = E¥ (k) — Ei* (k) — o,and n{, and n), are the quasi-equilibrium
distribution of electrons in the conduction band and the valence band,
respectively. To derive Equation (5.77), we assumed that the interband
pair amplitude follows the temporal variation of the polarization and
the field amplitude adiabatically, and suppressed the dynamics of the
particle distributions (or assumed the particle distribution is deter-
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mined mostly by injection) by replacing ny (t) — no (t). We also ignore
the nonlinear effects due to the population beating caused by a reso-
nant four-wave mixing.

We introduce functions g,(¢) and g,(¢,Ak) as

61(0) = [ de((vk [ HL(OU, (), (= ) vi)),
R (GROVAGENAG N

(5.78)

and

) J‘(:dfjot dsexplidesY((vk [[H,; (t)(U,(v)H, (t — 1))| vk )),
+ ((ck|[(Uy(t)H;(t — 7)) H,(1)|ck)),.

(5.79)

Integrating Equation (5.77) directly using the integrating factor, we
obtain

i =i drexp| [ ar-ine s 5,0

o ) (5.80)
X Wi Ep {1+ g2(T A} + Y Vi(k = k) pie (D)) [l =ik ]

Equation (5.80) is the generalized form of the optical dipole
with phase damping. Mathematical manipulations can be simplified
considerably by taking the Laplace transformation of Equation
(5.80). In Equations (5.78)—(5.80), g:(¢) is the optical dephasing,
which is the temporal decay of the interband polarization. Usually,
dephasing is studied using the semiconductor Bloch equations by
replacing dynamical self-energies with phenomenological relaxation
times neglecting memory effects and the kinetic equations for the
nonequilibrium Green’s functions. The latter approach shows that it
is time dependent, and non-Markovian dephasing processes are
expected to be a source for nonexponential decay. Experimental
results indicated that the decay dynamics show strongly nonexponen-
tial behavior. It is suggested that the dynamics of both polarization
and population are mainly determined by frequency fluctuations,
and not by scattering processes or by recombination. The physical
nature of the dephasing is due to the interactions of the interband
polarization, or the excited system with its surroundings. These interac-
tions cause the fluctuation of the transition frequency within a certain
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spectral distribution and the homogeneous dephasing, spectral migra-
tion of the excited state population or phase, and the decay of the
excited state population are suggested to contribute to the optical

dephasing.
We define the following Laplace transformations:
Wi (s)=Lip, (1)}, (5.81)
=(5,A) = L{ [ 0 de’(iAy — gl(t’))}, (5.82)
and
Gy (s,Ar) = L{g,(t,Ar)}, (5.83)

where L{f(¢#)} denotes the Laplace transformation of f(z). We
obtain

W, (5) =¥ (5)0 (5), (5.84)
where
PO = A OE, |1+ a8 [t -], (589
and
Quls)=1+ - ];vs(k—k'ws:%)(s)gk»(s). (5.86)

In the simplest Padé approximation, the vertex function Qy(s) can
be approximated by
1

Oc(s)= m,

(5.87)

where

s
W (k)E,(1+sGy(s,A;))

D Vilk=kV¥O(s). (588)

Kk’

Gk (s)=

The vertex function can be obtained exactly by a simple manipula-
tion. First, we make a summation of both sides of Equation (5.86)
over k
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Y 0u(s)=D 0u(s)
- -

_2 Zuk(k)E 1+sG2(s AD]

Vi(k = k)Y (5)Qk (5)

Vi(k' = k)Y (5)Qk (5).

‘2 zuk(k E, [1+st(s Ap)]
(5.89)

or

;[1_;u*(k')E;<1+sGZ<s,Akf>V“(k _k)‘”‘)“)}Q"(”‘;L
(5.90)

In Equation (5.90), the range of k is restricted to the first Brillouin
zone. Then, the definition of O, (s) is obvious and given by

§ ’ 0
0= e A 2 V,(k = k")¥ ()0 (s)
_ 1
- 1-qi(s)’ (5.91)

where

Vo(k' = k)Y (5)

N
qi(s)= ; W (k) E,(1+5Gs(s,A))
e Vi(k'~k)
= S‘Pi)(s); W (k)E,(1+5Gy(s,Ar))

(5.92)

Note that the expression for g (s) is exact, and is different from
qix(s) given in Equation (5.88), which is the first-order term in
the Padé approximation. The vertex function based on the TCL
reduced-density operator formalism is equivalent to the one derived
from the solution of the Bethe—Salpeter equation obtained from the
many-body Green’s function approach, because Green’s functions
can be interpreted as the matrix elements of the reduced-density
operator.

The factor O, (s) describes the excitonic enhancement of interband
polarization. The steady state interband pair amplitude is determined
by
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Bk (e0) = lim,_osWy (5)
s (s)
1= (s) (5.93)

; ~(0 ()A(ki “(K)EL[1+ g2 (o0, A)][ 1k — ik ],

=lim,_s

with

0 Vi(k'—k
qk(O)—th‘I’( )(S)Z W (K)E, (1+sG2)(S Aw))

=iZ(0, A0 )W (k) E; (1+ g5 (o0, A ) [ — %] (5.94)

Vi(k'—k)
% ; W (k)E,(1+5G,(s,Ar))

The interband polarization P and the susceptibility X can be
expressed through the dipole operator and the interband pair
amplitude as

P =T, (<)) (5.95)

or

f_(o—jf))m(k)l [1+ g2 (0, A [k ni’k]}. (5.96)

The optical gain g(m) is

gox(w) = Tr{i

wHe Imeyy (o)

g(w)=

r

_ope 1 . E(0,A5) -
= " VTRe{l— k(o)“l(k” [1+ g2 (o0, A)] [k — vk]}
_ouc 1 1 re {u(k) " [1+ g2 (oo, Ap)] [ — 1y ]
n, vV (1= Req,(0))* + (Imgq, (0)*)
X (ReZ(0,A,) +ilm=(0,A,))(1— Req, (0)+ilmgq, (0))}
. Wuc lTr{“(k) ? [1+ Reg (o0, Ap) ][k — k]
n V (1- Req,(0))* + (Imq, (0)?)
X (ReE(0,A;)(1- Req,(0)) — Im=Z(0,A, ) Imq, (0))},

(5.97)
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where

Reqy (0) =~ImZ(0, 00w (k) [ns —nts 1S LE =K 5 gg)

= Wk’
and

Imqy (0) = ReE(0,A ) (k)[ng — n?k]z % (5.99)

Here, u is the permeability, n, is the refractive index, ¢ is the speed
of light in free space, V is the volume, 7r denotes the trace, and g, is
the permittivity of free space. y(w) is the Fourier component of x(¢)
with ¢ dependence. In Equation (5.97), Re Z(0,A;) is the line shape
function that describes the spectral shape of the optical gain in a driven
semiconductor. It will be shown that the line shape function becomes
Gaussian for the simplest non-Markovian relaxation, and Lorentzian
for Markovian relaxation, later in this section. The denominator
[1-Req;(0)] describes the gain enhancement due to the excitonic
effects caused by the attractive Coulomb interaction. The excitonic
enhancement can be neglected at room temperature for carrier
densities above the Mott density, but one needs to keep the density
dependent bandgap renormalization. On the other hand, excitonic
enhancement has a noticeable contribution if the carrier density
approaches the Mott density.

The factor (1+ Reg,(e,A;)) in Equation (5.97) describes the gain (or
line shape) enhancement due to the interaction between the optical
field and the stochastic reservoir of the system. This enhancement of
gain is due to the absence of a strict energy conservation in the non-
Markovian quantum kinetics. It can be shown that Reg, (e, A, ) vanishes
in the Markovian limit. We now turn our attention to the study of line
shape function and its enhancement for the cases of Markovian and
non-Markovian relaxations.

5.3.1 The Markovian Limit

In order to analyze the collision term and the interference term in the
Markovian limit, we put

1
21, (k)

{(ok [Hi()(Uo(D)Hi(t = 1)) 0k)), = (). (5.100)
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In the Markovian limit, the interference term g, (¢,A, ) vanishes. The
calculation of the line shape function is straightforward, and is given
by

= Yoo (k)
ReZ(0,A ) = ——22 .
eE(0,Ax) A+ (0) (5.101)

which is Lorentzian used in most calculations. Here,

1| 1 1
ve k)= cv k)=— + . 5.102
10103 ) 1)
5.3.2 Simple Non-Markovian Relaxation

We assume the simplest form of the non-Markovian correlation func-

tion ((ok|[H: (1) (U, (v) H (t )| ok)), as

1 ITI}
2rcra(k)exP{ ] (5-103)

where T, is the correlation time for the intraband relaxation.
We obtain

((ok [ H; () (U, (1) H (2 = T))| otk )), =

E‘(Oa Ak ) = J.: dtexp[iAkt ~Yev (k)(t + Tcexp[_t/rc] =T )]
= TcIO (_iAcha Yev (k)Tc )’

(5.104)

where
I,(A,B)= J.: dtexp[—At— B(t+exp(—t)—1)]. (5.105)

In general, /,(A, B) is evaluated by the continued fraction represen-
tation. If we expand the argument of the exponential function in
Equation (5.105) up to the second order in ¢ (weak modulation limit),
we get the Gaussian line shape function:

T.T T.A7
ReZ(0,A,) = < ——= . 5.106
EO0A) =5 W exp( 27 (k)) (5.106)

When 1. =0 (strong modulation limit), Equation (5.104) yields the
Markovian line shape given by Equations (5.101) and (5.102).
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The line shape enhancement (or gain enhancement) due to the
interference between the driving field and the stochastic reservoir is
given by

cv k TC
1+ Regy(o0,A) = 1+%. (5.107)

The gain (or line shape) enhancement factor at resonance (A, =0)
is

1+R€g2(°°,Ak):1+ch(k)Tc. (5.108)

Gain enhancement is due to the renormalized memory effects, and
may be caused by the absence of a strict energy conservation on the
time scale as compared with the correlation time of the system gov-
erned by non-Markovian quantum kinetics. Assume that an electron at
k =0 in the conduction band was scattered at ¢ — T by the reservoir. For
time ¢ in the time interval t., an electron still may retain its previous
wave function corresponding to the state kK =0 as a partial wave that
decays exponentially with time 7. When there is an incident photon at
t < 1, to this system, there will be a nonzero probability of transition
for this electron to the state k =0 in the valence band. As a result, the
stimulated emission probability for the state k =0 is enhanced by the
presence of the memory effect. The probability that the enhanced tran-
sition occurs is proportional to the number of nonrandomizing scatter-
ing events per second, Y., (k), times the time interval 1, for which the
memory effects extend. Non-Markovian enhancement of optical gain
becomes significant as the correlation time increases. For example,
when 7. is 50fs, the peak value of optical gain at A, =0 is predicted to
be enhanced by as much as 50% for the typical intraband relaxation
time of 100fs.

The correlation time 1. and the intraband relaxation 7, (k) are
related to each other by the frequency fluctuations, and their relation
is described as follows.

Substituting T =0 in Equation (5.103), we get

((ok | H ()] o)), = ——

RN (5.109)

Then, from Equations (5.102) and (5.109) and integrating Equation
(5.103) over the time ¢, we obtain
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vc;gk) = ((ck|H?(t)|ck)), +{(vk|H? ()|vK))., (5.110)

&

where the right half side of Equation (5.110) is the total intraband
frequency fluctuation. We assume that the intraband relaxation v,, (k)
used in the line shape functions Equations (5.101) and (5.106) is mostly
due to elastic or randomizing collisions, that is, Markovian processes.
The correlation time is then inversely proportional to the energy trans-
fer in the intraband frequency fluctuations.

5.4 OPTICAL GAIN OF A QUANTUM WELL LASER
WITH NON-MARKOVIAN RELAXATION AND
MANY-BODY EFFECTS

In this section, we present a theoretical model of the optical gain of a
QW laser, taking into account the non-Markovian relaxation and
many-body effects [3-5]. Many-body effects such as bandgap renormal-
ization and excitonic enhancement are included by taking into account
the Coulomb interaction in the Hartree-Fock approximation.
Unnormalized single-particle energies are obtained using the multi-
band effective approximation, that is, a parabolic band structure for
electrons, and a Luttinger—-Kohn model for holes. The latter includes
the spin—orbit split-off (SO) band coupling effects on the valence band
structure. The account of the SO coupling effects would be particularly
important for semiconductors with narrow SO splitting such as GaN,
InGaP, and SiGe, the heterostructures with relatively large valence
band edge discontinuity, such as InGaAs/InP system, and the strained-
layer QWs, as the strain causes additional coupling between the I'; and
the T'y bands.

5.4.1 Conventional Model for Gain

We will first discuss the conventional theory assuming the Markovian
relaxation, which gives the Lorentzian line shape and introduces a
phenomenological damping term in the density matrix formalism.
Conventionally, the optical gain of a QW laser is calculated using the
density matrix formalism. The linear gain is the result of k-space inte-
gration of the product of the absolute square of the dipole matrix
element, the Fermi function difference between electrons and hole, and
the line shape function. The linear gain g(®) is given by
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s0)=2 0SS

onim k

(f! = fig) (W)
(Ef (ky) = E (ki) = Ec — hw)? + (A, )

&M (k)

(5.111)

where f! and f» are the Fermi functions for the /th subband in the
conduction band and the mth subband in the valence band of the 3x3
block-diagonalized Hamiltonian H°, respectively; 6 =U (or L) refers
to the upper (or lower) blocks, respectively; Ef (k,) and E}° (k;) are the
Ith subband energies in the conduction band and mth subband energy
in the valence band of H at k;, respectively; M}¥ (k) * is the dipole
matrix element between the /th subband in the conduction band with
a spin state M, and the mth subband in the valence band; E; is the
bandgap energy; o is the angular frequency of photons; V is the volume;
and 1, is the intraband relaxation time.

We use the envelope function approximation to calculate the valence-
band structure of a QW within the 6 x 6 Luttinger-Kohn model. The
simplest approach, as commonly used by most researchers, is to assume
a constant intraband relaxation time. Various scattering mechanisms,
such as carrier—carrier scattering and carrier—phonon scattering, con-
tribute to the relaxation time. When we apply the Lorentzian line shape
function to quantum well lasers, the gain coefficients are underesti-
mated, and an anomalous absorption region appears at photon energy
below the bandgap in the gain spectra. Thus, the tail ends of the
Lorentzian line shape may not be reliable. This is so because the initial
decay or the temporal behavior of the polarization is often character-
ized by the presence of memory effects.

5.4.2 Non-Markovian Model for Gain with Many-Body Effects

We now extend the above results given in Section 5.3 to the case of
two-dimensional electron—hole pairs in a QW. The linear gain is then
given by

5(@)= 2 L3 S e agye o Y FioILE Rega (=, A (k)
. V Im

n (1= Reqyy; (ky))* +(Imqpy (ky))?
X {ReZ); (0,A}7 (k) (1= Reqyy; (ky))
— ImZ}5 (0,A} (k) Imaqyy; (k)

onim k

(5.112)
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where
Reqy, (ki) = —Z V|1mm;\2|11:| kn|)| My (k||)|(fcl(ku) — fis (Ky)) (5.113)
Im:"" (0,A} (ky)),
and
gy =Y VK= e £ k) - k)
ki (5.114)
Rez}; (0,47 (k).
We also have
A (k)= Ef(k))— E¥ (k) + Eg + AEcy + AEgy —ho, (5.115)
and
=no T T A (k)
Re=})7 (0,A57 (k) = ™~ k)eXp( 27 (k) ) (5.116)

ImZ)? is calculated numerically from the Kramers—Kronig relations.
That is,

=noc no _& ~ _YCV(kll)TC 2
Im'—‘lm (O’Alm (kH)) - h J eXp( 2h t

XSin( c lm(kH) )
7

In the following, we assume that the correlation time 1. and the
intraband relaxation v, (k) are constants. The bandgap renormaliza-
tion is given as a summation of the Coulomb-hole self energy and the
screened-exchange shift. The Coulomb-hole contribution to the
bandgap renormalization is written as

(5.117)

(5.118)

AECH :—ZERa();\,S ln(l‘f‘ %]

C\la,

where N is the carrier density and C is a constant usually taken between
1 and 4. The Rydberg constant £ and the exciton Bohr radius a, are
given by
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mylm
AEq(eV)=13.62 o )2, (5.119)
and
/
a,(A)=0.53-2% (5.120)
mylm,’

where m, is the reduced electron-hole mass defined by 1/m,
=1/m, + 1/m,,. The exchange contribution to the bandgap renormaliza-
tion is given by

N Cha, ki

32nNL,

ky , Caki
+ =

As  32nNL,

AESX __ ZERaa

J:dk“k“ [£i (k) + 1= f (k)] (5.121)

Also, a simpler expression for g(k;) than Equations (5.113) and
(5.114) is often used in the calculation. That is, the factor g(k,%®) is
given by [4,5]

ath o) =it [k M KON KD K)o
E(Ep (ki hw))O(ky ki),
where
Ok, k() =j°°de[1+—C7‘S“"q'2 ][1+ﬂ+—c"0q“3 ) . (5123)
0 32nNL, A, 32nNL,
and

qy =k — k. (5.124)

5.5 NUMERICAL METHODS FOR VALENCE BAND
STRUCTURE IN NANOSTRUCTURES

5.5.1 Finite Difference Method

In the case of QW, the effective mass equations can be usually solved
using the finite difference method (FDM), the propagation matrix
method, and the basis expansion method [6]. Each method has its advan-
tages and disadvantages. Here, we consider numerical solutions for the
Schrodinger equation under the framework of the FDM. The first-order
total derivative dW¥/dx at a point x = x; can be approximated as
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( d\P) W -
2

- — (5.125)

using a three-point central difference representation. For the second-
order derivatives, the central difference is

2y LW+
(d ) Wi Z2W, + W0y (5.126)

dx* h?
As an example, consider a Schrédinger equation for the conduction

band of a GaAs/Al,Ga,_,As QW structure. Here, x is the mole
fraction of aluminum.

n o d*¥
2mom, dx’

L fV()¥=EY, (5.127)

where m; is the effective mass of the electron in the conduction band.
For a finite barrier QW, we have

AE, |x|2L,/2

: 5.128
0 |x|<L,/2 (5-128)

V(z)= {

where L, is the width of a QW. The band edge discontinuity is
AE. =0.33AE,, where AE, is the bandgap difference between GaAs
and AlGaAs.

Dividing Equation (5.129) by #%/2m,, we get

1 dzl}l sz
mC dx 2 h

2m0
Vx)¥=-
(ye=-21

EY. (5.129)

In solving the Schrodinger equation by an FDM, we first discretize
the solution domain with a grid system. Let us suppose that the domain
is discretized by an even grid system with N nodes and a constant grid
size h’ = Ax with an angstrom (A) unit. By replacing the derivatives in
the Schrodinger equation with the corresponding finite difference rep-
resentation, the equation is reduced to a so-called difference equation.
The difference equation is then applied at the interior grid points
(sometimes called the mesh points or the nodes) within the solution
domain. That is, using central difference, we have

L Vi 2%, +¥,
m; h2

_‘/,',lP[ = —E,\Pi, (5.130)

where V= (2myA2n*)V (x;), E' = (2myA*/*)E, and h=h'/A.
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Substituting node numbers from i =1to i = N into Equation (5.130),
we get the eigenvalue matrix equation

([K]-E")[Y]=0, (5.131)
where
ay  dp 0 0 0
My an ayp 0 0
0 an an as 0
[K]=| 0 0 |
0 aN-2N-3 AN-2N-2 AN-2N-1 0
0 ayn-iN-2  AN-1N-1  AN-IN
0 any-1 ann
(5.132)
and
¥,
Y,
[P]=| | (5.133)
Yy
Yy

We apply the Dirichlet condition that the wave functions at the
boundaries are set to zero:

¥, =0. (5.134)

This requires a further process. Since Equation (5.130) has to
hold for the ith components Wy, of eigenvector [¥], some matrix
elements other than the diagonal terms for matrixes [K] have to be set
as zero:

0
0
[K]=|0 - 0 K; 0 - 0| (5.135)
0
0
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Then, ([K]—- E")[W] =0 satisfies the Dirichlet condition.

Next, we consider the upper 3 x 3 Hamiltonian for a (001)-oriented
zinc blende (ZB) crystal of Equation (3.294) in Chapter 3, which is
given by

P+Q S{ _lRt
= s P+Q—§Am Ay —iR |, (5.136)

iR, A, +iR, ~P-20- %Am

where
h2
h? b
szm 72(k3+k§_2k12)+5(8xx+€yy_ZEZz)a
S (5.137)
S, = om, |:—§('Y2 + Y3)}kz2,

R, = 2h2 [_3\/573]ktk17

(9

with k, =\/k} + k; being the magnitude of the wavevector in the k, —k,
plane, g; the symmetric strain tensor, Y,, ¥, and y3 the Luttinger param-
eters, a, and b the deformation potentials, and A, the SO energy.

The Hamiltonian has the following form

7 I 72 I S 7
[KI¥)=|| ... H® .| | H2 | |.. H® _|||w®
7 R 7N T S 7

(5.138)
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Here, H' takes the form similar to Equation (5.139) below.

al’ a, 0 0 0
ay da aj 0 0
0 al, afy a} 0
H7=| 0 0 |
0 Ay on-3 Gon-a  Al-an-1 0
0 ay_iy-2  Ay-in-1 Aoy
0 Ay aly
(5.139)
and
vy
wo = | (5.140)
v

We have to apply boundary conditions to each element H’ before
constructing the total Hamiltonian equation (5.138).

If there is no band-mixing effect (off-diagonal terms = 0), bands are
decoupled and only one component " of the wavefunction is nonzero.
Here, i =1,2,3 means heavy-hole (HH), light-hole (LH), and SO bands.
However, the band-mixing effect usually exists, and one band is coupled
to the rest of the bands. The naming of the subband follows the domi-
nant component of the wavefunction in terms of HH, LH, and SO
bands. If components corresponding to HH and LH bands are nonzero
and the HH component among them is dominant, the band is called
the HL subband.

5.5.2 Finite Element Method

Two-dimensional and three-dimensional quantum-confined structures,
called QWRs and quantum dot (QD), are innovative materials
applicable in optical devices, such as laser diodes. The application
of lower dimensional semiconductor structures as active regions of
laser diodes promises improved device performances compared with
conventional QW laser diodes. For low-dimensional structures, the
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density of states at the band edge is extremely high. This should
lead to higher optical gain, and thus very low threshold currents are
predicted.

However, the calculations of the energy band diagram and the wave
function of QWRs and QDs are generally very complicated. In general,
they cannot be done analytically, except for under special circumstances.
By now, several numerical techniques have been developed for the
analysis of these structures. For example, in the case of QWRs, they
include effective bond orbital method (EBOM), tight binding method
(TBM), finite FDM, and finite element method (FEM). Among them,
FEM and FDM methods are relatively simpler, and require only 6 or
8 basis function. The advantage of FEM as a numerical technique over
FDM is that it can utilize a nonuniform mesh; hence, the energy eigen-
state and wave functions of arbitrarily shaped geometries with a wide
range of lateral dimensions can be analyzed accurately. In this section,
we introduce a FEM method related to a band structure calculation of
the QWR and QD nanostructures.

5.5.2.1 Quantum Wire We assume that the system is quantized in
the x and z directions. Then, the wave function ¥, of holes in the
valence band for a QWR is expressed with the envelope function F,
and the basis functions |v) as

6
Wi(ky,x,y,2) = D Fy(ky,x,2)exp(k, )| v). (5.141)

v=1

The energies and the envelope functions of valence subbands can be
obtained by solving the effective mass equation

Z[Hyv + Vi (x’z)suv]Fv(ky’x’Z) = E(ky)Fu (ky’x’z),
v (5.142)

v, e f[1),12),]3).14).15).6)},

where H is the Luttinger-Kohn Hamiltonian equation (3.263) in
Chapter 3, and V,,(x,z) is the QWR potential for holes. The envelope
function F, follows the normalization rules

> [arlEnof =1, (5.143)

i=1
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where m ={ml,m?2} denotes the subband states in the valence band.
In the QWR, the wave numbers k, and k;, are substituted by operators
as k, — —id/lox and k, — —id/dz, respectively We have to be careful
that these substitutions are done to preserve the hermiticity of the
Hamiltonian.

The FEM is used to solve Equation (5.142) for the energy levels,
as well as the eigenfunctions F,. The region of interest is divided
into a number of linear triangles. We applied the Galerkin method
to each element, and the rank of the derivatives of the partial
differential equations in Equation (3.263) in Chapter 3 is decreased
from 2 to 1 as a result of partial integration, the derivatives of which
are called the weak forms. The envelope function F, in an element e
is expanded as

F,
M, el
F,=) NF,=(Na No Neo)| Fa |=(NJ(E}  (5.144)
i=1
Fi

where M, is the number of nodes in element e, which is 3 for a linear
triangular element, {N,} is the shape function as will be defined in
Equation (5.168), and the expansion coefficient F; corresponds to the
value of the envelope function at each node.

Substituting Equation (5.144) into multiband effective mass Equation
(5.142), we get

D Hy (N {F.) = E{N.) {F..), (5.145)

u=1

where p,v=1,2,3,4,5,6. Multiplying the left-hand side of this
equation by the shape function {N,}, and integrating it for element e,
we get

Zﬁ,ﬂe{Ne}Hw{Ne V' (Fldxdz = E[[ (NJNJ IR (5.146)

We define the matrices {H,,} and {M}

=[] (V. V7 dxdz,
Mj=| j V7 dxdsz.

(5.147)
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Then, we get
N (HoHFo} = E(MYF.). (5.148)

The shape function for the linear triangular element {N,} is given by

1 a b] Cq 1
{Ne} = A az b2 Cz X N (5.149)
¢ as b3 C3 Z
where
)y = X223 — X320,b1 =2, — 73,61 = X3 — X3,
@y = X321 — X123,Dy = 23 — 21,62 = X1 — X3, (5.150)
as =X12, — X221,05 =21 — 25,63 =X, — Xy,
and
1 1 1 1
A, =5 X X2 X3, (5.151)
21 22 3

where A, is equal to the area of the linear triangular element.

The matrix elements for differentiations such as Ck?2,
Ck;,Ck. k.,Ck,,Ck, and C, where C is the material parameter, are
obtained by substituting the shape function into integration of weighted
residual of the differentiation as follows:

aNel
ox
F
Jd 9 oN oN oN oN
Ck? =—[—C—}Fe = 2 c( - = 63) Fop |dQ
(Che) ox 0x } J Q| ox ox ox ox F2
aNe3 e3
ox
b1b1 b1b2 ble Fel
:C bzbl b2b2 b2b3 F::Z ’

“\bsby bib, bsbs )\ Fis

(5.152)
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19 ,0 o0 .0
Ck.k,)=——| —C=+ZC=|IF,
{ | 2[8x dz 0z ax}{ }
aNel
ox F,
:l aNeZ C(aNel aNe2 aNe3j Ez dQ
2Joc| ox 0z 0z 0z F
N.: &
ox
aNel
1 azavZ N, 2 d Fo
- e2 C( Nel NeZ Ne3) Ez dQ
2Jo°| 0z ox ox ox F
a]\]e3 e3
0z
bicy bicy by \( Fa ab aby b\ F,
:87 byey by, bics || Fo |[+——| &b by obs || Fa |,
‘ bsci  bic, bics )\ Fys ‘ by csb, by )\ Fs
(5.153)
(Chl=-3| C=-+2C i)
2L ox ox
e (V) cany an. awa
l el e2 e3
LY e F, |dQ
2 Jqe : ( ox ox ox ) :
e3 ES
a]\’el
. a?\;c F (5.154)
l e2
+§er SNy N Na) 11;;2 dQ
ON ;3 e3
ox
b, b, by\(FE b, b, b \(E
i 1 Dy 3 1 ic 1 1 1 1
Z_E by by by||Fu|+—=|b b, b || Fx|,
by b, by)\F,; by by by )\ Fs
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{Ch=[Cl{F.}
Nei Fe
- Le Ne |C(N.. No N Ea |d@
N F.; (5.155)
2 1 1\(Fa
=Lt 2 1| Fs |=CIMIE)
11 2)\R,

where matrix elements for {Ck?} and {Ck,} are obtained by replacing b
with ¢ in Equations (5.152) and (5.154). Thus, the matrix elements in
Equation (3.263) in Chapter 3 are given by

h* [ b.b; CiC:
H,={P+0Q); = ] +v,) 4+ —2 -2
n={ 0l; om, [4149 (Y1 +72) 1A, (Y1 —272)
1+96;)A
N %(vl N Yz)kf} (5.156)
1+9;)A
L IE0DA b6 V().
12
hn? [ bb; C;C;i
Hy ={P-0}; = Ly =v2)+—L(y,+2
» =1 O}; szLAe (Y1 —72) 1A, (Y1 +272)
1+90,)A,
LSAr8A —Yz)ki} (5.157)
12
1+90,)A,
+¢(PE _QS +Vh(xvz))7
12
o= (s), =3 {bzqwb’ TR ky}‘(m”)Ae S.. (5.158)
m, 8A, 12 12
V32 [ byb; b, —b, 1+8,)A,
H13:{R}ij= [ ! Y2+ ]Y3ky—%ky2 2}
2m, | 4A, 6 12 (5.159)
1+8,)A '
+( +0;) 0.

12
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2 . . . . ..
{P+A}; = i [blb] 1+ GiS 1+ (1+5;)A, Ylkf}
om, |44, T 44, 12
Lo (5.160)
+ DA b A (2,

12

where {R'}; = (R} and {=S'}; ={-S};.

Finally, we need to sum matrix elements Equations (5.156)—(5.160)
for each element to make a n xn subtotal matrix with n nodes in the
system under consideration. The boundary condition should be applied
to n,. nodes on the edges of the analysis region for a subtotal matrix.
The Dirichlet condition requires that the wave functions at the bound-

aries be set to zero:
¥, =0. (5.161)

A simple way to implement the Dirichlet condition is to omit the
nodes at the boundaries, because, under the Dirichlet condition, they
do not influence the other nodes. Then, the net effect is to reduce the
dimensions of the matrix by the number of nodes at the boundaries, to
n— Ry

The subtotal matrices with the dimension n, =n-n,. are then
summed up to make a total generalized eigenvalue equation:

[H][F]= E[M][F]. (5.162)

(Hh) {HLY (HL) {(HLY {HE) (H)
_[HAY 1) (HE) (HR) (H3Y {HD)

[H]= (5.163)
(HA) (HL) (HB) (HA) (HE) (1Y)
(MA) (ML) (M) (M) (M) (M)

oy VR MEL () ML) () M|

(Ma} Mo} MG} (Me) (M} (M)
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[F]=[F\F2...FFF?...F}s ... .FAF? ..F],  (5.165)

where the subscript denotes the Bloch wave function.

For an FDM, a rectangular grid with square unit cells and N = N, N,
nodes can be used. Here, we have to be careful to preserve the
Hermiticity of the Hamiltonian. To accomplish this, we introduce two
different matrices D and D) for both 9, and 9, with [D™®]" =-D®),
Here, D™ and D) are used in the upper right half and the lower left
half of each matrix element in Equation (5.142), respectively. The dis-
cretizations of the symmetrized expressions for Cd,, Cd,, Co,,, Co,.,
Co., are then obtained from the standard first-order forward (back-
ward) difference quotients 9{", (" (9(", 0{")) by

D(C)=[Ca +a¢C)/2,

DO(C)=[CL +0C)/2,

DP(C)=[Cd}) +357C)/2,

DO(C)=[C3Y +35C)/2, (5.166)
D (C) =[0G +30CA 2,

D,,(C)=[3"Ca\) + M ]/2,

D,,(C)=[0{)Ca%) + I CaE) +0CaS) +0)Ca /4.

In the case of 9\”, 0" in Q and S, the central difference
method is used to prevent abnormal behavior in the valence subband
energy.

5.5.2.2 Quantum Box 'The envelope function F, in an element e is
expanded as

F,

M, F
E=)NE=(Na No Na Na)| 7 |[=INJ(E). (5167)

i=1 e3

F

where M, is the number of nodes in element e, which is 4 for a linear
triangular element, and the expansion coefficient F; corresponds to the
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value of the envelope function at each node. The shape function for the

tetrahedral element {N,} is given by

a4y a4z
ayp 4y dxn
{N e}z
i3 a3 A4sz3
My Ay Ay
and
app ap iz Ay 1 (e
o1 dp Oy Oy | 1 (xl)z
as ax 4z Ay 1 (x1)3
Ay Qg Qg3 Gy I (x)s

an \( 1
ap || X1
A3 || X2 ’
Ayq )\ X3

(x2)1 C(x3) -

(x2)2 (x3)2

(x2)3 (x3)3 ’
C(x2)s  (x3)s

(5.168)

(5.169)

where (x);, (x2);, and (x3); are coordinates for four nodes in the tetra-
hedral element, as shown in Figure 5.1.

Substituting Equation (5.144) into multivalley effective mass
Equation (3.263) in Chapter 3, we get

6
u=1

where L and v=1,2,3,4,5,6.

(x4,y4,z4)

(x1,y1,21)

ZHVH{Ne}T{Fve} = E{NE}T{Fve}a

7(x3,y3,23)

(x2,y2,22)

z

Figure 5.1. Tetrahedral element for finite element calculation.

(5.170)
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Multiplying the left-hand side of this equation by the shape function

{N.} and integrating it for element e, we get

3 [f[ Nt NI (B Jasayaz= E [ N,

We define the matrices {#,,} and {M}

1= [ e i

J' j _[ VN, dxdydsz.

Then, we get

D AHWF) = E(M)E.).

"{F.).

(5.171)

(5.172)

(5.173)

The matrix elements for differentiations such as Ckfi,Ckxikxj,Ckxi,
Cxik,;, F (x1,%5,x3), and C, where C is the material parameter, are
obtained by substituting the shape function into integration of weighted

residual of the differentiation. For example,

(ck2 )= e |ir)

ox; dxy
IN
o
N
:J‘ ox; C(aNd ON,, ON,; 8Ne4j
o¢| N, ox; ox; ox; ox;
o
Ny
o
= C‘/e[aZIaZj]{Fd}’(i’j =1,2,3),

Fy

e2
Fes
Fey

dQ

(5.174)
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where

Iy Ay Ay Ayl
Aypdy Ayl  Axplys  Axpndr

[aZiaz/'] = . (5.175)
30y Ax3dyy Azl (x3lhy

(gl gl Gpalpz  (palpy

and V, is the volume of the element. Then, {Ck;, } and {Ck_, } are obtained
by replacing aa; in Equation (5.174) with asa;; and asa4,
respectively.

{2Ckxlkx3}:—l[ic J +ici}{Fe}
2 axl an3 a.X3 axl

N,
ox;
oON,, F.
RS C(az\ze1 ON. N E)NM) F,,
2Jqe % x5 0x3 x5 ox; )| F,s
ox, on
INy
ox,
ON,,
oxs
+l 0x5 C(aNﬂ ON,, aNe3G 8N64) F.,
2Ja¢ % ox; ox; ox; ox; J| Fs
0x;3 Fe4
Ny
“oxs

dQ

dQ

C C
= EVe[aziaM]{Fej} + 3‘/6 [a4i02/]{Ej b
(5.176)

where {Ck, k,,} and {Ck,,k,,} are obtained by replacing aya.; (a4;a;)
in Equation (5.176) by ay:as; (a5:a,;) and asa4; (a4,a5;), respectively.



250

MODERN SEMICONDUCTOR LASER THEORY

i 0 0
{Ck*1}=_§[ca_m+ﬁc}m}
N
_ i | Ne C(az\re1 N, N aNﬁ)
2Jo¢l N,; ox; ox; ox; ox;
Ny
ON.
S
IN., F.
%Qe a?i;; C(N., N., Ns N.) iz
ON.4
ox;
Ay Gy Gy 4y \ Fa
_ ic v Ay Gy Gy 4y || Fo
8 ° ay Gy 3 4y || Fo
My G Gy Gy )\ I
Ay Ay Ay ay \( Fa
E v ay ap ap ayn || Fao
8 ¢ Ay Gy Gy || Fs |
My Gy (o oy )\ Fou
In the above, we used the following relation
k!\!'m!n!

Le (Net)* (Ne2) (Nes)"(Nea )" dV =

(C}=[C]{r)

Nel
_J NeZ
= o

C(N,

Fe4
2

AN

—
_ = N e
—_ N = =

NeZ

D1

Fey
Fe
Fes
Fe,

dQ

Ne3

Fey
F.,
Fes
Fey

F.
F,
Ne4) :
Fes

Foy

(k+l+m+n+3)!

dQ

dQ

es

(5.177)

(5.178)

(5.179)
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For the cases Cx,kxj and F(x,x,,x3), we should numerically integrate
to obtain matrix elements. For example,

{Cx2k,, )= —i%{szaix] + aix](sz)}{Fe}

N Fo
=—i£ N, xz(aNel ON,, ON,; aNe4) F,
20| Ny 0x; 0x; 0x; ox; )| F;3
Ney Ion
ON,,
o
+i% o aa;; X2 (Nel No N Ne4) ?Z dQ.

ox, F,
ON.4
ox

dQ

(5.180)

Here, we need to numerically integrate the above equation by using
the relation Equation (5.178) to obtain the matrix element.

Finally, we sum matrix elements for each element to make an nxn
subtotal matrix, with n nodes in the system under consideration. The
boundary condition should be applied to n,. nodes on the edges of the
analysis region for a subtotal matrix. The Dirichlet condition requires
that the wave functions at the boundaries be set to zero:

¥, =0. (5.181)

A simple way to implement the Dirichlet condition is to omit the
nodes at the boundaries, because under the Dirichlet condition, they
do not influence the other nodes, as we did in Equation (5.135). Then,
the net effect is to reduce the dimension of the matrix by the number
of nodes at the boundaries, to n—n,.. The subtotal matrices with the
dimension n, = n — n,. are then summed up to make a total generalized
eigenvalue equation:

[H][F]= E[M][F], (5.182)



252 MODERN SEMICONDUCTOR LASER THEORY

where
[H]{{Hi’%} (1 }j,[M]{{Mi’?} {Mi’é}j, (5.183)
{H3} {H%) (M3} (M}
and
[F]=[F'F?...F"FF..F5], (5.184)

where the subscript denotes the Bloch wave function.

5.6 ZINC BLENDE BULK AND QUANTUM
WELL STRUCTURES

In this section, we discuss electronic and optical properties of strained
zinc blende semiconductors [7]. First, we review developments of con-
ventional III-V-based heterostructure lasers. In the 1970s, a pair of
semiconductors with different bandgaps but with nearly the same
lattice constants were investigated because a good epilayer of one
could be grown on the other. Thus, the GaAs/AlGaAs system has been
a major player in the field of heterostructure devices because AlAs and
GaAs are closely lattice matched but have different bandgaps. The first
semiconductor laser diodes (LDs) were GaAs homojunction devices
fabricated in 1962. But room temperature operation of these lasers was
not possible. It was only in 1969 that room temperature operation of
a heterostructure semiconductor laser was demonstrated. However,
methods using the GaAs/AlGaAs system did not produce greatly
improved devices until late 1970s, mainly because of the limitations of
the growth technology. The improvement of novel growth techniques,
such as molecular beam epitaxy (MBE) and metalorganic chemical
vapor deposition (MOCVD) growth methods have made it possible to
produce high-performance AlGaAs lasers and other heterostructure
lasers. GaAs QWs cladded with AlAs or AlGaAs were easily formed.
The QW structures reduce the threshold current, and enhance perfor-
mance of lasers. However, the GaAs/AlGaAs system has some prob-
lems, because Al has high affinity for oxygen.

Considerable research has also been done on the ternary InGaAs
and the quaternary InGaAsP alloys grown on InP substrate. These
devices are less sensitive to the environments because Al is absent. The
ternary alloy Ga, 4 In,s;As is lattice matched to InP, and the quaternary
InGaAsP alloys can be lattice matched to InP for several pairs of values
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of Ga and As. The quaternary InGaAsP lasers emitting 1.3 to 1.5 um
are suitable for optical communication. However, the technology of
fabricating the quaternary epilayers on InP substrate is involved
because of the vapor pressure of P. In addition, the use of lattice-
matched heterostructures severely limited the choice of conventional
II-V semiconductors. Thus, the LEDs and LDs could emit light only
in a narrow region of the spectrum.

After that, the improvement of novel growth techniques has made
it possible to produce extremely high-quality expitaxial interfaces,
not only between lattice-matched semiconductors, but even between
materials that differ in lattice constant by several percent. In particular,
the growth of strained-layer structures has had several advantages.
Stained layers allow for new materials combinations on established
substrates. Also, with the independent variation of bandgap and lattice
constant, it is possible to access new band regimes. Here, we investigate
valence band structures and optical gain of strained zinc blende
semiconductors.

5.6.1 Bulk Zinc Blende Structure

Strain deforms the crystal lattice. However, if a crystal is under uniform
deformation, it will be still periodic such that Bloch theorem is still
applicable. In the following, we consider the common case of biaxial
strain, namely,

(5.185)

For mismatched superlattices or QWs grown in the z direction, we
obtain

5.186
_ 2C12 ( )

SZZ XX
11

where a, and a, are the lattice constants of the substrate and the epi-
layer, respectively. For compressive strain, g, <a,, €, =¢€,, <0, and
€..>0. In Figure 5.2, we plotted a schematic representation of an epi-
layer a, grown on a substrate a,: (a) tensile stained, (b) unstrained, and
(c) compressively strained semiconductors.
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@ (b) ()

Figure 5.2. A schematic representation of an epilayer a, grown on a substrate a;:
(a) tensile stained; (b) unstrained; (c) compressively strained semiconductors.

At a zone center (k=0), the 6 x6 Hamiltonian given in Equation
(3.263) in Chapter 3 is simplified to

Hg?r(l)cl l))lende (k = 0)
§§>
2’2
P+Q. 0 0 0 0 3,1>
2’2
0 R-0 0 0 —~20. 0 |3 4
| o 0 AR-Q 0 0 V20, 5"E>
10 0 0 PR+0. 0 0 §_§>'
0 V20, 0 0 P+A o0 |22
0 0 V20. 0 0 P+A 1,1>
2’2
1_1>
202
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The nonvanishing terms P. and Q. in the Hamiltonian equation
(5.187) are

Ps =—a, (exx + €yy + Szz)

b (5.188)
Qs = _E(gxx +t€y _2811)'

As a result of this modification, we obtain the band edge energies of
the HH, LH, and split-off bands as follows:

EHH (O) = _})8 - Qe

E n(0)=-P. +%(Q€ —A++JA2+2A0, +90?)

(5.189)
Eqo(0) =, + (0, - A~ A+ 240, +907).
The conduction band edge is given by
E.(0)=E, +a.(e. +¢€, +€,.). (5.190)

The factors a. and a, are so-called hydrostatic deformation potentials;
b is the shear deformation potential.

As an example, shift and deformation of energy bands for a bulk zinc
blende InGaAsP semiconductor under (a) biaxial compression, (b)
lattice-matched condition, and (c) biaxial tension (C, conduction band;
HH, heavy-hole band; LH, light-hole band) are shown in Figure 5.3.
The vertical axes give the energy in electron volts, the lateral axes give
the wave number k, and k,, respectively. In the case of unstrained
InGaAsP, the LH and HH bands degenerate at the Brillouin zone
center I', and the SO band lies A lower in energy. Under biaxial com-
pression, the axial component splits the degeneracy of the valence band
maximum, and introduces an anisotropic valence band structure, with
the highest band being heavy along the strain (k, or k,) axis and com-
paratively light perpendicular to that axis (along k.). Under biaxial
tension, the valence splitting is reversed so that the highest band is now
light along the strain axis (k, or k,), and comparatively heavy along k..
Strained layers retain all the advantages of the lattice-matched hetero-
structures, and have, in addition, further features. Strain has relatively
little effect on the conduction band of direct gap semiconductors,
but splits the degeneracy of the valence band maximum, significantly
affecting its properties. The lowest conduction band (CB) is separated
by the bandgap energy E, from the valence bands. It is approximately
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Figure 5.3. Shift and deformation of energy bands for a bulk zinc blende (ZB) InGaAsP
semiconductor under (a) biaxial compression, (b) lattice-matched condition, and
(c) biaxial tension (C, conduction band; HH, heavy-hole band; LH, light-hole band).
InGaAsP lattice matched to InP is used as a substrate. The vertical axes give the energy
in electron volts, the lateral axes give the wave number k, and k, respectively.

parabolic near the zone center, and the electron dispersion at small k
can be described by

21,2
E.(k)=E, + 1K (5.191)
2m,

(4

Next, we shall discuss strain effects for QW structures.

5.6.2 Zinc Blende Quantum Well Structures

In a QW heterostructure, the carriers are quantized along the growth
direction, but remain free to move in the well plane with wavevector
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Figure 5.4. Valence band structure with (a) compressive (left), (b) no (middle), and
(c) tensile strain (right) for 5-nm zinc blende InGaAsP/InGaAsP quantum well. The
InGaAsP barrier is lattice matched to the InP substrate.

k. The ability to confine carriers along one dimension has opened the
possibility of band structure engineering in lattice-matched hetero-
structures. In lattice-matched QWs, the conduction band properties can
be readily modified by applying hydrostatic pressure or varying QW
layer thickness. The valence band behavior is in general dominated by
the HH dispersion, which is much less sensitive to variations. The
growth of strained-layer structures introduces a new degree of freedom
to the valence bands, thereby accessing hole-based effects. The confine-
ment energies are determined by the dispersion along the growth direc-
tion. Figure 5.4 shows valence band structure with (a) compressive
(left), (b) no (middle), and (c) tensile strain (right) for 5-nm zinc blende
InGaAsP/InGaAsP QW. For a layer under biaxial compression, the HH
band edge shifts upwards with respect to the LH band edge, which can
increase the energy splitting (Eyy; — Ep) between the highest con-
fined HH and LH states. For a layer under biaxial tension, the splitting
is reversed. In a strained QW, it is then possible to vary independently
the splitting between the two highest HH states predominantly through
the well width, and the splitting between the highest HH and LH states
predominantly via the axial strain.

The highest valence subband in a strained-layer structure can have
a relatively low in-plane effective mass. This low effective mass could
have significant advantages for device applications, including long-
wavelength lasers with substantially reduced threshold currents.
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Figure 5.5. Gain spectra for both TE and TM polarizations of (a) a compressive
strain (x = 0.320), (b) an unstrained (0.468), and (c) a tensile strain (x =0.624)
Ga,In;_,As/InGaAsP (barrier bandgap 0.987¢eV and lattice matched to InP) quantum
well laser. Here, AE, = 0.39AF,.

Strained QWs are widely utilized in optoelectronics, as they allow for
improvements of material properties,such as the optical gain. Commonly,
strain is generated by varying the composition of the materials so that
the lattice constant slightly deviates from that of the substrate.

As an example, Figure 5.5 shows the gain spectra for light with a TE
(x or y) or TM (z) polarization for (a) a compressive strain (x = 0.320),
(b) an unstrained (0.468), and (c) a tensile strain (x =0.624)
GaxIn,_,As/GalnAsP QW. The barrier is lattice matched to InP, and
the bandgap is 0.987¢eV. For the compressive strain and the lattice-
matched cases, the gain for the TE polarization is always larger than
that of the TM polarization, because the top valence subband for these
two cases is always heavy hole in nature, and the optical matrix element
for C1-HHI1 transition prefers TE polarization. The injected holes pop-
ulate mostly the ground (HH1) subband. On the other hand, in the case
of the tensile strain, the TM polarization is usually dominant.

5.7 WURTZITE BULK AND QUANTUM WELL STRUCTURES

Wurtzite GaN-based semiconductors have wide bandgaps, and have the
other properties that are necessary for making high-performance semi-
conductor devices. Wide bandgap semiconductors, including GaN, AIN,
InN, and their alloys, have great potential for applications in high-
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power optoelectronic devices in the blue and ultraviolet regions. Their
bandgap values are 0.76eV for InN,3.4eV for GaN, and 6.2¢eV for AIN.
III-Nitrides are stable because the bonds between nitrogen and group
IIT elements are very strong. They have ideal properties for high-
temperature and high-power electronics.

We provide here a short history of the research on GaN. Juza and
Hahn synthesized small needles and platelets of GaN by passing
ammonia over hot gallium in 1938. Grimmeiss et al. used the same
method to produce small crystals of GaN, and measured their PL
spectra in 1959. The first large area GaN layer was deposited on sap-
phire by Maruska and Tietjen in 1969. This success created widespread
interest in GaN research. The first blue LED using Zn-doped GaN was
fabricated by Pankove et al. in 1972. It was a metal/insulating GaN:Zn/
n-GaN structure. However, although a number of other important dis-
coveries were made, further research on GaN was hampered because
it could not be doped p-type. The quality of the GaN was also not very
good.

Breakthrough results in growth technology were obtained in the
1980s. Akasaki, Amano, and coworkers in late 1980s showed that high-
quality GaN layers can be grown by MOCVD on a sapphire substrate
if the layer is grown in two steps. In the first step, a thin buffer layer of
AIN is grown on the sapphire substrate at a low temperature of ~500°C.
The main GaN layer is then grown on the buffer layer at a much higher
temperature.

The second breakthrough was made by Amano et al. when they
obtained p-type conductivity in GaN for the first time. They found that
p-type conductivity can be obtained by low-energy electron beam irra-
diation of Mg-doped GaN. In 1992, Nakamura et al. discovered that
annealing the Mg-doped GaN layers at >750°C in nitrogen or vacuum
also activated the Mg acceptors.

The first InGaN/GaN-layered structures were grown by Nakamura
et al. in 1993. Akasaki and coworkers have done extensive work on
GaN-based LEDs. They made the first p-n junction GaN LED in 1989.
The success of bringing the blue and green LEDs to a level at which
they could be commercialized is due to Nakamura and his colleagues
at Nichia Laboratories. The work done by Nakamura et al. is very
extensive. Onset of stimulated emission by current injection was first
observed by Akasaki and collaborators in 1995. A nitride-based injec-
tion laser was fabricated by Nakamura and coworkers in 1996. Akasaki
et al. fabricated an LD emitting at 376 nm, also in 1996. A room tem-
perature CW laser emitting at ~400 nm with a lifetime greater than
6000 hours has been demonstrated by Nakamura.
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Figure 5.6. A wurtzite crystal consists of two interpenetrating hexagonal closely packed
sublattices, displaced by 5/8 of the ¢(0001)-axis.

5.7.1 Bulk Wurtzite Structures

The wurtzite crystal structure with lattice constants ¢, and q is illus-
trated in Figure 5.6. The structure is formed by two intertwined hexago-
nal sublattices of Ga and N atoms. For wurtzite structures, all three
valence bands are strongly coupled, and valence band mixing must be
taken into account. The three valence bands are referred to as HH, LH,
and crystal-field split-hole (CH) band. Spin—orbit interaction leads to
a slight separation of all three band edges.

For the biaxial strain, the strain tensor has only the following non-
vanishing diagonal elements:

a, —da
€y =€y = ——,
a,
€y =€, =€, (5.192)
2C1;
SZZ =T Cxx-
C33

With strain effects, the valence band edge energies are

E)=E°+A; +A, +0, +A,,

2
CRETEIES L1 Ry [N

2
@=g+ﬁ;%:&+h_ﬂé;%i$)+M§

(5.193)
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Figure 5.7. The band lineup at the GaN/AIN interface.

with

0. = Dse.. + Dy(€,, +€yy),

5.194
7\@ :D1€ZZ+D2(£JCX +£yy)' ( )

Here, it is important to note that energies are measured from a refer-
ence energy EY, which is taken as zero, of a given semiconductor, as
shown in Figure 5.7. The conduction band edge is above the top valence
band with a bandgap energy E,. For GaN, the top valence band is E?,
since A, is positive. For AIN, on the other hand, with a negative A,, the
top valence band is EY. Therefore, the conduction band edge consider-
ing a hydrostatic energy shift P, for GaN is taken as

E)=Ey+A +A+E, +P. (5.195)
with
P =a.€. +a,(€x +€y). (5.196)
For AIN, the conduction band edge is
E!=E}+E,. (5.197)

As an example, energy bands for a bulk wurtzite GaN semiconductor
under (a) biaxial compression, (b) lattice-matched conditions, and (c)
biaxial tension are shown in Figure 5.8. The vertical axes give the
energy in electron volts, and the lateral axes give the wave number k,
and k,, respectively. The difference in symmetry between the wurtzite
and zinc blende structures causes some fundamental differences in
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Figure 5.8. Energy bands for a bulk wurtzite GaN semiconductor under (a) biaxial
compression, (b) lattice-matched condition, and (c) biaxial tension. The vertical axes
give the energy in electron volts, the lateral axes give the wave number k, and k,,
respectively. InAIN is used as a substrate.

their band structures. The degeneracy between the HH and LH bands
at the zone center (I" point) for the zinc blende structure is broken for
the wurtzite structure. For a zinc blende layer grown along the (001)
direction with a compressive strain, the deformation potentials lift the
HH band up and reduce its in-plane effective mass. However, for a
wurtzite layer grown along the c-axis, the compressive strain shifts both
the HH and LH bands by almost the same amount, and the in-plane
effective masses remain almost the same as those in the unstrained case.
The polarization selection rules for the conduction band to the LH
band are also changed. For the zinc blende structure, the dominant
C-LH transitions are TM polarization (along the growth axis). However,
for the wurtzite structure, TE polarization is favored for the C-LH
transitions. In the case of tensile strain, the LH band edge shifts upwards
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ELHZ)

between the highest confined HH and LH states is improved compared
with that for the compressive strain. The hole effective masses at the
I'-point can be approximated as

mﬁh = _(A1 + A3 )71,
myy, =—(A, + Ay) 7,

ny, =—

ny, =—

z

ny, =—

4

ny, =—

5.7.2 Wurtzite Quantum Well Structures

— 0
A +( EY =\,
L E2 E3
A2 + (M
L E} - E3
Al +(M
L E3 EZ

0 f—
A, + E A
EY-FE

(5.198)

Figure 5.9 shows valence band structure with (a) biaxial compression
(left), (b) lattice-matched conditions (middle), and (c) biaxial tension
(right) for 5-nm wurtzite GaN/InAIN QW. Here, we used the flat-
band model for simplicity, ignoring the internal field effect due to the
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Figure 5.9. Valence band structures for a wurtzite GaN/InAIN QW under (a) biaxial
compression, (b) lattice-matched condition, and (c) biaxial tension. Here, the internal
field effects due to the piezoelectric and spontaneous polarizations are neglected and
InAIN is used as a substrate.
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piezoelectric and spontaneous polarizations. In general, the compres-
sive strain separates the HH and the LH subbands by pulling down the
HH subbands, and pulling away the LH subbands from the valence
band edge. However, as shown in the bulk case, the introduction of
biaxial strain into the (0001) plane of a wurtzite GaN-based crystal does
not effectively reduce the effective masses in the transverse direction,
unlike in other III-V semiconductors. Similarly, we know that in the
case of a QW structure, both the HH and LH bands are shifted by
almost the same amount for a layer under biaxial compression. For a
layer under biaxial tension, the LH band edge shifts upwards with
respect to the HH band edge. The combination of strain and mixing
gives rise to an electron-like effective mass at the zone center.

In Figure 5.10, we plotted the gain spectra for light with a TE (x or
y) or TM (2) polarization for (a) a compressive strain, (b) an unstrained,
and (c) a tensile strain GaN/AlIInN QW. Here, we used a flat-band
model. Both the C1-HHI and CI-LHI transitions have strong TE com-
ponents near the zone center, while the CI-CHI transition has a domi-
nant TM component, which can be larger than the other transitions for
the TE polarizations. However, since the compressive strain in the QW
makes the top few valence subbands HH- or LH-like, the dominant
transitions for the compressive QW will be TE polarization.

This result is different from that of a zinc blende structure, for which
the conduction to LH subband transition has a dominant TM compo-
nent, and the LH subband can be shifted downward, away from the top
HH subband, with a compressive strain. For a wurtzite structure, the
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Figure 5.10. Gain spectra for light with a TE (x or y) or TM (Z) polarization for
(a) a compressive strain, (b) an unstrained, and (c) a tensile strain GaN/AlInN quantum
well. The dashed line corresponds to the TM polarization.
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HH and LH subbands tend to shift in the same direction by almost the
same amount of energy, resulting in competition for the hole popula-
tion in each subband. For the compressive strain and the lattice-matched
cases, it is clearly seen that the TM-polarized gain is very small, as
expected from the valence band structures, since the HH and LH sub-
bands contribute mostly to TE polarization. On the other hand, in the
case of the tensile strain, the TM polarization is usually dominant.

5.8 QUANTUM WIRES AND QUANTUM DOTS

The basic theory for calculating the stress and strain fields for a QWR
and a QD [8-11] can be obtained from the work of Eshelby. First, we
will consider strain for a QWR.

5.8.1 Strain in Quantum Wires

Here, the QWR is assumed to be buried in an infinite medium so that
the effect of free surfaces is neglected, and materials are assumed to
be continuous, linear, isotropic, and to obey Hooke’s laws.

The stress components at position (x,y) are determined by
evaluating

Gij(xay)=¢Aij(x0 — X,y —y)-dr (5.199)

where the contour integral is performed around the boundary of the
QWR in an anticlockwise sense, and (xy, ¥, ) are points on the boundary.
Equation (5.199) provides a simple method of numerically calculating
stress fields inside and outside a QWR of arbitrary shape by discretizing
the QWR boundary and converting the contour integral to a summa-
tion. The choice of vectors A is not unique, because other expressions
for A could also yield the given Green’s function stress components
when the curl is taken.
Three vectors may be defined as follows:

y 2
A, (x,y)=—-A———1,
(x,y) = . +y2

Ay (x,y)= Ax 21, (5.200)

X 2 2
Axy(X,)’):E( 2 zl_ Y 2])’

x’+y x’+y
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ho

hy

(z,9)

Figure 5.11. Line element forming part of the boundary of a QWR extending from
coordinate (x,y;) to (xz,y2).

where A is equal to g,E/[2n(1—-v)], with v the Poisson’s ratio, and E
the Young’s modulus. €, is the misfit strain of the QWR so that
€y = (a, —a;)/a;, where a; and a, are the lattice parameters of the QWR
material and surrounding matrix, respectively. The QWR is initially
strained to €, in each of the x, y, and z directions. For simple geometries,
Equation (5.199) may be evaluated analytically. The calculation is com-
pleted by employing the principle of superposition to calculate the
stress at a point due to several strained wires. Here, as an example, we
consider analytic expressions for a line element.

Figure 5.11 illustrates a line element forming part of the boundary
of a QWR extending from coordinate (x;,y;) to (x,,y,). We obtain the
following stress components using Equation (5.199).

Gy = A[(%)Z (tan™! E + tan" F) (iﬁl jln(j—?ﬂ,

2
G, = A[(%j (tan™ E+tan™ F)+ (%—Ij)ln(%ﬂ,
1

BHY , . B - H? d,
Gy = A|:( D2 ) (tan 1E+tan 1F)+(W]1n(d_l):|’ (5202)

(5.201)

where
Bb, + Hh, Fe Hh, + Bb,
Bh, — Hb,’ Bb, — Bh,’

H=y, =yl =y =y, =y, -y, (5.203)
B=x; —x1,by =x —x,b, =x, — x,
& =0} + b3 =3 +b}, D*=H’+PB.

E=
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A stress component at an arbitrary point (x, y) inside or outside any
QWR with a boundary comprised of line elements can be evaluated by
adding the contributions due to each line element as given by Equations
(5.201)—(5.203).

However, the denominator of E or F becomes zero when Bh, = Hb,,
corresponding to the locus of points along the gradient as indicated by
the dotted line in Figure 5.11. Along this line, the stress components
reduce to simpler forms, retaining only the log term of Equations
(5.201)—(5.203),

BH d,
w=—Al — |In| = |, .
G, (Dz ) n(dlj (5.204)
BH d,
ny = A(Fjln(d—l), (5205)
and
B’ -H? d,
ny = Awln(d—l) (5206)

Equations (5.201)—(5.203) also reduce to simpler forms for horizon-
tal or vertical line elements. In particular, for a horizontal line element
(H =0), it is found that o,, =0, which indicates that horizontal line
elements do not contribute to the y component of the stress. Similarly,
for a vertical line element (B =0), the result 6., =0 is obtained. These
results are a consequence of the choice of the vectors A.

5.8.2 Strain in Quantum Dots

The stress components at position (x,y,z) in a QD are determined by
evaluating

;i (x,,2) = CJ.)SA(X — X0,y = Y0,2 = 20) - dS(x0, Y0, %), (5.207)

where the integral is over the surface of the QD, so that (x,y0,20) is
now a point on the surface. Equation (5.207) can be integrated numeri-
cally for an arbitrarily shaped QD, and in certain cases where the
geometry is simple, an analytic result can be obtained. Here, we con-
sider a cuboidal QD as an example. The stress distribution for a cuboi-
dal QD is calculated analytically using Equation (5.207). The dot
considered occupies a volume of 2ax2bx2c centered on the origin,
and is aligned so that its faces are perpendicular to the direction of the
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axes. The length a refers to the x direction and so forth. As a concrete
example, the stresses o,, and o,, are presented here, and the other
stresses are easily obtained. The expressions have been compacted for
display. The stress G,, is the sum of 8 arctan terms, one for each com-
bination of (a*x),(b*y), and (c*z), and, similarly, 6, is a combina-
tion of eight log terms, but in this case, the sign of the log is positive
for combinations of (et x),(bxy), and (¢t z) with either 1 or 3 plus
signs, and negative for 0 or 2 plus signs.

(bxy)ctz)
(atx)(atx)?+(bty)+(ctz)>

0. (x,y,z7)=—Atan™’ ( ] (5.208)

0. (x.y.2) = Alog{\(at x> + (b + y)* +(c£2)’ —(y£b)}.  (5.209)

5.8.3 Optical Gain of a Quantum Wire

For a QWR, we solve one Schrodinger equation for electrons and 6 x 6
Hamiltonian for holes for simplicity. The electron and hole concentra-
tions are calculated according to the following relations:

N=2Y" [ p(k)f.[E, (ko)dk.

) (5.210)
P=2Y | p(k)AIE, (k.)dk..
where
(Ep(kz)_EfC) -
FLE, (k) =| 1+ exp| ===
{ +exp[ kT Hl (5.211)
FLE, ()= 1+exp| FLEIZEn) |

are Fermi—Dirac distributions of electrons for the conduction and the
valence band, respectively, while £, and Ej, are the relevant quasi-
Fermi levels. p(k. ) is the density-of-state (DOS) in k space. For a QWR,
p(k,) is given by

p(k.)= niA. (5212)
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The absorption coefficient becomes

@(h0)=Co- 3 3 6 8(E, — E, - o), = f), (5213)

kqa  kp
where

ne’

Cp=— (5.214)
n,cegmy®

The summations over the quantum number k, and k;, become sum-
mations over (k;,mym,) and (k.,mn,). The indices n={nln2} and
m ={mlm?2} denote the electron states in the conduction band and the
subband states in the valence band, respectively. The matrix element
contains a k-selection rule when we take the inner product. That is,
k. =k,. When the scattering relaxation is included, the delta function
may be replaced by a Lorentzian function with a linewidth I' = 27/t

hl(t;,m)
(E, — E, — hw)* + (W/t;,)*

d(Ey - E, —ho) — (5.215)

where a factor w has been included such that the area under the func-
tion is properly normalized:

J.B(Eb _E, - ho)dho=1 (5.216)
Hence, we can write

2 5 nln 2 h/(TmTC) mlm nln
OL(hO)):CO z V;k-p”}uﬁz m( & 1 2_]061 2),

+ (hlt;,)?

nln2,mlim?2

(5.217)

where Ef2, is the energy difference between the electron subband
and the hole subband. For example, within a two-band model, the
quantizations of the electron and hole energies E, and E, are

21,2
E, = Epym — ﬂ (5.218)
2mh
and
21,2
Ey=E, + Epn, + Z—k (5.219)

e
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Note that E},,,»,, <0 and

k2
E,~E, = Ejpii, + == B (Ke). (5.220)
where
1 1 1
=—t—, (5.221)
m, m, my,
and
EZ::’}]”V?’!Z = Eg + Ehn1n2 - Ehm1m2 (5222)

is the band edge transition energy (k. =0). When we change the sum-
mation to the integral over k,

2 2 L 21
LAy :——Jdkz,
v kz sk =4 (5:223)
we obtain the optical gain for the free carrier model
62 Wo N 2
ho =—,/— Jdkz e -puia
s(ho) 2ATmio V € nanZmImZ P
" : (5.224)

mlm2 _ g£nln2
(Efmtme —ho)? + (0/1,)° (R,

) 1
where we used the relation = ﬁ.
Egnc €

Assuming that the system is quantized in the x and ¥ directions, the
energies and the envelope functions of valence subbands can be
obtained by solving the effective mass equation

D [Hyy +Vi(6, )8 | By (key X, 9) = E(k2) Fyy (e, %, ),
v (5.225)

vip e {|a1),|11),|12),[h2),|s1).]s2)},

where H is the Luttinger—-Kohn Hamiltonian in Equation (3.263) in
Chapter 3,and V, (x,y) is the QWR potential for holes. Then, the optical
momentum matrix elements M for a QWR are given by

l&-M(k,) =|(wme-plwr), (5.226)
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where ¥, and ¥, are wave functions for the conduction and the valence
bands, respectively, and n:T and | for both electron spins. The
polarization-dependent interband optical matrix elements M can be
written as

TE-polarization e = x:

2

6
(ko) =2 (R | is TR -Blv)
v=1
Lyttt L ot tmm . Lt w2
:——2<F F >+£<F F > \/§<E Fh,6> Dx»
(5.227)
A 2 6 2
X'Mi(kz)| Fni Fhv lSJ/lX p|V>
v=1
1 nl m 1 nl | om 1 nl m ’ 2
— _ﬁ<E th2>+$<Fc Fh’4>+ﬁ<E th5> Px»
(5.228)
TE-polarization € =y:
6 2
=D (F | (is g -plv)
v=1
1 oM pm\ e L oM pm\ s 1 nTmzz
:_ZE<FC Fh,1>—l£<Fc Fh,3>—lﬁ<Fc Fh,6> Py
(5.229)
6 2
(k)| =Y (Er [ Fin(is LIy plv)
v=1
.1 nd | pm 1 nl| pm 1 nl| pm ’ 2
i )i e < )
(5.230)
TM-polarization e = z:
6 2
- 2<F;’T Fn(iS Tz p|v)
v=1 1 , (5.231)
:‘\/g<EnT Fh’Tl2>+ﬁ<Fch Fh'TlS> pzza
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i<Fcn¢

v=1
2
=‘\E (Fm E:f@—%@%nL Fh’f%>‘ P,

where momentum matrix parameters P,, P,, and P, are defined as

P, =(iS|p.| X). P, =(iS|p,|Y ). P. = (iS|p.| Z)
P.=P,=P.

2

2-M' (k) =

En(iS Tz plv)

(5.232)

(5.233)

5.8.4 Optical Gain for Quantum Dots

In the case of a QD, the eight-band k- p Hamiltonian is often used for
eliminating spurious solutions. The wave function ¥ of electrons and
holes is expressed with the envelope function F,, and the basis functions
|v) as

W(x,y,2)= Y Fy(x,,2)|v), (5.234)

where F, follow the normalization rules

8
> JazlFef =1, (5.235)
i=1

where a(=n or m) denotes the subband states in the conduction or the
valence band.

The energies and the envelope functions of conduction and valence
subbands can be obtained by solving the effective mass equation

Z[Huv + V(x,y,z)?Spv]FV (x,y,2)=EF,(x,y,2),

viu e {lcl),|e2),|A1).|11),]12),|h2).[s1).]s2)),
(5.2306)
where H is the Luttinger—Kohn 8 x 8 Hamiltonian in Equation (3.263)

in Chapter 3, and V(x,y,z) is the QD potential. The optical momentum
matrix elements M for a QD are given by

& -M(k.)" =|(¥zle-p|¥r), (5.237)




QUANTUM WIRES AND QUANTUM DOTS 273

where ¥, and ¥, are wave functions for the conduction and the valence
bands, respectively. The indices n = {n1n2n3} and m = {m1m2m3} denote
the electron states in the conduction band and the subband states in
the valence band, respectively. That is,

8
P = ZFV” (x,v,2)| V)
v (5.238)

8
Y = szm(x’y’Z)|V>'
v=1

The electron and hole concentrations are calculated according to the
following relations:

N=Y | p(EVE)ME

(5.239)
P= | p(EV(E)E,
where m

are Fermi—Dirac distributions of electrons for the conduction and the
valence band, respectively, while £, and Ej are the relevant quasi-
Fermi levels. p(E), the DOS for a QD, is given by

p(E)=%8(E—EW). (5.241)

Similarly, the material gain for the QD is

62 Wo 1.
BON .M
mim \/:rzm‘ 1% e M,

Figure 5.12 shows a numerical example for the gain spectra calcu-
lated for 100A x 100A x 100A cubic GaAs/Al,;;Gay,As QD,
100A x 100A square QWR, and 100A QW. The dominant electric-
field polarizations are chosen for each structures. For simplicity, a free

2 h/Tm
(Ef, —hw)* + (Al )

g(how) = (fr = f"). (5.242)
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Figure 5.12. Gainspectra calculated for 100 A x100A x 100 A cubic GaAs/Al,,Ga,,As
quantum dot, 100 A x 100 A square quantum wire and 100 A quantum well.

carrier model for the optical gain was used for all cases. As can be seen,
the shape of the spectrum becomes sharper with increasing quantiza-
tion dimensions. This is due to the variation of the DOSs. The width of
gain spectrum is determined only by the relaxation broadening for QD,
since the DOS is given by the delta function, while for the other QWs,
it is determined by all of the shapes of the DOS, the relaxation broad-
ening, and the thermal distribution of carriers.

APPENDIX: FORTRAN 77 CODE FORTHE BAND STRUCTURE

CE 5555555555355 5%%%55%%%5%%%%%%%%%%%%
C%%% GaAs/AlGaAs/GaAs $%%
C%%% VALENCE BAND STRUCTURE %%%
C%%% BARRIER WIDTH=DIVISI*NW $%%
C%%% WELL WIDTH=DIVISI* (LW+1) %%
CEs%5555%55%5%5%%55%55%%5%555%5%5%5%%5%%%5%%%%
IMPLICIT REAL*8 (A—H,0—2)
C
INTEGER  NB,NW,ND, NN, NP, NK
PARAMETER (NB=30, NW=39, ND=NB+NW+NB, NN=ND+ND+ND, NP=ND+2, NK=50)
C

REAL*8 CG2 (NP),CF (NP),DIVISI
REAL*8 AP1 (NP),AP2 (NP),AP3 (NP),AP4 (NP),AP5 (NP),AP6 (NP),GDELM (NP)
REAL*8 FH(NP),FL (NP), FSO (NP)
INTEGER NCB,NVB
C======= CB : EIGENVALUE, EIGENVECTOR =====
OPEN (UNIT=10, FILE='CVADAS.DAT’, STATUS="UNKNOWN’)
OPEN (UNIT=20, FILE='CVEDAS.DAT’,STATUS="UNKNOWN’)
C======= VB : EIGENVALUE =====
OPEN (UNIT=50, FILE='HVADUAS.DAT’, STATUS="UNKNOWN’)



APPENDIX: FORTRAN 77 CODE FOR THE BAND STRUCTURE

C======= VB STRUCTURE FOR PLOT =———=

OPEN (UNIT=80, FILE='GRPHUAS.DAT’, STATUS="UNKNOWN’)
C

NCB=2

NVB=4

C%%%%%% MATERIAL PARAMETERS 3%%%%%%%%3%%
CALL MATER(CG2,CF,DIVISI,
$ AP1,AP2,AP3,AP4,AP5,AP6,GDELM, FH, FL, FSO)
C%%%%%% OBTAINING CB EIGENVALUE $3%%%%%
CALL CBEIGEN (CG2,CF,DIVISI,NCB)
o
CALL VBEIGEN (NVB,DIVISI,
$ AP1,AP2,AP3,AP4,APS5,AP6,GDELM, FH, FL, FSO)

SUBROUTINE MATER (CG2,CF,DIVISI,
$ AP1,AP2,AP3,AP4,APS5,AP6,GDELM, FH, FL, FSO)

INTEGER  NB,NW,ND, NN, NP, NK

PARAMETER (NB=30,NW=39, ND=NB+NW+NB, NN=ND+ND+ND, NP=ND+2, NK=50)

REAL*8 HBAR,EV,MO,AUNG, PI, T, KT

REAL*8 DIVISI,TLL,TLB, TLW,RATIO,ACL

INTEGER I1,12

REAL*8 BARX,GAIW,GA2W,GA3W,GAIB, GA2B, GA3B

REAL*8 DELSOW, DELSOB

REAL*8 WEG,BEG, WEMC, BEMC

REAL*8 TLCWELL, TLCBARR, TLCSUB,C11,C12,C11B,C12B
REAL*8 ACW,AVW, BW,ACB,AVB, BB, A0, EXX, EZZ, AOB, EXXB, EZZB
REAL*8 CNITW,VNITW, ZETAW,CNITB,VNITB, ZETAB

REAL*8 AP1 (NP),AP2 (NP),AP3 (NP),AP4 (NP) ,AP5 (NP) ,AP6 (NP
REAL*8 FH(NP),FL (NP),FSO (NP),GDELM (NP) , CG2 (NP) , CF (NP)

HBAR=1.0546D-34

EV=1.60219D-19

MO=9.1095D-31

AUNG=1.0D-10

PI=4.0*ATAN (1.0)

T=300.0

KT=T/300.0*0.026*EV
C =—————= QW STRUCTURE

DIVISI=2.0*AUNG

TLB=DIVISI* (NB) ! BARRIER LENGTH

TLW=DIVISI* (NW+1) ! WELL LENGTH

I1=NB ! BOUNDARY BETWEEN BARRIER AND WELL

I2=NB+NW+1

TLL=DIVISI* (NB+NW+NB+1) ! TOTAL LENGTH OF QW STRUCTURE

RATIO=MO/HBAR*TLL/HBAR*TLL

ACl=(ND+1) **2
GaAs/AlxGal-xAs ==
.3 !'Al COMPOSITION
C ==——————— PARAMETERS =——=————

GA3W=2.73

GA1B=6.8%* (1.0-BARX)+3.45*BARX

GA2B=1.9* (1.0-BARX)+0.68*BARX

GA3B=2.73* (1.0-BARX)+1.29*BARX
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DELSOW=0.34*EV
DELSOB=(0.34* (1.0-BARX)+0.28*BARX) *EV

WEG=1.424*EV
BEG=(1.424+1.247*BARX) *EV
WEMC=0.067*MO0
BEMC=(0.067+0.083*BARX) *M0

C ====== STRAIN RELATED
TLCWELL=5.6533*AUNG
TLCBARR=(5.6533* (1.0-BARX)+5.6600*BARX) *AUNG
TLCSUB=5.6533*AUNG

Cl1=11.879

C12=5.376

Cl1B=(11.879* (1.0-BARX)+12.5*BARX)
Cl12B=(5.376* (1.0-BARX)+5.34*BARX)

ACW=-7.17*EV
AVW=1.16*EV
BWi=-1.7*EV

ACB=(-7.17* (1.0-BARX) -5.64*BARX) *EV
AVB=(1.16% (1.0-BARX)+2.47*BARX) *EV
=(-1.7* (1.0-BARX) -1.5*BARX) *EV

A0=(TLCSUB-TLCWELL) /TLCWELL
EXX=A0
EZZ=(-2.0)*C12/C11*EXX

A0B= (TLCSUB-TLCBARR) /TLCBARR
EXXB=AOB

EZZB=(-2.0) *C12B/C11B*EXXB

ZETAW= -BW/2.0* (EXX+EXX-2.0*EZZ)
CNITW=+ (ACW) * (EXX+EXX+EZZ)
VNITW=- (AVW) * (EXX+EXX+EZ7)

ZETAB= -BB/2.0* (EXXB+EXXB-2.0*EZZB)
CNITB=+ (ACB) * (EXXB+EXXB+EZZB)
VNITB=- (AVB) * (EXXB+EXXB+EZZB)

00=0.65 ! BANDOFFSET IN CONDUCTION BAND
C ===== LUTTINGER PARAMETERS RELATED
DO 45 I=1,NP,1
IF ((I .GT. (I1+l)) .AND. (I .LT. (I2+1))) THEN
AP1 (I)=GAlW
AP2 (I)=GA2W
AP3(I)=GAlW
AP4 (I)=GA2W
)
)

(I
(
(
AP5 (I)=(GA2W+GA3W) /2.0
(
I

AP6 (I)=GA3W

H (I)=RATIO* (0.0+VNITW+ZETAW) /AC1L
FL(I)fRATIO*(0.0+VNITW—ZETAW)/AC1
FSO (I)=RATIO* (0.0+VNITW+DELSOW) /ACL
GDELM (I)=RATIO* (SQRT (2.0) *ZETAW) /AC1
CG2 (I)=M0/WEMC
CF (I)=RATIO* (0.0+CNITW)/AC1

ELSE

AP1 (I)=GAlB
AP2 (I)=GA2B
AP3(I)=GAlB
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AP4 (I)=GA2B
AP5 (I)=(GA2B+GA3B) /2.0
AP6(I)=GA3B
H(I)=RATIO* ((1.0-QQ) * (BEG-WEG)+VNITB+ZETAB) /ACL
L(I)=RATIO* ((1.0-QQ)* (BEG-WEG)+VNITB-ZETAB) /AC1
FSO(I) =RATIO* ((1.0-0QQ)* (BEG-WEG)+VNITW+DELSOB) /AC1
GDELM (I)=RATIO* (SQRT (2.0) *ZETAB) /AC1
CG2(I)—MO/BEMC
F (I)=RATIO* (QQ* (BEG-WEG)+CNITB) /AC1
ENDIF
45  CONTINUE
C
RETURN
END
C%%55%555%555%%55%%55%%55%%55%%55%%555%%
C%% SUBROUTINES FOR CONDUCTION BAND %%
C5%55%%55%555%%55%%55%%55%%55%%55%%555%%

SUBROUTINE CBMAT (CG2,CF,AC1,CB)

PARAMETER (NB=30, NW=39, ND=NB+NW+NB, NN=ND+ND+ND, NP=ND+2, NK=50)
INTEGER  NB,NW,ND, NN, NP, NK

INTEGER I1,12

REAL*8 CG2 (NP),CF (NP),ACl

REAL*8 CUNIM (ND,ND),CAVH2 (NP), CAVDF2 (ND, ND)

REAL*8 CB (ND,ND)

C
I1=NB ! BOUNDARY BETWEEN BARRIER AND WELL
I2=NB+NW+1
C ====== DEFINE MATRIX
DO 52 I=1,ND,1
DO 54 J=1,ND,1
CUNIM(I,J)=0.0
54 CONTINUE

52 CONTINUE
DO 56 I=1,ND,1
CUNIM(I,I)=CUNIM(I,I)+1.0
56 CONTINUE

DO 60 I=1,NP,1
CAVH2 (I)=0.5*CG2 (I)
60 CONTINUE
DO 62 I=1,NP,1

IF ((I .EQ. (I1+1)) .OR. (I .EQ. (I2+1))) THEN
CAVH2 (I)=(CAVH2 (I-1)+CAVH2 (I+1)) /2.0
ENDIF
62 CONTINUE
C
DO 64 I=1,ND,1
DO 66 J=1,ND,1
CAVDF2 (I,J)=0.0
66 CONTINUE
64 CONTINUE
C
DO 68 I=1,ND,1
CAVDF2 (I,I)=CAVDF2 (I, I)-CAVH2 (I+1)- ((CAVH2 (I)+CAVH2 (I+2)))/2.0
68 CONTINUE
C

Do 70 I=1,ND-1,1
CAVDF2 (I, I+1)=CAVDF2 (I,I+1)+(CAVH2 (I+1)+CAVH2 (I+2))/2.0
CAVDF2 (I+1,I)=CAVDF2 (I+1,I)+(CAVH2 (I+2)+CAVH2 (I+1))/2.0
70 CONTINUE
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c
DO 72 I=1,ND,1
DO 74 J=1,ND,1
CAVDF2 (I , J)=CAVDF2(I ,J)*ACl
74 CONTINUE
72 CONTINUE
c
DO 82 I=1,ND,1
DO 84 J=1,ND,1
CB(I,J)=0.0
84 CONTINUE
82 CONTINUE
c

DO 90 I=1,ND,1
DO 95 J=1,ND,1
CB(I,J)=CB(I,J)-CAVDF2(I,J)+CF(I+1)*CUNIM(I,J)*ACL
95 CONTINUE
90 CONTINUE

o
DO 96 I=1,ND,1
DO 98 J=1,ND,1
CB(I,J)=CB(I,J)/ACL

98 CONTINUE
96  CONTINUE
o

RETURN

END

9900000000000 00000000000000000000000000
s s

o 2900
C00000000000000000000C06000

SUBROUTINE VBMAT (KP,DIVISI,AP1,AP2,AP3,AP4,AP5,AP6,

$ GDELM, FH, FL, FSO, HUPMAT)

PARAMETER (NB=30, NW=39, ND=NB+NW+NB, NN=ND+ND+ND, NP=ND+2 , NK=50)
INTEGER  NB, NW,ND,NN, NP, NK

REAL*8 KP, HUPMAT (NN,NN) , DIVISI

REAL*8 AP1 (NP),AP2 (NP),AP3 (NP),AP4 (NP),AP5 (NP),AP6 (NP) , GDELM (NP)
REAL*8 FH(NP),FL(NP),FSO (NP),ACl

REAL*8 UNIM(ND,ND),AVH1 (NP),AVH2 (NP),BVHL (NP) ,BVH2 (NP) , GVH1 (NP)
REAL*8 GVH2 (NP) ,CVH (NP) , DVH (NP) , FVH1 (NP) , FVH2 (NP) , AVHDF2 (ND, ND)
REAL*8 BVHDF2 (ND,ND) , FVHDF2 (ND, ND) , GVHDE2 (ND, ND)

REAL*8 DVHDF1 (ND,ND)

REAL*8 B (NN,NN),LL

INTEGER I,J,I1,I2

C
I1=NB
I2=NB+NW+1
LL=DIVISI* (NB+NW+NB+I)
AC1=(ND+1) **2
C

DO 305 I=1,ND,1
DO 307 J=1,ND,1
UNIM(I,J)=0.0
307 CONTINUE
305 CONTINUE
DO 315 I=1,ND,1
UNIM(I,I)=UNIM(I,I)+1.0
315 CONTINUE
C ======= DEFINE MATRIX
DO 320 I=1,NP,1
AVH1 (I)=0.5% (AP3 (I)+AP4 (I)) * ( (LL*KP) **2)
AVH2 (I)=0.5% (AP1 (I)-2.0*AP2(I))



320

325

337
335

340

350
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BVHL (I)=0.5% (AP3(I)-AP4(I))* ((LL*KP) **2)
BVH2 (I)=0.5* (AP1 (I)+2.0*AP2 (1))
GVHI (I)=0.5*AP3(I)* ((LL*KP) **2)
GVH2 (I)=0.5*AP1 (1)
CVH (I)=0.5*SQRT (3.0) *AP5 (I) * ( (LL*KP) **2)
DVH (I)=SQRT (3.0) *AP6 (I) *LL*KP
FVHI (I)=AP4 (I)/SQRT(2.0) * ( (LL*KP) **2)
FVH2 (I)=SQRT (2.0) *AP2 (I
CONTINUE
DO 325 I=1,NP,1
IF ((I .EQ. (Il+l)) .OR. (I .EQ. (I2+l))) THEN
AVH2 (I)=(AVH2 (I-1)+AVH2 (I+1)) /2.0
BVH2 (I)=(BVH2 (I-1)+BVH2 (I+1)) /2.0
GVH2 (I)=(GVH2 (I-1)+GVH2 (I+1)) /2.0
FVH2 (I)=(FVH2 (I-1)+FVH2 (I+1)) /2.0
DVH (I)=(DVH (I-1)+DVH (I+1)) /2.0
CVH (I)=(CVH(I-1)+CVH (I+1))/2.0
FVHI (I)=(FVH1 (I-1)+FVH1 (I+1)) /2.0
BVH1 (I)=(BVH1 (I-1)+BVH1 (I+1)) /2.0
GVH1 (I)=(GVHI1 (I-1)+GVH1 (I+1)) /2.0
AVH1 (I)=(AVH1 (I-1)+AVHL (I+1))/2.0
ENDIF
CONTINUE
DO 335 I=1,ND,1
DO 337 J=1,ND,1
AVHDF2 (I,J)=0.0
BVHDF2(I,J) 0.0
FVHDF2 (I,J)=0.0
GVHDF2 (I,J)=0.0
DVHDF1 (I,J)=0.0
CONTINUE
CONTINUE
DO 340 I=1,ND,1
AVHDF2 (I, I)=AVHDF2 (I, I)-AVH2 (I+1)- ((AVH2 (I)+AVH2 (I+2)
BVHDF2 (I, I)=BVHDF2 (I,I)-BVH2 (I+1)-((BVH2 (I)+BVH2 (I+2)
FVHDF2 (I,I)=FVHDF2 (I,I)-FVH2 (I+1)- ((FVH2 (I)+FVH2 (I+2)
GVHDF2 (I,I)=GVHDF2 (I,I)-GVH2 (I+1)- ((GVH2 (I)+GVH2 (I+2)
CONTINUE
DO 350 I=1,ND-1,1
AVHDF2 (I, I+1)=AVHDF2 (I, I+1)+ (AVH2 (I+1)+AVH2 (I+2))/2.0
AVHDF2 (141, I)=AVHDF2 (I+1, I)+ (AVH2 (I+2)+AVH2 (I+1)) /2.0
BVHDF2 (I, I+1)=BVHDF2 (I, I+1)+ (BVH2 (I+1)+BVH2 (I+2))/2.0
BVHDF2 (I+1, I)=BVHDF2 (I+1, 1)+ (BVH2 (I+2)+BVH2 (I+1)) /2.0
FVHDF2 (I, I+1)=FVHDF2 (I, I+1)+ (FVH2 (I+1)+FVH2 (I+2))/2.0
FVHDF2 (I+1, I)=FVHDF2 (I+1, I)+ (FVH2 (I+2)+FVH2 (I+1)) /2.0
GVHDF2 (I, I+1)=GVHDF2 (I, I+1)+ (GVH2 (I+l)+GVH2(I+2))/2.0
GVHDF2 (I+1, I)=GVHDF2 (I+1, I)+ (GVH2 (I4+2)+GVH2 (I+1)) /2.0
DVHDF1 (I, I+1)=DVHDFI (I, I+1)+ (DVH (I+2)+DVH (I+1))/2. o
DVHDF1 (I+1,I)=DVHDF1 (I+1,I)- (DVH (I+2)+DVH (I+1))/2.0

CONTINUE

DO 365 I=1,ND,1
DO 367 J=1,ND,1

AVHDF2 (I,J)=AVHDF2 (I,J) *AC1
BVHDF2 (I,J)=BVHDF2 (I, J) *AC1
FVHDF2

(
(

GVHDF2 (I,J)=GVHDF2(I,J)*ACl
(

(I,J)
(I,J)
I,J)=FVHDF2 (I, J)*ACl
(I,J)
DVHDF1 (I, J)=DVHDF1 (I, J)

,J) *SQRT (AC1) /2.0

o O o o
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367 CONTINUE
365 CONTINUE
C

N2=ND+ND

DO 375 I=1,NN,1
DO 377 J=1,NN,1

B(I,J)=0.0
377 CONTINUE
375 CONTINUE
o
DO 380 I=1,ND,1
DO 383 J=1,ND,1
B(I,J)=B(I,J)+AVH1 (I+1) *UNIM (I, J)-AVHDF2 (I,J)
$ +FH (I+1) *UNIM (I, J) *ACl
B (I+ND, J+ND) =B (I+ND, J+ND) +BVH1 (I+1) *UNIM(I, J) -BVHDF2 (I, J)
$ +FL (I+1) *UNIM (I, J) *ACl
B (I+N2, J+N2)=B (I+N2, J+N2) +GVH1 (I+1) *UNIM(I, J) -GVHDF2 (I, J)
$ +FSO (I+1) *UNIM (I, J) *AC1
B (I+ND, J)=B (I+ND, J)+CVH (I+1) *UNIM (I, J) +DVHDF1 (I, J)
B (I4N2,J)=B (I+N2,J)+SORT (2.0) *CVH (I+1) *UNIM(I, J)
$ -DVHDF1 (I, J) /SQRT (2.0)
B (I+N2, J+ND) =B (I+N2, J+ND) +FVH1 (I+1) *UNIM (I, J)+FVHDF2 (I, J)
$ ~SQRT (3.0/2.0) *DVHDF1 (I, J)+GDELM (I+1) *UNIM (I, J) *AC1
383 CONTINUE

380 CONTINUE
DO 392 I=1,ND,1
DO 394 J=1,ND,1
B (I, J+ND)=B (J+ND, I)
B(I,J+N2)=B (J+N2,I)
B (I4ND, J+N2)=B (J+N2, I+ND)

394 CONTINUE
392 CONTINUE
C

DO 404 I=1,NN,1
DO 408 J=1,NN,1
HUPMAT (I, J)=B(I,J) /AC1l

408 CONTINUE

404 CONTINUE
RETURN
END

990909000000000000000000000000000000000000

SUBROUTINE CBEIGEN (CG2,CF,DIVISI,NCB)

PARAMETER (NB=30,NW=39, ND=NB+NW+NB, NN=ND+ND+ND, NP=ND+2 , NK=50)
REAL*8 CG2 (NP),CF (NP),DIVISI

INTEGER  NB, NW,ND, NN, NP, NK

REAL*8 HBAR,EV,MO, TLL,RATIO,AC1

REAL*8 A (ND,ND),EVALD (ND) ,ED (ND) , NORM, CEVECD (ND, ND) , ASK (ND
INTEGER I,J

HBAR=1.0546D-34
EV=1.60219D-19
MO=9.1095D-31

TLL=DIVISI* (NB+NW+NB+1)
RATIO=MO/HEAR*TLL/HEAR*TLL
AC1=(ND+1) **2

DO 102 I=1,ND,1
DO 104 J=1,ND,1
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A(I,J)=0.0
104 CONTINUE
102 CONTINUE
C
CALL CBMAT (CG2,CF,ACI,A)
C
CALL TRED2 (A,ND,ND,EVALD, ED)
CALL TQLI (EVALD, ED,ND,ND,A)
CALL EIGSRT (EVALD,A,ND,ND)
C

DO 222 I=ND,ND-NCB+1,-1
NORM=0. 0
DO 225 J=1,ND,1
NORM=NORM+A (J, I) *A(J, I)
225  CONTINUE
DO 227 J=1,ND,1
CEVECD (J, I)=A(J, I)/SQRT (NORM)
227 CONTINUE
222  CONTINUE
DO 232 I=1,ND,1
ASK (I)=EVALD (I) /RATIO*AC1/EV
232  CONTINUE
BANDC1=ASK (ND)
C%%%%%%%% SAVING EIGENVALUES FOR CB %%%
WRITE (*,239) (ASK(I),I=ND,ND-3,-1)

239 FORMAT (* CONDUCTION :’,4F10.5)
WRITE (10,240) (ASK(I),I=ND,ND-NCB+1,-1)
240 FORMAT (10F10.5)

C%%%%%%% SAVING EIGENVECTOR FOR CB %%%
DO 242 I=1,ND,1

WRITE (20,248) (CEVECD(I,J),J=ND,ND-NCB+1,-1)

248 FORMAT (10F10.5)
242 CONTINUE
c

RETURN

END
Cr55%5555%55%%55%55%%%%5%55%%%%%55%%%%5%%5%%%%%%
C%% EIGENVLAUE ANDEIGENVECTOR FOR VB %%
Cr55%5555%55%555%55%%%5%55%%%%%55%%%%5%%%%%%%%

SUBROUTINE VBEIGEN (NVB,DIVISI,
$ AP1,AP2,AP3,AP4,AP5,AP6,GDELM, FH, FL, FSO)
INTEGER  NB,NW,ND, NN, NP, NK

PARAMETER (NB=30, NW=39, ND=NB+NW+NB, NN=ND+ND+ND, NP=ND+2, NK=50)

REAL*8  DIVISI,B (NN, NN)

REAL*8 AP1 (NP),AP2 (NP),AP3 (NP),AP4 (NP) ,APS5 (NP) ,AP6 (NP) , GDELM (NP)

REAL*8 FH(NP),FL(NP),FSO (NP)
INTEGER NVB
INTEGER II,I,J,NLAST

REAL*8 KPINT,KP,NORM, HBAR, AUNG, EV, MO, TLL, RATIO, AC1
REAL*8  EVALN (NN) , EN (NN) , ASKN (NN) , HEVEC (NN, NN)

REAL*8 HUPMAT (NN, NN)

AUNG=1.0D-10
HBAR=1.0546D-34
MO=9.1095D-31
EV=1.60219D-19
NLAST=50
KPINT=0.01/AUNG

TLL=DIVISI* (NB+NW+NB+1) ! TOTAL LENGTH OF QW

RATIO=MO/HBAR*TLL/HBAR*TLL
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AC1=(ND+1) **2

DO 1000 II=1,NLAST ! START
KP=KPINT* (II-1)
C2%%%%%%%%% DEFINE MATRIX %%%%%%%%%
CALL VBMAT (KP,DIVISI,AP1,AP2,AP3,AP4,AP5,AP6,
$ GDELM, FH, FL, FSO, HUPMAT)

C
DO 402 I=1,NN,1
DO 404 J=1,NN,1
B(I,J)=HUPMAT (I,J)
404 CONTINUE
402 CONTINUE
C

DO 653 I=1,NN,1
EN(I)=0.0
EVALN(I)=0.0
ASKN (I)=0.0

653 CONTINUE

CALL TRED2 (B, NN, NN, EVALN, EN)
CALL TQLI (EVALN, EN, NN, NN, B)
CALL EIGSRT (EVALN, B, NN, NN)
=== NORMALIZATION OF EIGENVECTOR
DO 712 I=NN,NN-NVB+1,-1
NORM=0. 0
DO 715 J=1,NN,1
NORM=NORM+B (J, I)*B(J, I)
715 CONTINUE
DO 717 J=1,NN,1
HEVEC (J, I)=B (J, I) /SQRT (NORM)

717 CONTINUE
712 CONTINUE
C

DO 720 I=1,NN,1
ASKN (I)=EVALN (I) /RATIO*AC1/EV | EV UNIT

720  CONTINUE
—= SAVING EIGENVALUES

WRITE (*,727) KP*AUNG, (-ASKN (I), I=NN, NN-NVB+1,-1)
727  FORMAT (20F10.5)

WRITE (50,757) (-ASKN(I),I=NN,NN-NVB+1,-1)

WRITE (80,757) KP*AUNG, (~ASKN (I), I=NN, NN-NVB+1,-1)
757  FORMAT (20F10.5)

C
1000 CONTINUE
C
RETURN
END

(C) COPR. 1986-92 NUMERICAL RECIPES SOFTWARE 00.
SUBROUTINE TQLI (D,E,N,NP,Z)
INTEGER N,NP
REAL*8 D(NP),E(NP),Z(NP,NP)
INTEGER I,ITER,K,L,M
REAL*8 B,C,DD,F,G,P,R,S, PYTHAG
DO 11 I=2,N
E(I-1)=F(I)
11  CONTINUE
E(N)=0.

Q
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13

14

15

DO
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15 L=1,N

ITER=0
DO 12 M=L,N-1

DD=ABS (D (M) ) +ABS (D (M+1) )
IF (ABS(E(M))+DD.EQ.DD) GOTO 2

CONTINUE
M=N
IF (M.NE.L) THEN

IF (ITER.EQ.300) PAUSE 'TOO MANY ITERATIONS IN TALI’
ITER=ITER+1
G=(D(L+1) - ))/(2.%E(L))
R:PYTHAG(G 1 ODO)
G=D (M) -D (L) +E (L) / (G+SIGN (R, G))
S=1.
c=1.
P=0.
DO 14 I=M-1,L,-1
F=S*E (I)
B=C*E (I)
R=PYTHAG (F, G)
E (I+1)=R
IF (R.EQ.O.) THEN
D(I+1)=D(I+1)-P
E(M)=0.
GOTO 1
ENDIF
S=F/R
C=G/R
G=D (I+1) -
R=(D(I)-G)*S+2.*C*B
P=S*R
D (I+1)=G+P
G=C*R-B

OMIT LINES FROM HERE . ..

DO 13 K=1,N
F=Z7 (K, I+1)
Z (K, I+1)=S*Z (K, I) +C*F
7 (K,I)=C*7 (K, I)-S*F
CONTINUE

. TO HERE WHEN FINDING ONLY EIGENVALUES.

CONTINUE
D(L)=D (L) -P
E(L)=G

E (M)=0.
GOTO 1

ENDIF
CONTINUE
RETURN

END

SUBROUTINE TRED2 (A,N,NP,D,E)
INTEGER N, NP

REAL*8 A (NP,NP),D(NP),E (NP)
INTEGER I,J,K,L

REAL*8 F,G,H,HH, SCALE

DO

L=
H=

18 I=N,2,-1
I-1
0.

SCALE=0.
F(L.GT.1) THEN

DO 11 K=1,L
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SCALE=SCALE+ABS (A (I,K))
11 CONTINUE
IF (SCALE.EQ.O.) THEN
E(I)=A(I,L)
ELSE
DO 12 K=1,L
A(I,K)=A(I,K)/SCALE
H=H+A (I,K) **2
12 CONTINUE
F=A (I, L)
G=-SIGN (SQRT (H) , F)
E (I)=SCALE*G
H=H-F*G
A(I,L)=F-G
F=0.
DO 15 J=1,L
c OMIT FOLLOWING LINE IF FINDING ONLY EIGENVALUES
A(J,I)=A(I,J)/H
G=0.
DO 13 K=1,J
G=G+A (J,K) *A (I,K)
13 CONTINUE
DO 14 K=J+1,L
G=G+A (K, J) *A (I, K)
14 CONTINUE
E(J)=G/H
F=F+E (J) *A (I, J)
15 CONTINUE
HH=F/ (H+H)
DO 17 J=1,L
F=A(I,J)
G=F (J) -HH*F
E(J)=G
DO 16 K=1,J
A (J,K)=A(J,K) -F*E (K) -G*A (I, K)

16 CONTINUE
17 CONTINUE
ENDIF
ELSE
E(I)=A(I,L)
ENDIF
D(I)=H

18  CONTINUE
OMIT FOLLOWING LINE IF FINDING ONLY EIGENVALUES.
D(1)=0.
E(1)=0.
DO 24 I=1,N
c DELETE LINES FROM HERE . ..
L=I-1
IF(D(I).NE.O.)THEN
DO 22 J=1,L
G=0.
DO 19 K=1,L
G=G+A (I,K) *A (K, J)
19 CONTINUE
DO 21 K=1,L
A(K,J)=A(K,J)-G*A (K, I)

21 CONTINUE
22 CONTINUE
ENDIF

C ... TO HERE WHEN FINDING ONLY ETGENVALUES.
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D(I)=A(I,I)
C ALSO DELETE LINES FROM HERE ...
A(I,I)=1.
DO 23 J=1,L
A(I,J)=0.
A(J,1I)=0.
23 CONTINUE
C ... TO HERE WHEN FINDING ONLY EIGENVALUES.
24 CONTINUE
RETURN
END

C (C) COPR. 1986-92 NUMERICAL RECIPES SOFTWARE 00.
FUNCTION PYTHAG (A, B)
REAL*8 A, B, PYTHAG
REAL*8 ABSA,ABSB
ABSA=ABS (A)
ABSB=ABS (B)
IF (ABSA.GT.ABSB) THEN
PYTHAG=ABSA*SQRT (1 .+ (ABSB/ABSA) **2)
ELSE
IF (ABSB.EQ.0.) THEN
PYTHAG=0.
ELSE
PYTHAG=ABSB*SQRT (1.+ (ABSA/ABSB) **2)
ENDIF
ENDIF
RETURN
END
C (C) COPR. 1986-92 NUMERICAL RECIPES SOFTWARE 00.
SUBROUTINE EIGSRT (D,V,N,NP)
INTEGER N, NP
REAL*8 D (NP),V (NP, NP)
INTEGER I,J,K

REAL*8 P

DO 13 I=1,N-1
K=I
P=D(I)

DO 11 J=I+1,N
IF (D (J) .GE.P) THEN
K=J
P=D (J)
ENDIF
11 CONTINUE
IF (K.NE.I) THEN
D (K)=D(I)
D(I)=P
DO 12 J=1,N
P=V(J,I)
V(J,I)=V(J,K)
V(J,K)=P
12 CONTINUE
ENDIF
13 CONTINUE
RETURN

(C) COPR. 1986-92 NUMERICAL RECIPES SOFTWARE 00.
SUBROUTINE GAULEG (X1,X2,X,W,N
INTEGER N

= H
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MODERN SEMICONDUCTOR LASER THEORY

REAL*8 X1,X2,X(N),W(N)

REAL*8 EPS

DOUBLE PRECISION EPS

PARAMETER (EPS=3.0D-14)

INTEGER I,J,M

DOUBLE PRECISION P1,P2,P3,PP,XR,XM,Z,21l

M= (N+1) /2

XM=0.5D0* (X2+X1) ! ONLY HALF OF THEM BECAUSE OF THEIR SYMMETRY

XR=0.5D0* (X2-X1)
DO 12 I=1,M
7=COS (3.141592654D0* (I-0.25D0) / (N+0.5D0) )
CONTINUE
P1=1.0DO
P2=0.0D0
DO 11 J=1,N
P3=P2
p2=P1
P1=((2.0D0*J-1.0D0) *Z*P2~ (J-1.0D0) *P3) /J
CONTINUE
PP=N* (2*P1-P2)/ (Z2*%-1.0DO)
71=7
2=21-P1/PP
IF (ABS(z-%Z1) .GT. EPS) GOTO 1
X (I)=XM-XR*Z
X (N+1-T1) =XM+XR*Z
W(I)=2.0DO*XR/ ((1.0DO-Z*Z) *PP*PP)
W(N+1-I)=W(I)
CONTINUE
RETURN
END

PROBLEMS

1. Let V(?) be the projected evolution operator of the system defined

as follows:

V(t)=Vexp {—iJ‘Ot dtQL, (t)Q}

then, prove that

V(t)=P+Q0U1)Q.

Prove that projected operators H(t,t) and S(z,7)

(5.243)

(5.244)

satisfy

H(1,7) =V (t)S(t,7)V "' (1). Use the following relation with the initial

condition H(t,t)=1:

%E(I,T) =—iQL () QH(1,7).

Prove that evolution operators G(f,71) and R(Z,7)
G(t.1)=U(MRELDU™ (1)-

(5.245)

satisfy
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4. Let U, (t) be the evolution operator of the system in the interaction
picture such that U (1) = U, (1)U, (t), where U (¢) = Texp{~i [, dsLy(s))
is the unperturbed evolution operator of the system. Then, prove

that U, (1) = Texp{~i[,U;' (1) Lo ($)U,, (5)ds).

5. Using an FDM for a Schrodinger equation given by Equation (5.127),
calculate the quantized subband energies for the conduction band
of a GaAs/Al,Ga,_,As (x=0.3) QW structure. Assume that the
parameters for Al,Ga,_,As are

m; (x) = (0.0665+0.083x), E, (x) = (1.424 + 1.247x)(eV)).

Also, use L,, =50 and L, =100 A for well and barrier widths.

6. Calculate the first three quantized subband energies in the valence
band for GaAs/Al,Ga,_ As QW (x =0.3) using the 3 x 3 Hamiltonian
given by Equation (5.136) and the program in the Appendix. The
parameters are given in the program.

7. Derive the band edge energies Equation (5.189) of the HH, LH, and
split-off bands using Hamiltonian equation (5.187).
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AlGaAs lasers, 252
AIN semiconductors, 258-259, 261
Angular momentum, 8
Angular momentum eigenstates,
29-34
Angular momentum matrices, 138
Annihilation operators
coherent state and, 62
defined, 27
for electromagnetic field quanta
denoted as photon, 36, 37,
38
second quantization and, 51, 52-53
squeezed state and, 67
Ansatz, 87,95, 97
Anticommutation relations, 53-54
Antitime-order operator, 213
a-plane, bandstructure of nonpolar,
165-168
a-plane Hamiltonian, 167-168
Arbitrary driven system, time-
convolutionless equation for
reduced density operator of,
211-216
Arbitrary state, 209
Atomic dipole operator, 68
Atoms, coherent interactions
between fields and, 68-69

Baker-Hausdorff relation, 59

Band edge transition energy, 270

Bandgap renormalization, 208, 209,
216,232, 234-235

Band index, 76

Band-mixing effects, 239
Bandstructure, of nonpolar a- and
m-planes, 165-168
Basis expansion method, 235
Basis functions, of wurtzite
Hamiltonian, 117
Bell states, 177, 179-180
Bethe-Salpeter equation, 227
Biaxial compression
bulk wurtzite GaN
semiconductors under, 262
bulk zinc blende semiconductor
under, 255, 256
wurtzite GaN/In AIN quantum
well under, 263-264
Biaxial strain, 253
on bulk wurtzite structure, 260
for general crystal orientation,
143
for (001)-oriented zinc blende
crystal, 124
Biaxial tensile, 145
Biaxial tension
bulk wurtzite GaN
semiconductors under, 262
bulk zinc blende semiconductor
under, 255, 256
wurtzite GaN/In AIN quantum
well under, 263-264
Bir-Pikus Hamiltonian, 137
Bir-Pikus model, 120
Black hole(s), 184-185. See also
Quantum black holes
two-mode squeezed state and, 67
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Black hole evaporation
microcanonical model of, 185-189
as unitary process, 199
Bloch bases, for zinc blende
semiconductors, 126

Bloch theorem, 73-75

Bloch wave functions, 132, 157, 246,
252

Block-diagonalized Hamiltonians,
155-156, 162, 164, 233

zinc blende and wurtzite, 130-131

Bogoliubov transformations, 196,
198

Boltzmann constant, 45

Boltzmann equations, 223

Bose-Einstein distribution, 50

Bose-Einstein particles, 47, 49-50, 51

Bra vector, 4, 5, 18, 28

Brillouin-Wigner perturbation

expansion, 40

Brillouin zone, 85, 87, 94, 227, 255

Bulk wurtzite structures, 260-263

Bulk zinc blende semiconductors,

261-262
Bulk zinc blende structures, 253-256

Canonical momentum, 13
for harmonic oscillator, 23
Canonical transformation, 10, 91
Carrier-carrier scattering, 208, 233
Carrier-phonon scattering, 233
Carrier relaxation, 208
CH. See Coulomb-hole (CH)
self-energy
Charged particle in electromagnetic
field, Schrodinger equation
for, 20
CH bands, 133, 260
Classical mechanics, 8-13
Hamiltonian formulation of, 9-13
transition to quantum mechanics,
14-21
CNOT gate, 176-177
Coherent state, 58-62
defined, 58

Coherent wave function, 58
Collapsing star, 196-198
Collision contributions, 208
Commutation relations, 30, 52-53,
64, 6667
Commutator, 15-16
Compressively strained
semiconductors, 253, 254
Compressive strain, 145
GaN/AlInN quantum well under,
264
zinc blende quantum well under,
257,258
Conditional entropy, 183-184
Conditional probability, 4
Conduction band edge, 255
for AIN, 261
for GaN, 261
Conduction bands, 255-256
for bulk semiconductors, 132-133
matrix elements of Hamiltonian
between valence and,
107-109
Conduction band transverse
deformation potentials, 122
Coordinate representation, 51
Coordinate systems
in (hkil)-oriented crystals, 153
in (hkl)-oriented QW structures,
135
Correlation contributions, 208
Coulomb enhancement in Padé
approximation, 235
Coulomb-hole (CH) self-energy, 208,
234
Coulomb interaction, 207
Hamiltonian equation and, 58
in Hartree-Fock approximation,
208, 216-217, 232
plasma screening of, 223
Creation operators
coherent state and, 62
defined, 27
for electromagnetic field quanta
denoted as photon, 36, 37



finding excited state wave
functions with, 28
second quantization and, 51, 52-53
Crystal orientation effects
on wurtzite Hamiltonian, 152-168
bandstructure of nonpolar
a- and m-planes, 165-168
piezoelectric field and
spontaneous polarizations in
quantum well structure,
159-161
polarization-dependent
interband optical-matrix
elements of bulk wurtzite
semiconductors, 158-159
polarization-dependent
interband optical-matrix
elements of wurtzite quantum
wells, 164-165
strain tensors on wurtzite
semiconductors, 152-154
valence band edges of bulk
wurtzite semiconductors,
154-158
valence band structure of
quantum well and self-
consistent calculations with
screening effect, 161-164
on zinc blende Hamiltonian,
135-152
interband optical-matrix
elements in (11n)-oriented
zinc blende quantum well,
144-145
invariant method to obtain zinc
blende Hamiltonian for
general crystal orientation,
137-141
(11n)-oriented zinc blende
Hamiltonian, 142-144
piezoelectric field in
(11n)-oriented zinc blende
Hamiltonian, 151-152
strain tensors on zinc
blende semiconductors for
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general crystal orientation,
145-151
zinc blende Hamiltonian with
general crystal orientation
under transformation to
wurtzite bases, 135-137
Cubic systems, 113
CW laser, 259

Degenerate band without spin-orbit
coupling, 94-96
Delta function, 87
Density matrix equations, 221-222
Density matrix formalism, 232
Density operators, 54-58, 181
coherent state and, 60-61
defined, 55, 57
description of optical interactions,
209-211
equation of motion and, 56
expectation value of, 55
reduced (See Reduced density
operators)
time-convolutionless equation for
reduced, 211-216
Dephasing, 208, 218
Difference equation, 236
Dilation, 112
Dipole matrix element, 232
Dirac formulation, 4-8
Dirac’s postulates, 8-9
Dirichlet condition, 237-238, 245,
251
DOS, 274
Dynamical variables, 3
classical mechanic counterparts
and, 8-9

EBOM. See Effective bond orbital
method (EBOM)
Effective bond orbital method
(EBOM), 240
Effective mass equation, 270, 272
matrix form of, 78, 79
in momentum space, 93
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Effective mass equation (Cont’d)
multiband, 76, 80-84
Schrodinger equation and, 75-76
single-band, 76-80
Eigen equations, 132, 156-157
Eigenfunctions
of harmonic oscillator, 23
of orbital angular momentum,
32-34

of position operator, 51

of wave functions modified by
spin-orbit coupling, 104

Eigenstates, 6, 38
angular momentum, 29-34
of harmonic oscillator, 24-26
perturbation theory and, 38

Eigenvalue equations, 101, 245-246,

251-252

Eigenvalues, 6, 14
of density operator, 55
of harmonic oscillator, 23, 25
of wave functions modified by

spin-orbit coupling, 104
of wurtzite Hamiltonian, 116

Eigenvectors, 7, 14
of density operator, 55
of momentum operator, 20-21
of wurtzite Hamiltonian, 116

Einstein, Albert
summation convention, 191
theory of general relativity,

192-193

Elastic stiffness constants, 112-113

Elastic stiffness tensor, 146

Electric-dipole approximation, 35,

68

Electric displacement, 160

Electric field, quantized, 36

Electromagnetic energy, in field,

36-37

Electromagnetic fields
charged particle in, 12-13
quantization of, 35-38
two-state atom interaction with

single-mode quantized, 69-70

Electron-electron interaction,
stochastic Hamiltonian and,
216
Electron-electron scattering, 75
Electron-hole pairs, 223-224
time-convolutionless equations for
interacting, 216-223
Electron-hole plasma, 223
Electronic band structure in
semiconductors. See
Semiconductor electronic
band structure theory
Electron-LO phonon interaction,
stochastic Hamiltonian and,
216
Elementary relativity, 189-193
(11n)-oriented zinc blende
Hamiltonian, 142-144
piezoelectric field in, 151-152
Energy, 3
Energy bands, 56
for bulk wurtzite GaN
semiconductors, 261-262
for bulk zinc blende
InGaAsP semiconductors,
255-256
Energy band structures, 76
Energy eigenvalue, of harmonic
oscillator, 23, 25
Entangled state, 38, 175
Entropy
conditional, 183-184
quantum mechanical definition of,
184
Shannon, 183
von Neumann, 184
Envelope functions
approximation of, 233
of single-band effective mass
equation, 78-79
of valence subbands, 240-241
Envelope-function space, 6 x 6
Hamiltonian in, 123-124
Equation of motion, 16
density operator and, 56



Equations
Bethe-Salpeter, 227
Boltzmann, 223
density matrix, 221-222
difference, 236
effective mass (See Effective mass
equation)
eigen, 132, 156-157
eigenvalue, 101, 245-246, 251-252
Euler, 9-10
Hamilton, of motion, 10, 11-12
Hamiltonian, 58, 68-69
Hartree-Fock, 207-208
Liouville, 211
Luttinger-Khon Hamiltonian, 240
Maxwell’s, 12, 35
multiband effective mass, 76,
80-84, 241
multivalley effective mass, 247
Schrodinger (See Schrodinger
equations)
semiconductor Bloch, 208, 209,
222,225
time-convolutionless quantum
kinetic (See Time-
convolutionless (TCL)
quantum kinetic equations)
Euler angles, 135
Euler equation, 9-10
Event horizon, 187
Evolution operator, 213,214
Excited state wave functions, of
harmonic oscillator, 28
Exciton Bohr radius, 234-235
Excitonic effects, 223
Excitonic enhancement, 209, 232

FBC. See Final-state boundary
condition (FBC)

FDM. See Finite difference method
(FDM)

FEM. See Finite element method
(FEM)

Femtosecond regime, 216

Fermi-Dirac distributions, 268, 273
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Fermi-Dirac particles, 47, 50-51
Fermi-Diract statistics, 53
Fermi energies, 164
Fermi function difference, 232
Fermi functions, 233
Fidelity of quantum mechanical
process, 180-181
Field operator, 56-57
Fields. See also Electromagnetic
fields
atoms and, coherent interactions
between, 68-69
quantized electric, 36
Final boundary condition, of
Schwarzschild black hole, 201
Final boundary state, 188
Final-state boundary condition
(FBC), 185, 186-188
Finite difference method (FDM),
235-239, 240
Finite element method (FEM),
239-252,240
quantum box, 246-252
quantum wire, 240-246
Forces
generalized, 13
Lorentz, 13
Fourier series, 86
Fourier’s theorem, Luttinger-Kho
Hamiltonian and, 87, 89
Four-wave mixing, 62
Free electronic wave function, Bloch
theorem and, 73-75

GaAs/AlGaAs system, 252-253
GaAs semiconductors, 108

Gain enhancement, 231

Galerkin method, 241

GaN/AIN interface, 261
GaN-based lasers, 207

GaN semiconductors, 232, 258-265
Gaussian integral, 28

Gaussian line shape, 208

Gaussian line shape function, 229,
230
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Generalized angular momentum
operators, 64

Generalized force, defined, 13

Generalized momentum, 36

General relativity, 189, 192-193

Glauber displacement operator, 59

Gravitational collapse, black hole
state and, 196-198

Green’s function, 225, 227

stress components of, 265

Hamilton equation of motion, 10,
11-12
3 x 3 Hamiltonian, 131
4 x 4 Hamiltonian, 137
Hamiltonian equation, 58
quantum theory of light and,
68-69
Hamiltonian formulation of classical
mechanics, 9-13
Hamiltonian operator, perturbation
theory and, 39-40
Hamiltonians, 16, 20. See also
Luttinger-Khon Hamiltonian;
Wurtzite Hamiltonian; Zinc
blende Hamiltonian
3x3,131
4 x 4,137
6 x 6,118-119, 154
in envelope-function space,
123-124
matrix elements for, 105-107
of (11n)-oriented zinc blende
crystal, 143
8 x 8,109-110, 121-122
derivation of, 73, 84
strained, 111-114
angular momentum eigenstates
and, 30-31
a-plane, 167-168
block-diagonalized, 155-156, 162,
164,233
zinc blende and wurtzite, 130-131
for charged particle in
electromagnetic field, 13

density operator and, 57
describing two-state atom
interacting with classical
electric field, 68
for harmonic oscillator, 23
Hermiticity of, 246
interaction picture, 70
Jaynes-Cummings, 69, 71
m-plane, 165-167
for (001)-oriented zinc blende
crystal, 238-239
stochastic, 214, 216, 221
strained, 111-114
tunneling, 189
for two-qubit system, 178
of wurtzite bulk semiconductors,
129-130
of zinc blende bulk
semiconductor, 123-126
for zinc blende structure, 254-255
Harmonic oscillator, 22-28
Harmonics, spherical, 34
Hartree-Fock approximation,
207-209, 216-217,232
time-dependent, 223
Hartree-Fock equation, 207-208
Hawking boundary condition
(HBC), 186188, 198-201
Hawking effect, 184-185
Hawking radiation, 184-185
black hole evaporation and,
185-189
of Schwarzschild black hole,
193-196, 201
HBC. See Hawking boundary
condition (HBC)
Heavy-hole (HH) bands, 133, 137,
239,255,257, 262-263
Heavy-hole (HH) dispersion, 257
Heisenberg picture, 16, 57, 69-70
Heisenberg’s uncertainty relation, 22
Hermite polynomials, 28
eigenfunctions in terms of, 23
Hermitian conjugate operators,
62-63



Hermitian operators, 6-8, 14, 68

Hermiticity of Hamiltonian, 246

HH. See under Heavy-hole (HH)

Hilbert space, 4, 5-6, 39, 173, 188,
196, 210

HL subband, 230

Hole wave function, in quantum
well, 134, 144

Hooke’s law, 112

stress and strain tensor

components related to,
145-147

Hydrostatic deformation potential,
255

Identity operator, 7-8, 176
Identity transformation, 176
Impurity scattering, 75, 95
InGaAsP lasers, 252-253
InGaAsP semiconductors, 255-256
InGaN/GaN-layered structures,
259
InGaP semiconductors, 232
InN semiconductors, 258-259
InP substrate, 252-253, 257
Interaction picture Hamiltonian, 70
Interband Coulomb enhancement,
208
Interband kinetic equations, 222-223
Interband kinetics, 220
Interband optical-matrix elements
in (11n)-oriented zinc blende
quantum well, 144-145
polarization-dependent, 158-159
of wurtzite quantum wells,
164-165
Interband optical momentum matrix
elements
in bulk semiconductors, 133
in quantum well structure, 134
Interband pair amplitude, 224-225,
227-229
Interband polarization, 217, 218, 221,
228-229
temporal decay of, 225
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Intraband collisions, interference
effects on, 220

Intraband relaxation, 216, 222

Intraband relaxation time, 233

Intracollisional field effects, 217

Invariant method, to obtain zinc
blende Hamiltonian for
general crystal orientation,
137-141

Jaynes-Cummings Hamiltonian, 71
Jaynes-Cummings model, 69-71

Kane’s parameters, 121
Ket vector, 4-5, 14
Killing vector, 195
Klein-Gordon inner product, 202
Kramers degeneracy, 131
Kronecker delta, 192
Kruskal coordinate, 194, 195
Kruskal excited state, 199
Kruskal extension of Schwarzschild
spacetime, 195-196
Kruskal spacetime, 196, 198
wave functions in, 202
Kruskal vacuum, 196, 198, 203-204

Ladder operators, 32-33
Lagrangian, 9-10, 11
for charged particle in
electromagnetic field, 13
for harmonic oscillator, 22
Lamb shift, 35
Laplace transformation, 225, 226
Laser diodes (LDs), 239, 252, 253
Lasers. See also Semiconductor laser
theory
AlGaAs, 252
CW, 259
fluctuation intensity of, 35
GaN-based, 207
InGaAsP, 252-253
nitride-based injection, 259
quantum well, 232-235
III-V-based heterostructure, 252
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Lattice constants, 124, 148, 149, 153
Lattice-matched condition
bulk wurtzite GaN
semiconductors under, 262
bulk zinc blende semiconductor
under, 255, 256
GaN/AlInN quantum well under,
264
wurtzite GaN/In AIN quantum
well under, 263-264
Lattice-matched quantum wires, 257
Lattice periodicity, 86
LDs. See Laser diodes (LDs)
Least action principle, 9
LEDs (light-emitting diodes), 253
p-n junction GaN, 259
LH bands. See Light-hole (LH)
bands
Light, quantum theory of, 68-69
Light-hole (LH) bands, 133, 137, 239,
255,257, 262-263
Linear operator, 6, 8
Line shape enhancement, 231
Line shape function, 232
Liouville equation, 211
Liouville’s theorem, 211
Locality, 186, 201
Lorentz force, 13
Lorentz frame, 189, 190
Lorentzian function, 269
Lorentzian limit, 208, 221-222,
229-230
Lorentzian line shape, 232, 233
Lorentzian line shape function, 208,
229,230
Lorentz observers, 189
Luttinger effective mass parameters,
107
Luttinger formulation, of
Hamiltonian for (001) crystal
orientation, 137
Luttinger-Khon Hamiltonian,
84-105, 270,272
degenerate band without spin-
orbit coupling, 94-96

nondegenerate band without
spin-orbit coupling, 84-94
spin-orbit coupling, 96-99
wave functions modified by
spin-orbit coupling, 100-105
Luttinger-Khon Hamiltonian
equation, 240
Luttinger-Kohn model, 232, 233
Luttinger parameters, 238

Many-body effects, 207, 208, 209,
216,223
optical gain of quantum well laser
with, 232-235
Markovian approximation, 222-223
Markovian line shape, 230-231
Markovian (Lorentzian) limit, 208,
221-222,229-230
Markovian relaxation, 222, 229, 232
Matrix elements
for differentiations, 242244,
248-251
for 6 x 6 Hamiltonian, 105-107
of Hamiltonian conduction and
valence bands, 107-109
momentum, 82, 89, 108
Maxwell’s equations, 12, 35
MBE. See Molecular beam epitaxy
(MBE)
Measurements, 3—4
Mechanical oscillator, 62-63
Memory effects, 231
in Markovian approximation,
222-223
renormalized, 221
Metalorganic chemical vapor
deposition (MOCVD), 252,
259
Microcanonical model of black hole
evaporation, 185-189
Minkowsi spacetime, 192-193
Minkowski metric, 191-192
Minkowski metric tensor, 191
Mixed ensemble, 209
Mixed state, 180



MOCVD. See Metalorganic chemical
vapor deposition (MOCVD)
Molecular beam epitaxy (MBE),
252
Momentum, 3, 8
Momentum matrix elements, 82, 89,
108
Momentum operator, 51
eigenvectors of, 20-21
Motion
equation of, 16
density operator and, 56
Hamilton equation of, 10, 11-12
Mott density, 229
m-plane, bandstructure of nonpolar,
165-168
m-plane Hamiltonian, 165-167
Multi-band effective approximation,
232
Multiband effective mass equation,
76, 80-84, 241
Multiband effective theory, 73
Multivalley effective mass equation,
247

Nanostructures, numerical methods
for valence band structure in,
235-252

finite difference method, 235-239
finite element method, 239-252

Newton’s first law of mechanics, 10

Nitride-based injection laser, 259

Nonclassical light, 35

Nondegenerate band without
spin-orbit coupling, 85-94

Non-Markovian correlation function,
222

Non-Markovian dephasing, 225

Non-Markovian (Gaussian) line
shape, 208

Non-Markovian intraband
relaxation, 218, 221

Non-Markovian model for optical
gain, with many-body effects,
233-235

INDEX 297

Non-Markovian optical dephasing,
218,221
Non-Markovian optical gain theory,
223-232
Non-Markovian relaxation, 229,
230-232
optical gain of quantum well laser
with, 232-235
Nonpolar a- and m-planes,
bandstructure of, 165-168
Normalization constants, 28, 33, 34
Normalization factor, 26
Normalization rules, 134, 144, 240,
272
Normal vector, 6
Numerical methods for valence band
structure in nanostructures,
235-252
finite difference method,
235-239
finite element method, 239-252
quantum box, 246-252
quantum wire, 240-246

Observable quantities, 14
Operator method, determining wave
function of harmonic
oscillator using, 27-28
Operator representation, 182
Operator-sum representation,
182-183
Optical damping, 207
Optical dephasing, 225
Optical dipole with phase damping,
225
Optical field, 224
Optical gain, 207, 208-209
conventional model for, 232-233
non-Markovian model for,
233-235
non-Markovian theory of,
223-232
for quantum dot, 272-274
of quantum well laser, 232-235
of quantum wire, 268-272
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Optical interactions, density
operator description of,
209-211

Optical-matrix elements, interband

in (11n)-oriented zinc blende
quantum well, 144-145

polarization-dependent, 158-159,
164-165

Optical momentum matrix elements,
interband, 133-134

Optical parametric oscillation, 62

Optoelectronics, 258, 259

Orbital angular momentum,
eigenfunctions of, 32-34

Orthogonal basis, 7

Orthogonality relation, 78

Orthonormal vectors, 148

Padé approximation, 226, 227, 235

Parabolic band structure, for
electrons, 232

Partition function, 45, 48

Pauli exclusion principle, 47

Pauli matrices, 101

Pauli operators, 68, 176

Pauli spin matrices, 97

Perfectly periodic potential, 75

Periodic lattice potential, 76

Periodic potential, 75-76

Permittivity tensor, 160

Pertubation theory, 38-41

Perturbation expansions, 215

Phase space filling, 216

Phonon scattering, 75

Photon, quantization rule for, 36

Photon number probability
distribution, for coherent
state, 59

Piezoelectric constant, 151

Piezoelectric field

in (11n)-oriented zinc blende
Hamiltonian, 151-152
in quantum well structure,

159-161

Piezoelectric polarizations, 131

Planck’s constant, 16, 163
Plasma screening, 208, 223
p-n junction GaN LED, 259
Poisson distribution, 59
Poisson’s bracket, 11, 14-16, 18
uncertainty principle and, 21
Poisson’s equation, 162, 163, 164
Poisson’s ratio, 266
Polarization decay (dephasing), 208
Polarization-dependent interband
optical-matrix elements
of bulk wurtzite semiconductors,
158-159
of wurtzite quantum wells,
164-165
Polarization relaxation, 208
Polarizations, spontaneous, in
quantum well structure,
159-161
Position, 3
Position operator, 51
Postulate, quantum mechanics, 14-21
Potential energy
macroscopic part, 75
microscopic part, 75
Probability, 3-4
conditional, 4
Probability amplitudes, 4
Probability distribution, Shannon
entropy of, 183
Projection operators, 39, 41, 212
Propagation matrix method, 235
Pseudomorphical growth, 147-151
Pseudomorphic interface, 148-149,
153-154
p-type conductivity, 259
Pure ensemble, 209
Pure state, 180

QD. See Quantum dot (QD)

q quantum well, 209

Quantization, of electromagnetic
fields, 35-38

Quantization rule, 36

Quantized electric field, 36-37



Quantum bits, 173-174
Quantum black holes, 184-201
elementary relativity, 189-193
final state and Hawking boundary
conditions, 198-201
gravitational collapse and black
hole state, 196-198
Hawking radiation from a
Schwarzschild black hole,
193-196
microcanonical model of black
hole evaporation, 185-189
Quantum box, 209, 246-252
Quantum computing, entangled
states and, 175
Quantum dots (QD), 73, 239-240
optical gain for, 272-274
strain in, 267-268
Quantum entanglement, 175-178,
184
Quantum gates, 176
Quantum information processing,
180-183
Quantum information science,
173-204
measure of information, 183-184
quantum bits, 173-174
quantum black hole, 184-201
quantum entanglement, 175-178
quantum information processing,
180-183
quantum teleportation, 178-180
tensor product, 173-174
Quantum mechanical operator, 45
time evolution of, 16
Quantum mechanical process,
fidelity of, 180-181
Quantum mechanical system of
states, 45-48
Quantum mechanics
angular momentum eigenstates,
29-34
Dirac formulation, 4-8
harmonic oscillator, 22-28
measurements and probability, 3—4

INDEX 299
perturbation theory, 3841
postulate, 14-21
quantization of electromagnetic
fields, 35-38

of single particle, 51

transition from classical mechanics
to, 14-21

uncertainty principle, 21-22

Quantum optics, 69

Quantum state, evolution of, 180-183

Quantum statistical mechanics,

45-71
coherent interactions between
atoms and fields, 68—69
coherent state, 58-62
density operators, 54-58
elementary statistical mechanics,
45-51
Jaynes-Cummings model, 69-71
second quantization, 51-54
squeezed state, 62—-67

Quantum teleportation, 178-180
entangled states and, 175

Quantum theory of light, 68-69

Quantum transport phenomena, 223

Quantum well, 73, 75
interband optical momentum

matrix elements, 134
(11n)-oriented zinc blende,
144-145
piezoelectric field and
spontaneous polarizations in,
159-161
valence band structure of, 161-164
wurtzite, 164-165, 263-265
zinc blende, 256-258
Quantum well laser, optical gain of,
232-235
Quantum wires (QWR), 73, 209,
239-246
optical gain of, 268-272
strain in, 265-267

Qubit, 173

QWR. See Quantum wire (QWR)

QW structures, 135
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Radiation field, coherent state and,
58-62
Random fluctuating potential, 75
Rayleigh-Schrodinger perturbation
theory, 41
Reduced density operators, 56,
211-216, 217,227
Refractive index spectra, 207
Relativity
elementary, 189-193
general, 189, 192-193
special, 189
Resonance fluorescence, 35
Rotating wave approximation, 71
Rotation matrix, 135-136, 147, 152
Rydberg constant, 234-235

Scalar potential, 12
Scattering potential, 75
Schrodinger equations
for charged particle in
electromagnetic field, 20
for conduction band, 236
effective mass equation and, 75-76
for electrons, 162, 163, 164
evolution of states and, 210
for harmonic oscillator, 23
Luttinger-Khon Hamiltonian and,
85
matrix form of, 79
multiband effective mass equation
and, 81
for quantum wire, 268
single-band effective mass
equation and, 79
spin-orbit coupling and, 97, 100
for state vector, 18, 20
time-independent, 20, 29
of wave mechanics, 20
Schrodinger picture, 1618, 69-70,
210
Schwarz inequality, 22
Schwarzschild black hole, 187
Hawking radiation from, 193-196
internal stationary state of, 201

Schwarzschild metric, 194
Schwarzschild spacetime, 198
Kruskal extension of, 195-196
wave functions in, 202
Schwarzschild vacuum, 196, 198,
203-204
Screened-exchange (SX) shift, 208,
234
Screening effect, self-consistent
calculations with, 161-164
Second quantization, 51-54
Self-consistent calculation, 161-164
Semiconductor Bloch equations, 208,
209, 222,225
Semiconductor electronic band
structure theory, 73-168
bandstructure of zinc blende and
wurtzite semiconductors,
123-134
analytic solutions for valence
band energies and wave
functions in bulk
semiconductors, 132-133
block diagonalization of zinc
blende and wurtzite
Hamiltonians, 130-131
Hamiltonian of wurtzite bulk
semiconductors, 129-130
Hamiltonian of zinc blende bulk
semiconductor, 123-126
interband optical momentum
matrix elements in bulk
semiconductors, 133
interband optical momentum
matrix elements in quantum
well structure, 134
zinc blende Hamiltonian in
wurtzite basis functions,
127-128
Bloch theorem, 73-75
crystal orientation effects on
wurtzite Hamiltonian,
152-168
bandstructure of nonpolar
a- and m-planes, 165-168



piezoelectric field and
spontaneous polarizations in
quantum well structure,
159-161

polarization-dependent
interband optical-matrix
elements of bulk wurtzite
semiconductors, 158-159

polarization-dependent
interband optical-matrix
elements of wurtzite quantum
wells, 164-165

strain tensors on wurtzite
semiconductors, 152-154

valence band edges of bulk
wurtzite semiconductors,
154-158

valence band structure of
quantum well and self-
consistent calculations with
screening effect, 161-164

crystal orientation effects on
zinc blende Hamiltonian,
135-152

interband optical-matrix
elements in (11n)-oriented
zinc blende quantum well,
144-145

invariant method to obtain zinc
blende Hamiltonian for
general crystal orientation,
137-141

(11n)-oriented zinc blende
Hamiltonian, 142-144

piezoelectric field in
(11n)-oriented zinc blende
Hamiltonian, 151-152

strain tensors on zinc
blende semiconductors for
general crystal orientation,
145-151

zinc blende Hamiltonian with
general crystal orientation
under transformation to
wurtzite bases, 135-137

INDEX 301
effective mass theory, 75-84
multiband effective mass
equation, 80-84
Schrodinger equation and
effective mass equation,
75-76
single-band effective mass
equation, 76-80
Luttinger-Khon Hamiltonian,
84-105
degenerate band without
spin-orbit coupling, 94-96
nondegenerate band without
spin-orbit coupling, 85-94
spin-orbit coupling, 96-99
wave functions modified by
spin-orbit coupling, 100-105
wurtzite Hamiltonian, 114-122
zinc blende Hamiltonian, 105-114
8 x 8 Hamiltonian, 109-110
matrix elements for 6 x 6
Hamiltonian, 105-107
matrix elements of Hamiltonian
between conduction and
valence bands, 107-109
strained Hamiltonian, 111-114
Semiconductor laser diodes, 252
Semiconductor lasers, non-
Markovian optical gain in,
223-232
Semiconductor laser theory, 207-274
density operator description of
optical interactions, 209-211
numerical methods for valence
band structure in
nanostructures, 235-252
finite difference method,
235-239
finite element method, 239-252
optical gain of quantum well laser
with non-Markovian
relaxation and many-body
effects, 232-235
conventional model for gain,
232-233
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Semiconductor laser theory (Cont’d)
non-Markovian model for gain

time-convolutionless equations for
interacting electron-hole pairs

with many-body effects,
233-235
quantum dot
optical gain for, 272-274
strain in, 267-268
quantum wire
optical gain of, 268-272
strain in, 265-267
theory of non-Markovian optical
gain, 223-232
Markovian limit, 229-230
non-Markovian relaxation,
230-232
time-convolutionless equation,
211-223
for interacting electron-hole
pairs in semiconductors,
216-223
for reduced density operator of
arbitrary driven system,
211-216
wurtzite bulk structures, 258-263
wurtzite quantum well structures,
263-265
zinc blende bulk structures,
252-256
zinc blende quantum well
structures, 256258
Semiconductor quantum dot, 35

Semiconductors. See also Wurtzite

semiconductors; Zinc blende
semiconductors

AlN, 258-259, 261

bulk zinc blende, 261-262

compressively strained, 253, 254

GaAs, 108

GaN, 232, 258-265

InGaAsP, 255-256

InGaP, 232

InN, 258-259

SiGe, 232

strained, 120-121

tensile strained, 253, 254

in, 216-223
unstrained, 253, 254
Shannon entropy, 183
Shear deformation potential, 255
SiGe semiconductors, 232

Single-band effective mass equation,

76-80
Single-mode squeezed state, 67
Single-qubit gates, 176
SO. See under Split-off (SO)
Spacetime coordinates, 189
Spatial coordinates, 189
Special relativity, 189
Spectral hole burning, 224
Spherical harmonics, 34
Spinor, 96
Spin-orbit coupling, 96-99
degenerate band without, 94-96
nondegenerate band without,
85-94
wave functions modified by,
100-105
Spin-orbit interaction, 97-99
Spin-orbit split-off (SO) band
coupling effects, 232
Spinors, 108
Split-off (SO) bands, 133, 239, 255
Split-off (SO) coupling, 232
Spontaneous emission, 35
Spontaneous polarizations, 131
Squeezed states, 35, 62-67
Squeezed vacuum, 64
Squeezing operator, 63-64, 67
State vector, 14
Stiffness constants, 124, 130
Stiffness matrix, 113
Stochastic Hamiltonian, 214, 216,
221
Stochastic process, 214
Strain
in quantum dot, 267-268
in quantum wire, 265-267
stress and, 112



Strain-distorted primitive
translational vectors, 154
Strained Hamiltonian, 111-114
Strained-layer QWs, 232
Strained semiconductor,
Hamiltonian for, 120-121
Strain effects
on bulk wurtzite structure,
260-261
on bulk zinc blende structures,
253-256
Strain energy density, 149-150, 154
Strain energy of system, 113
Strain-induced piezoelectric field,
161
Strain tensors, 130
on wurtzite semiconductors,
152-154
on zinc blende semiconductors for
general crystal orientation,
145-151
Stress, 112
strain and, 112
String theory, 187
Superlattice plane, 148
Superlattices, 75
Superoperator, 181
SWAP gate, 177-178
SX. See Screened-exchange (SX)
shift
Symmetric operator, 53

TBM. See Tight binding method
(TBM)

TCL. See Time-convolutionless
(TCL) quantum Kkinetic
equations

Tensile strain

GaN/AlInN quantum well under,
264

for zinc blende quantum well, 257,
258

Tensile strained semiconductors, 253,
254

Tensor product, of qubits, 173-174

INDEX 303
Tensors, relation between coordinate
system for vectors and, 135
TE polarization
C-LH transitions, 262-263
gain spectra for light with, 258,
264,265
interband optical matrix elements,
271
momentum matrix elements
for bulk semiconductors, 133
for bulk wurtzite
semiconductors, 158
for m-plane, 167-168
for (11n)-oriented zinc blende
quantum well, 144-145
for wurtzite quantum wells,
164-165, 167-168
Tetrahedral element, for finite
element calculation, 247
Thermal equilibrium, 45-46
III-V-based heterostructure lasers,
252
Tight binding method (TBM), 240
Time-convolutionless (TCL)
equation of motion, 213
Time-convolutionless (TCL)
quantum kinetic equations,
208-209, 211-223
for interacting electron-hole pairs
in semiconductors, 216-223
for reduced density operator of
arbitrary driven system,
211-216
Time coordinate, 189
Time-dependent Hartree-Fock
approximation, 223
Time derivative, 10-11
Time evolution of quantum
mechanical operator, 16
Time-independent Hartree-Fock
approximation, 216
Time-independent projection
operators, 212
Time-independent Schrodinger
equation, 20, 29
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Time integral, 9
TM polarization
C-LH transitions, 262
gain spectra for light with, 258,
264, 265
interband optical matrix elements,
271272
momentum matrix elements
for bulk semiconductors, 133
for bulk wurtzite
semiconductors, 158
for m-plane, 168
for (11n)-oriented zinc blende
quantum well, 145
for wurtzite quantum wells, 165,
167
Transformation matrix, 130-131, 155
Tunneling Hamiltonian, 189
Two-mode squeezed state, 67
2 x 2 operator, 101-102
Two-qubit gates, 176
Two-state atom, interaction with
single-mode quantized
electromagnetic field, 69-70

Uncertainty principle, 21-22
squeezed state and, 62, 63
Unitarity, 186, 187
Unitary operator, 70
Unitary representation, 182-183
Unitary transformation, 70, 124-126,
188
random, 198-199, 201
Unruh vacuum state, 186, 188
Unstrained semiconductors, 253, 254

Valence band edges
of bulk wurtzite semiconductors,
154-158
energies of bulk wurtzite
structure, 260-261
Valence band energies in bulk
semiconductors, analytical
solutions for, 132-133
Valence band Hamiltonian, 138-141

Valence bands
bulk zinc blende structure,
255-256
matrix elements of Hamiltonian
between conduction and,
107-109
zinc blende quantum well, 257
Valence band structure, 233
of quantum well, 161-164
for wurtzite GaN/In AIN quantum
well, 263-264
Valence band structure in
nanostructures, 235-252
finite difference method for,
235-239
finite element method for,
239-252
quantum box, 246-252
quantum wire, 240-246
Variables, dynamical, 3
Vector potentials, 12, 35
Vectors. See also Eigenvectors
bra, 4, 5, 18, 28
ket, 4-5, 14
killing, 195
normal, 6
orthonormal, 148
relation between coordinate
system for tensors and, 135
state, 14
strain-distorted primitive
translational, 154
wave, 76
zinc blende primitive translational,
148
Velocity, 8
Vertex function, 226-229
von Neumann entropy, 184

Wave equation, in general relativity,
193
Wave functions
in bulk semiconductors, analytical
solutions for, 132-133
coherent, 58



in Kruskal and Schwarzschild
spacetimes, 202
modified by spin-orbit coupling,
100-105
second quantization, 51-53
of single-band effective mass
equation, 77-78
Wave mechanics, Schrodinger
picture and, 18, 20
Wave vector, 76
Waurtzite bases, zinc blende
Hamiltonian with general
crystal orientation under
transformation to, 135-137
Waurtzite basis functions, zinc blende
Hamiltonians in, 127-128
Waurtzite bulk semiconductors,
Hamiltonian of, 129-130
Wurtzite crystal, 122, 260
Wurtzite GaN-based semiconductors,
258-259
Wurtzite Hamiltonian, 114-122
basis functions, 117
block diagonalization of, 130-131
crystal orientation effects on,
152-168
bandstructure of nonpolar
a- and m-planes, 165-168
piezoelectric field and
spontaneous polarizations in
quantum well structure,
159-161
polarization-dependent
interband optical-matrix
elements of bulk wurtzite
semiconductors, 158-159
polarization-dependent
interband optical-matrix
elements of wurtzite quantum
wells, 164-165
strain tensors on wurtzite
semiconductors, 152-154
valence band edges of bulk

wurtzite semiconductors,
154-158

INDEX 305
valence band structure of
quantum well and self-
consistent calculations with
screening effect, 161-164
eigenvalues of, 116
eigenvectors of, 116
Wurtzite quantum wells, 164-165
structure, 263-265
Wurtzite semiconductors
bandstructure of, 123-134
polarization-dependent interband
optical-matrix elements of
bulk, 158-159
strain tensors on, 152-154
valence band edges of bulk,
154-158
Waurtzite structures, bulk, 260-263

Young’s modulus, 266

Zeroth component, 191
Zeroth-order functions, 105
(001)-oriented zinc blende crystal,
124,238
(001)-oriented zinc blende
Hamiltonian with wurtzite
bases, 128
Zinc blende Hamiltonian, 105-114
block diagonalization of,
130-131
crystal orientation effects on,
135-152
interband optical-matrix
elements in (11n)-oriented
zinc blende quantum well,
144-145
invariant method to obtain zinc
blende Hamiltonian for
general crystal orientation,
137-141
(11n)-oriented zinc blende
Hamiltonian, 142-144
piezoelectric field in
(11n)-oriented zinc blende
Hamiltonian, 151-152
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Zinc blende Hamiltonian (Cont’d)
strain tensors on zinc
blende semiconductors for
general crystal orientation,
145-151
under transformation to
wurtzite bases, 135-137
8 x 8 Hamiltonian, 109-110
matrix elements for 6 x 6
Hamiltonian, 105-107
matrix elements of Hamiltonian
conduction and valence
bands, 107-109

strained Hamiltonian, 111-114
in wurtzite basis functions,
127-128
Zinc blende primitive translational
vectors, 148
Zinc blende quantum well
(11n)-oriented, 144-145
structure, 256-258
Zinc blende semiconductors
bandstructure of, 123-134
Hamiltonian of, 123-126
strain tensors on, 145-151
Zinc blende structures, bulk, 253-256
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